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H IN THE PREFACE. 


Ta page xv, Hine 14 from thehottom, inftead of plase, read places 


IN THE BOOK. 
a gage 5, Tine 20, inftead of indicunt, read inducunt. 
Ia page 7, line 13 from the bottgm, infead of fuorum, read Adora 
In page 21, line 6, infteadof $)2(2 : 2, read 3)3(2:2. 
And in the fame page 21, line 11, inféad of 3)2(4 : 3, read 3)4(4: 
In page 23, line 6 from the bottom, inftead of tabula, read tabulá. 


In page 25, line 16, inftead of "—2*, 


In page 27, line s, after the word ** primam?" dele the figure of 1. 
And in the fame page 27, line the s from the bottom, inftead of 


atm ant . 





, read et, 








n2 Hed 
Tn page 28, line 1o, after the word « fubguintuplam,” infert_a comma, 
Aad in the fame page 28, line 15, inftead of ^ 
In page 30, the bottom line, inftead of — 3nn, read + dm. 
Ja page 32, in the laft line but one of the lines that are sparallel to the 
‘ide of the page, inftead of — —nn, read — bmn, 
lapage go, Line 2 from the bottom, infert the mark ” after the word 
“ Mathematicks. ”” 
Ta page 69, line 21, inftead of of rows, read or rows. 
In page 72, in the note at bottom, inftead of Alterations, read Alter 
Rations. 
1a page 73, Line 6, inflead of 252, 462, read 210, 330. 
In page 87, dele the figure of 1 at the end of the firft line. 
Inge 101, line 3, inftead of 71, read 74- 
In page 102, line 12, inftead of 1, read 74. 


ead Te TIPIT 
To page 103, Hine 12, inftead of ELE ETS EES 


sxftetd+e+it+a 
pe A A LM. 
rf 








2 read 7- 


Im 


read 


a. 


ERRATA, 


1 A— 1. Am? n—3 


Tn page t12, line 16, inftead of “Tk x4 





3 
2X3X4X5 ^" 2X3X4X5 
In page 117, line 11 from the bottom, inftead of Ba* 7 76%, read 
Ba! 74 


In page 144, line 7 from the bottom, inftead of — 56x, read — 56x5. 
In page 151, in the bottom line, inftead of — —- Ax, read — —— Ax. 


In page 158, line 3, inftead of 21x5 4 36x°, tead + a1x8 4 282° 4 36x7. 
In’page 183, lines 6, 7, and 8, the fige of 2 is not clear in the powers 
d 1m 

of 12 in the oumeritors of the frations 17, 12 % i and i. 


Tn page 184, line 5 from the bottom, inftead of nens read 116,122. 





In page 196, line 8 from the bottom, 'inftead of E] read ir 


In page 197, the top line, inftead of © p? read © 


In page pid line 3, inftead.of 
L 


iBs 7 Is pax T “Siete dt eax ME Ck Tip xe 


£—1Qa59—2 


read + a Bx’ Sapa te ad d+nx 





By 3a, &c. 
And in the fame pe: 218, line * ied of 


pam x Ce ^B nmr x 22 ut 355, &e, read 
bad xe Id aci PURI PUn &c. 
And again in the fame page 218, line 5, inftead of + à—2 Da” ^ 24&c, 


rad +2—2 x Da” 34, &c. 
In page 221, line 5 from the bottom, inftead of = 





-2 
xen, read 


456 





And 


Te — 


ERRA TA. vi, 

And in the fame page 221, line 2 from the bottom, inftead of 

ax mat x s—z22 3 »Xzs-—1xs—ixa" 

read M —À—— - 
23e. 6 2.3:4.5.6 

Aad again in the fame page 221, the bottom the, inftead of 

*Xn—1!X»—2 aXa—i Xm 2 

Wes C $$ 


Tagage 239, line 11, inflead of 2, , read a". ' 














In page 264, line 6 from the bottom, inftead of 71), read tpi". 
In page 298, line 6, inftead of bc, read Jc. 


In 302, line 10 from the bottom, the firft figure after 10, which 
dela be a 3, is not clear. i ^ 


Ta page 340, line 16 from the bottom, inftead of 391, read 19r. 

In page 341, line 15 from the bottom, inftead of 3, 67, read 31, 67. 
In page 350, line 11, inftead of g2 x 76, read 29 x 67. 

In page 369, line g from the bottom, column 17, inftead of p, read 7. 
In page 371, line 6 from the bottom, column 14, inftead of 19, read 37. 
In page 374, line 11 from the bottom, column 10, inftead of 73, read 107. 
In page 435, line g from the bottom, inftead of 3, read 2. 


In page 446, line 13 from the bottom, inftead of —4%°**_ 





wpa read 
—— 


lo pages 47 471, 472, and 473, the title at the top of the ne is 
wrong. It fhould be, Of the ExtraBion of the Cube-roct by Mr. 
Lagny’s Method of Approximation. 

In page 472, lines 8 and 9 from the bottom, inftead of 3.264, read 
0.3264. 

In page 488, line 4, after the letter a, infert the fir mark of a parenthefis, 
to wit (. 


" * a—cxa za —cxa 
Ta page 495, line 7, inftead of — 777, Tuas 


In page 511, line 4 from the bottom, inftead of — Ca^ 7? x8, read 
4 Co" 77 x2. 

‘Aad in the fame page 511, line a from the bottom, inftead of + Ca"—?, 
rad + Ca" 722, 


In page 540, lines 10 and 15, inftead of 4/3, read /™. 
: In 


viii ERRAT A. 


m 
In page £42, line g from the bottom, inttead of —-** *_ —™ 


+ S—I Xu m4 ix^ 





m 
. 2a2X a —w 
rea 


id ——— — —— ——— 
m—1l Xu + +i) x a” 
In page $61, in the Note, line 19 from the bottom, inftead of — LM 
-. 


uad, 





T is well known to perfons acquainted with the hiftory 
of tbe Mathematicks, that Sir Ifaac Newton’s celebrated 

Theorem concerning the powers of a binomial quantity, 
fxh as 2 -- 4, was communicated by bim to the world, in 
de later part of the laft century, without a demonftration. 
And many other writers on Algebra fince Sir Ifaac’s death, 
and, amongft the reft, the famous Profeffor Saunderfos, of 
the Univerfity of Cambridge, have followed his example in 
tking this important Theorem for granted, and delivering 
it to their readers without attempting to demonftrate it. For 
the chapter on this fubjeé in the fecond volume of the Pro- 
feflor’s Elements of Algebra, in two volumes, quarto, contains 
nothing more than a full and clear defcription of the Theo- 
iem, with an application of it to a good number of well. 
chofen examples, by way of illuftration. This neglect of 
demonftrating, fo impottant a propofition has always appeared 
to me very ftrange s as the great merit and glory of the ma- 
therpatical Sciences confifts in the certainty of the principles 
on which they are founded, and the clearnefs and regularity 
with which all the frequent conclufions obtained in them 
are deduced. from thofe fundamental principles. There have 
been, howevers other eminent Mathematicians who have 
fupplied this great omiflion, and given us juft and accurate 


demonftrations of this Theorem ‘in fome of the more obvi- 
a ous 
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ous and important cafes of it, though not, perhaps, in all 
its'eafes. And of tliefe I confider Mr. ‘James Bernculli (who 
was Profeffor of Mathematicks at Bafil, or Bafle, in Switzer- 
land, in the latter part of the laft century,) as one of the 
moft fuccefsfull. For, in the gd chapter af the fecond part 
of his excellent Treatife on the Do&rine of Chances, intitled, 
4rs ConjeHandi, (which was publifhed at Bafil in the year 
1713, in a {mall quarto volume, fome years after his death, ) 
there is a demonftration of this celebrated Theorem in the 
firft, or fimpleft, cafe of it, (or when m, or the index of the 
power of the binomial quantity a + 4, is an affirmative 
whole number,) that is deduced from the very nature of 
Multiplication and the properties of the Figurate numbers, 
in the cleareft and moft accurate manner poffible. So that 
no demonftration of it ought to be expected, or need be 
defired, that fhall exceed, or even equal, this in point of 
accuracy and perfpicuity, though fome others may, perhaps, 
be fomewhat fhorter. This demonftration I was therefore 
‘defirous of making more generally known to the Students 
of the Mathematicks ; and with that view I refolved to re- 
‘publith it, together with fo much of the concomitant text of 
Mr. Bernoulli’s faid valuable Treatife, as was neceffary to 
the thorough underftanding of it, in a volume of a mode- 
rate fize and price. This was the inducement that gave rife 
to the prefent publication, 


To anfwer this purpofe in the moft effe&ual manner, I 
thought it would be beft to re-publifh the whole of the three 
firft chapters of the fecond Part of the faid Treatife of Mr. 
James Bernoulli, together with the Preface to the faid fe- 
cond Part; but without the firít Pare of the fame work, 
becaufe the faid firft part, (though in itfelf important and 
curious, and effential, I doubt not, to the full underftanding 
of the Doctrine of Chances,) is not at all neceffary to the un- 
derflanding of the fecond Part, which treats of the Dottring 
of Permutations and Combinations, and begins, in the moft 
diftin& and elementary manner, with the firft foundations 
of that doctrine, And further, as there are many perfons 
in England that are fond of the Mathematical Sciences 

. without 
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without having much acquaintance with the Latin lahguage, 
lhave, in order to render the contents of thefe three valu- 
able chapters accefüble to fuch perfons, tranflated thefe 
chapters into Englith, and fubjoined the'tranflation to the 
original text in tin; fo that the reader may chufe in 
which of the two languages he will perufe them. And in 
this tranflation I have expreffed myfelf.in a fuller manner 
than Mr. Bernoulli had adopted in the original, becaufe I 
had obferved that the great degree of brevity with’ which 
Mn Bernoulli had expreffed himfelf had rendered fome 
parts, of the original rather obfcure. And 1 have likewife 
added a few notes both to the original and the tranflation, 
where the text fcemed to me to require them. 


And further, in the latter part of the tranflation of thefe 
Chapters, I have alfo done fomething more than merely 
wanflate them. For, as I obferved that Mr. Bernoulli's 
conclufions concerning the properties of the Figurate num- 
bers, (which he had applied to the demonttration of the 
binomial theorem in the firft, or fimpleft, cafe of it, or 
when m, or the index of the power of the binomial quan- 
tity a - 5, was an affirmative whol: number,) might eafily be 
applied to the demonftration of the binomial theorem in 
another cafe of it, to wit, in that cafe of it in which m, or 
the index of the binomial quantity a + 4, is a negative 
whole number, Y drew up fome additional articles, that are 
not contained in Mr. Bernoulli’s text, for this purpofe. 
Thefe additional articles, (which contain a demonttration of 
the binomial theorem in the cafe of integral and negative 


powers, or in the cafe of the quantity a + 4 77 extend from 
page 123 to page 166; after which the tranflation of Mr. 
Bernoulli's text is refumed, and continues to page 213. 


Thefe three chapters contain a moft accurate and diftin& 
explanation of the fundamental parts of the Do&rine of 
Permutations and Combinations, and of the moft remark- 
able properties of the Figurate numbers, which, it is well 
known, are of the moft extenfive ufe in various a 
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of the Mathematicks, And they likewife contain an appli- 
cation of the properties of thefe important numbers to the 
fummation of the {quares of the natural numbers 1, 2, 3, 4s 
5; 6, 7, 8, 9, 10, 11, 12, &c, continued to any propofed 
number s, and to the fummation of the cubes, and of the 
fourth powers, and of the fifth powers, and of all the fol- 
lowing powers; of the fame numbers, (which is a matter of 
much nicety and difficulty, and was formerly a great object 
of inquiry to Mathematicians,) as well as to the demon- 
ftration of the binomial theorem in the cafe of integral and 
affirmative powers, and (with the articles I have added to 
it in pages 123, &c, to 166,) in the cafe of integral and 
negative powers. All which, together, makes a confiderable 
body of very ufeful mathematical learning. 


Immediately after thefe three chapters of Mr. James Ber- 
noulli’s Ars Conjeéfandi, I have re-publifhed the tenth Ma- 
thematical Effay of the late very learned and ingenious 
Mathematician, Mr. Thomas Simpfon, of Woolwich Aca- 
demy, which is a folution of the following Problem, to wit, 
<< qo find the Jum of any feries of powers whofe roots are in 


*€ arithmetical progrefion, as m+ d], m+-2d\", m 34, 


*mccad', ms, ----- x^, the letters m, d, and 
“© s, denoting any numbers wha'foever.” This Effay of Mr. 
Simpfon had been alluded to in a note to the tranflation of 
the Dregoing extra& from Mr. Bernoulli's book, at the bot- 
tom of page 213; and it is fo nearly conne&ed with the 
fubje& of the latter part of that extract relating to the fums 
Qf the powers of the natural numbers 1, 2, 3, 4, 5, 6, 7, 
8, 9, 10, 11, 12, &c, that I thought it would be agrec- 
able to' the reader to have it laid before him immediately 
after the faid extract; and therefore I caufed it to be re- 
printed in that place. It extends from page 214 to page 
124. 


The next Tra& is one of my own compofition, and con- 
tains 4n Ievefigation and Demonfiretion of Sir Yaas Newton's 
nomi, 
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Binomial d'beorer in the cafe of integral and affirmative powers ; 
in which the law of the generation of the numeral co-efficients 


ef tbe terms of the feries which is equal to the quantity a + a", 
is difeovered by a conjeflure-grounded on the obfervation of the 
low of tbe faid co-efficients in fome particular examples, but, 
when fo difcovered, is fbewn to be true univerfally in all otber 
integral and affirmative powers whatfoever of the aid binomial 
quantity, by a ffri& and accurate demonftration. This Tra& 
begins in page 227, and ends in page 268, and contains, as 
1 believe, the beft and moft farisfa&ory demonftration of 
the Binomial Theorem in the cafe of integral and affirma- 
tive powers that has yet been given of it, next to that con- 
tained in the foregoing Extra& from Mr. James Bernoulli's 
Treatife, intitled Ars ConjeZandi. The conje&tural invefti- 
gation of the law of the numeral co-efficients of the terms 


of the feries that is equal to a + 2)”, given in this Tract, 
is fuggefted by Profeffor Saunderfon, in the fecond volume 
of his Algebra, in the chapter on the Binomial Theorem ; 
where (as I before obferved,) the reader will find a good 
explanation and illuftration of the faid celebrated Theorem 
by a variety of examples, both in the cafe of integral powers 
and in the cafe of roots and other fra&ional powers, and 
even in the.cafe of negative powers and of powers that are 
both fra&ional and negative; but no demonítration of it in 
any cafe, not even in that of integral and affirmative powers, 
And the following ftri& demonftration of this Theorem in’ 
the cafe of integral and affirmative powers, (which begins 
in page 252, and ends with page 264,) is nearly the fame 
with that which is given by Mr. John Stewart, of Aberdeen, 
in the 6th fection of his Commentary on Sir Ifaac Newton’s 
curious little Tract, intitled, Anelyfis per Aiquationes numero 
lerminerum infixitas, or Analyfis by Equations of am infinite 
umber of Terms. See his edition of Newton’s Treatife os 
the Quadrature of Curves, and of the faid Tra, intitled, 
5, €fe, with his learned comments on both, in one 
volume, quarto, publithed at London in the yoar 1745, 
Page 471, art. 155. This 
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This Tra&, concerning the faid conje&tural invettigation 
and fubfequent general demonftration of the Binomial Theo- 
rem in the cafe of integral and affirmative powers, contains 
the fubftance of two Tracts publifhed in the year 1792, in 
the fecond volume of the Colle&ion of Mathematical Traéts, 
in quarto, called, Scriptores Logarithmici, to wit, the 15th 
"Ira&, which extends from page 153 to page 169, of the 
faid fecond volume, and the 23d, or laft, Tra& in the faid 
volume, which extends from page 587 to page 591. 


Next to this Tra& on the Inveftigation and Demonttra- 
tion of Sir Ifaac Newton's Binomial Theorem, I háve re- 
publifhed a Tra& of the learned Dr. John Wallis, of Ox- 
ford, on the fame Do&trine of Permutations and Combina- 
tions, which is the fubje& of the foregoing Extra& from 
Mr. James Bernoulli's work above-mentioned. This Tract 
was publithed with Dr. Wallis’s Algebra in the year 1685, 
under the title of 4 Difcourfe of Combinations, Alternations, 
end Aliquot Parts, and is mentioned by Mr. James Bernoulli 
in the foregoing Extract of his Ars Conjeéfandi, in the Scho- 
lium in pages 29 and 166, as a well-known and valuable 
Treatife on the properties of the Figurate numbers. And it 
does indeed contain a great deal of excellent and curious 
matter concerning thofe numbers, and the other fubje&s of 
which it treats, but without that accuracy and regularity in 
the manner of deducing the conclufions of it one from an- 
other, which diftinguith the foregoing chapters of Mr. Ber- 
noulli’s work. However, on account of its intrinfick merit, 
and its relating to the fame fubjects, in a great meafure, as 
the faid Extract from Mr. Bernoulli’s book, I thought it 
would be agreeable to my readers to fee a re-publication of 
it in the fame volume with the faid Extract, and therefore I 
have given it a place in this Colle&ion. It begins in page 
271, and extends to page 351. 


Much of this Difcourfe of Dr. Wallis relates to Prime, or 
Incompofit, numbers, and to curious arithmetical queftions 
depending on them. And in one part of it, to wit, in page 
318, the Do&or {peaks of the great convenience of having 

at 
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a hand a Table of Prime Numbers fet down in regular 
order, to be referred to when we want to know into what 
prime numbers a given odd number may be refolved. And 
he mentions a very ufeful Table of this kind that had been 
drawn up by a Mr. Thomas Brancker, M. A. and publithed 
by him in the year 1668, in an Appendix to an Englifh 
tranflation, made by him, of Réonius’s Algebra, which had 
been publifhed in the German language at Zurich in Swit- 
zerland, in the year 1659, under the utle of Algebra Rborii, 
Germanic2. This Englifh tranflation of Rhonius's Algebra 
was publifhed by Mr. Brancker under the infpection, and 
with the affilance, of Dr. John Pell, an eminent Mathema- 
tician in the reign of King Charles the Second, and fome 
confiderable additions were made to the tranflation by Dr. 
Peil himfelf; which has given occafion to the book's being 
fometimes fpoken of by fubfequent writers of Mathematicks, 
and amongít others by Dr. Wallis himfelf in this Difcourfe, 
page 319, by the name of Dr. Pell’s Algebra. 


This Table of Prime Numbers Dr. Wallis fet a high 
value on, infomuch that he took the pains to examine it 
carefully throughout, and to corre& the few errors that he 
found in ir; fo that now, with his corrections, it may be 
confidered as very accurate. This Table therefore, together 
with the Appendix in which it is contained, I have here 
caufed to be re-printed immediately after the foregoing 
Difcourfe of Dr. Wallis. It contains not only all the Prime 
numbers that are lefs than 100,000, but all the odd num- 
bers whatfoever that are lefs than that number, (except fuch 
odd numbers as end with the figure of 5, and are therefore 
evidently divifible by the number 5,) and it diftinguifhes 
the Prime numbers from the other odd numbers, by annex- 
ing to them the letter p; and it annexes likewife to every 
other odd number (that is not a Prime, or Incompofit, num- 
ber, but is the product of the multiplication af two, or 
more, leffer numbers,) the leaft of the prime numbers into 
which it may be refolved. This Appendix, with the faid 
Table of odd E ‘contained in it, extends from page 

to page 416. 
453 to pee The 
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The next Tra& in this Colle&ion relates to the Rational 
Numbers that will exprefs the Sides of Right-angled Tri- 
angles, and contains two methods of finding as many fers of 
numbers as we pleafe that fhall have this property. The 
firft of thefe methods begins in page.417, and ends in page 
431, and the fecond reaches from page 431 to page 448 ; 
after which I have inferted a Table of the Squares of the 
feveral natural numbers t, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 
12, 13, &c, as far as 100, together with two additionat 
columns adjoining to the column of the faid fquares, in the 
former of which I have fet down the differences of the faid 
fquares, and in the latter the differences of thofe differences, 
or the fecond differences of the {quares themfelves ; which 
fecond differences are all equal to each other, and to the 
number 2. This Table begins in page 449, and is accom- 
panied with fome remarks which extend to page 457. This 
Tra& has a confiderable refemblance to fome parts of the 
foregoing Difcourfe of Dr. Wallis, and may afford fome 
amufement to fuch readers as are fond of contemplating the 
properties of numbers. ' 


The next Tract relates to the Cubes of the natural num- 
bers 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, &c, and 
to the differences of the faid cubes, and the differences of 
the faid differences, or the fecond différences of the faid 
cubes themfelves, and to the differences of the faid fecond 
differences, or the third differences of the cubes; which 
third differences are all equal to each other, and to the 
number 6. And in pages 460, 461, and 462, [ have ex- 
hibited- a Table of the Cubes of all the faid natural num- 
bers as far as 100, together with the rft, 2d, and 3d differ- 
ences of the faid cubes in adjoining columns; after which 
follows an extra& from a learned letter of the celebrated 
Mr. Leibniz to Mr. Oldenburgh, the Secretary of the 
Royal Society of London, dated from London on the 3d 
day of February, 1672-3, relating to the fubje& of the dif- 
ferences of the powers of the natural numbers 1, 2, 3, 45 
5, 6, 7, 9, 9, 10, 11, 12, 13, &c, and to the féveral fuc- 
ceffive orders of fuch differences, and to the ultimate eque 
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lity of the feveral fucceffive differences in the fecond, or 
third, or fourth, or fifth, or other fubfequent, order of the 
faid differences, according to the height of the power to 
which the faid numbers are raifed, and relating to other 
curious properties of numbers. This letter is in Latin, and 
extends from page 463 to page 469, and is re-printed from 
the celebrated Commercium Epiftolicum of Mr. John Collins, 
and other eminent Mathematicians of the latter part of the 
lait century, that was firft printed by the order of the Royal 
Society in the year 1712, and was afterwards re-printed in 
the year 1722. The remaining part of this Tract, from 
Page 469 to page 504, relates to Monfieur de Lagny’s Me- 
thod of Extra&ing the Cube-roots of Numbers by Approxi- 
mation, and begins with fhewing the ufefulnefs of the fore- 
going Table of Cubes, in finding the firít near value of the 
Cube-root fought, to one, or two, places of figures, which is 
to be the bafis of a further approximation to it by Mr. de 
Lagny's method. The four expreffions given by Mr. de 
Lagny for the fecond near value of the cube-root that is 
fought, are ftated in pages 470 and 471; and in the following 
pages to page 483, examples are given of the extraction of the 
cube-roots of the three numbers 2, 231, and 37,945, and of 
the long number 696,536,483,318,640,035,073,641,037; to 
2 great degree of exactnefs, by means of fome of the faid ex- 
preffions, after the firft near values of the íaid cube-roots 


to one or two places of figures, have been obtained by the: 
P E y 


help of the foregoing table of the cubes of the firft hundred 
numbers. Thefe four examples (in which the feveral pro- 
geffes are ftated very much at length,) will, I apprehend, 
be fufficient to make the reader familiarly acquainted with 
the method of ufing the faid expreffions of Mr. de Lagny 
in the extraction of the cube-roots of numbers, and at the 
fame time to convince him of the great ufefulnefs of thefe 
expreffions for effecting that purpofe ; and they will likewife 
thew the ufefulnefs of the foregoing Table of Cubes, in ob- 
taining the firft near values of the cube-roots fought, to one, 
or two, places of figures, from which the more accurate 
values of them are afterwards derived by means of Mr. de 

*s expreffions. After thefe four examples of Mr. de 
Loy pre’ b d Lagny's 


x PREFACE 


Lagny’s method of Approximation, follows a Scholium (in 
pages 484, 485,. and 486,) concerning the invention of 
thefe expreffions, and of Mr. Raphfon’s and Sir Ifaac New- 
ton's methods of extracting the Cube-roots, and other higher 
roots, of given numbers, and even the roots of affe&ed 
equations of any order, by fimilar approximations ; which 
methods were invented by thofe eminent Mathematicians be- 
fore the publication of thefe expreffions of Mr. de Lagny. 
And, then, (in pages 486, 487, 488, &c, to page 500,) 1 have 
given very full and accurate inveftigations of the foregoing 
expreffions of Mr. de Lagny, which had been only ftated 
in pages 470 and 471, and illuftrated by examples in the 
following pages, from page 471 to page 483. And, laftly, 
in pages 501,- 502, 503, 504, I have given a further illuf- 
tration of the laid expreffions of Mr. de Lagny, by apply- 
ing fome of them to the extraction of fome of the cube- 
roots which had been obtained in the foregoing examples 
by means of others of them ; with a view to make a com- 
parifon between the different expreffions given for the fame 
purpofe by Mr. de Lagny, and to difcover which of them 
.are the moft exa&, or the moft eafy to practice, and in 
which cafes it will be moft advifeable to refort to fome of 
them in preference to the others. This Tra& (which begins 
jn page 459, and ends in page 504,) I confider as a very 
ufeful one to young ftudents of Arithmetick and Algebra. 


Having in the foregoing Tra& very fully explained, and 
illuftrated by examples, Mr. de Lagny’s method of Extrad- 
ing the Cube-roots of given numbers by Approximation, I 
proceed in the next Traét to (tate his general method of 
Extracting any higher Roots whatfoever of given numbers 
by fimilar Approximations. All tbefe approximations are 
grounded on the fame principle, and confitt in putting fome 
letter of the alphabet, as a, for the known part of the root 
fought, (which known part is found by conje&ure, or other- 
wife, as the cafe may admit,) and putting fome other let- 
ter, as z, for the unknown difference by which x, or the 
true root of the given number (which may be called N,) 
exceeds, or falls fhort of, the firft value a, (which is fup- 
pofed to be known,) and then fubftituting ¢ + z, ore — z, 

" inftead 


. 
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inftead of x, in the original equation à? = N, or x’ = N, 


tr, in general, x" = N, (whereby the faid equation will 
be transformed into another equation in which z will be 
the only unknown quantity,) and, laftly, in refolving tbis 
transformed equation (of which z is the root,) as if it was 
only a quadratick equation, or omitting; or expünging from 
it, all the terms that involve any higher power of z than 
the fquare. By fuch a refolution of this transformed equa- 
tion Mr. de L'agny obtains a value of z that approaches 
nearly to its true value: and confequently, by fubftituting 
this near value of z, inftead of z, in the binomial quantity . 
@+2, of a — £, (which is equal to x, or the root fought, 
or the mth root of the given number N,) he obtains a near 
value of a 4+ 2, or a — 2, ot a fecond near value of x, or 


V"N, which is much nearer to its true value than a, or 
its firft near value, was. To explain in a full and diftin& 
manner this method of extra&ing the mth root of any given 
number N, and to illuftrate it by a few examples of the 
extra&ion of fome high roots of given numbers, by means 
of the general expreffions of the values of a 4- z and a— z 
derived from it, is the object of the prefent Tra&. Arid, 
as the inveftigations neceffary for this purpofe are very gene- 
tal, and, from that circumftance, are rather more fubtle and 
difficult than the inveftigations in the preceeding Tract, 
(which related only to the extra&ion of the cube-roots of 
given numbers,) I have taken great pains to fet down all 
the fteps in them in regular order, as clearly and plainly as 
I could ; which may make them appear longer than might, 
perhaps, have been expected, but will, in fact, enable the 
reader to make himfelf perfect mafter of them in lefs time 
than if they had been compreffed within a narrower com- 
país. The general expreffions that are thus inveftigated, are 
no lefs than four; to wit, two near values of a + z, ob- 
tained by confidering the aforefaid transformed equation 
(arifing from the fubílitution of a + z, inftead of x, in the 


original equation x == N,) as a quadratick equation, and 
refolving it, as fuch, in two different manners, to wit, firft, 
ba imperfectly, 
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imperfe&ly, and fecondly, in an accurate manner; and two 
near values of a — z obtained in like manner, by confider- 
ing the other transformed equation, (arifing from the fub- 
fütutior of a — z, inftead of x, in the original equation 


x" = N,)as a quadratick equation, and refolving it, as 
fuch, in two different manners, to wit, firft, imperfectly, 
and fecondly, in an accurate manner. In order to perform 
thefe inveftigations the more eafily and diftin&ly, I have 
divided the fubje& into two cafes, with Problems corre- 


fponding to them, according as x, or V/" N, is greater, or 
lefs, than its firlt value a, or is equal to a 4- z, or toa — z. 
The firt cafe, or that in which x, or /" N, is equal to 
4 + 2, is confidered in the firit Problem ; and the fecond 
cafe, or that in which x, or V/" N, is equal to a — z, is 
confidered in the fecond Problem: and from the Solu- 
tion of the firft Problem we obtain the two following 
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near values of the binomial quantity 4 + z, or for fecond 


near values of x, or V/" N ; and from the Solution of 
the fecond Problem we obtain the two following expref- 
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near values of the refidual quantity a — z, or for fecond 
near values of x, or” N.  And' the Solutions of both 
thefe Problems are illuftrated by a few fuitable examples, 
placed at the end of each fulution refpe&ively, of the ex- 

tration 
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Wion of different roots of given numbers by means of the 
&id general expreffions obtained in the preceeding folutions. 
‘The Solution of the firft of thefe Problems begins in page 
508, and ends in page 516; and is followed by three ex- 
amples, which begin in page 516 and end in page 525: 
after which I have inferted a Scholium containing a com- 
parifon between Mr. de Lagny’s aforefaid method of éx- 
trading the roots of given numbers, and Mr. Raphfon’s 
method of performing the fame thing; which is fomewhat | 
fimpler and eafier than Mr. de Lagny’s method, though 
not quite fo exa&. For the difference between the two 
methods confifts only in this, that, whereas Mr. de Lagny 
refolves the transformed equation arifing from the fubftitution 


of a + z inftead of x in the original equation x "LN, 
asif it was a quadratick equation, omitting all the terms of 
it that involve any higher power of z than its fquare, Mr. 
Raphfon refolves the fame equation as if it was a mere 
fimple equation, or omits all the terms of it that involve any 
higher power of z than its fimple power, or z itfelf; which 
makes his expreffion of the near value of a + 2, or of the 


fecond near value of x, or /" N, derived from the (aid 
transformed equation, a good deal fimpler and eafier to 
manage than thofe of Mr. de Lagny. This Scholium ex- 
tends from page 525 to page 529, and is followed by a 
fourth example of the extradtion of the root of a very long 
number by Mr. de Lagny's method, which extends to page 
534. The Solution of the fecond of the faid Problems be- 
gins in page 536, and extends to page 546, and is followed 
by two examples of the extraction of the roots of given 
numbers by means of the general expreffions obtained in it, 
that extend from page 547 to page 554. And then the 
"Trad concludes with fome Obfervations, in pages 555 and 
556, on the feveral different methods that may be taken 
for the extra&ion of the roots of numbers. 

This Tract, as well as the laft before it, concerning the 
Extra@ion of the Cube-roots of given Numbers, will, I 
hope, be found to be of great ufe to the Students of Arith- 
metick and Algebra. _ 
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The laft Tra& in this Collection is intitled, Odjervations 
en Mr. Raphfon’s Metbod of refoloing Affeéted Equations of all 
degrees by Approximation. It begins in page 559, and ends 
in page 590 ; and its contents may be défcribed as follows. 
The firlt part of it, as far as page 571, is intended, partly, 
to remove fome difficulties that occur in reading Mr. Raph- 
fon’s excellent Treatife on the Refolution of all Equations, 
(whether pure or affe&ed,) by Approximation, intitled, 
Analyfis JEquationum. Univerfalis; which difficulties are not 
inherent in the fubjeét itfelf, or neceffarily belonging to his 
method of refolving equarigns, but have arifen merely from 
his having unfortunately adopted the do&trine and language 
of negative reots of equations, by which the Science of Alge- 
bra, or Univerfal Arithmetick, has been difgraced and ren- 
dered obfcure and difficult, and difgufting to men of a jut 
tafte for accurate reafoning, ever fince its introduction by 
Harriot and Des Cartes. ~ The firft part of this Tra& is, I 
fay, intended, partly, to remove fome difficulties of this 
kind, in the faid Treatife of Mr. Raphfon, and, partly, to 
illuftrate his method of refolving high equations in other 
cafes, or where no negative roots are mentioned, by per- 
forming the refolution of one of the equations given by him 
in his examples, to wit, of the equation xf + 7x* + 20x? 
+ 155xx = 10,000, in a very full and diftin manner, 
with every ftep of the refolution, and the reafonings upon 
which it is grounded, fet forth at length, agreeably to the 
principles laid down by him in the beginning of the faid 
Treatife, inftead of reforting (as he has done in his refolu- 
tion of the fame example, and in thofe of all his other ex- 
amples,) to the repeated application of a general theorem, 
or canon, that he has deduced from the faid principles: be- 
caufe that way of performing the faid refolution, by means 
of a theorem, or canon, affords much lefs (atisfa&ion to the 
mind of the reader, or operator, in the ufe of it, than he 
would receive by performing-the refolution of the equation 
by the immediate application of the principles themfelves, 
as 1 have done, in the refolution here given of the faid 
equation. And the following part of this Tra& contains a 
comparifon between Mr. Raphfon’s method of Refolving 

^ Equations 
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Equations by Approximation, and Sir Ifaac Newton’s me- 
thod of Refolving them alfo by Approximation, (which, 
ater the firft procefs of the approximation, or the difcovery 
of the fecond near value of the root of the equation, differs 
a litle from Mr. Raphfon’s method,) in order to difcover 
which of the two methods deferves to be reckoned the moft 
convenient. This comparifon between thefe two methods 
of refolving equations by approximation, (the refule of which 
is, that Mr. Raphfon’s method appears to me, upon the 
whole, more convenient than Sir Ifaac Newton’s,) reaches 
from page 571 to page 586: and the few remaining pages 
of this Tract, from page 586 to page 590, relate partly to 
tbe method of trying the exa&neís of the near value of x, 
or the root of the propofed equation, which has been ob- 
tained by either of the faid two methods of Approximation, 
and, partly, to the method of finding a, or the firft near 
value of x, or of the root of the propofed equation, to a 
moderate degree of exa&neís, in certain difficult cafes, to 
wit, in thofe cafes in which the propofed equation either has, 
or (from the changes of the figns of its terms from + to 
—, and from — to +,) feems to have, more than one real 
and affirmative root. 


In the next place I have re-publifhed a ufeful Table of 
Numbers, from a book intitled The Calculator, publithed in . 
oftavo in the year 1747, by the late learned Mr. James 
Dodfon, being a Table of the Square-roots and Cube-roots 
of all the natural numbers 1, 2, 3, 4, 5, 6, 7, 9, 9, 10, 
11, 12, 13, &c, to 180, carried to feven places of figures ; 
which may often be the means of faving a Student of thefe 
Sciences fome time and pains in performing the calculations 
that may occur in them, This Table is contained in pages 
$91 and 592. 


And in the laft place I have re-publithed a Table of the 
Square- roots of all the natural numbers 1, 2, 3, 4, 5, 65 
7, 8, 9, BO, 11, 12, 13, bc, as far as 1000, and likewife 
of the Reciprocals of all the faid numbers, or of the values, 
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a, 4, —, +, &c, as far as —, expreffed in decimal 
1o ua 1a 13 1000 

fra&ions, from the fourth volume of Dr. Charles Hutton’s 
Mifcellanea Mathematica, publifhed in the year 1775, in four 
little volumes, duodecimo. This Table begins in page 5955 
and ends in page 604, and, with Dr. Hutton's explanatory 
account of it in pages 605 and 606, concludes the prefent 
volume. 
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PARS SECUNDA, 


CONTINENS 


DOCTRINAM DE PERMUTATIONIBUS ET " 
COMBINATIONIBUS, M 





PRÓOREMIiUM, 


NFINITAM varitajem, quz cim in hatutg operibus, 
tim in actionibus mortalium elucet, quáeque pracipuam- 
jjus univerfi pulchritudinem conítituit, non aliunde quam ex 
diverfimodá compefitione, mixtur& & tranfpofitiohe partium 
Gus inter fe originem ducere palàm eft. .Sed,.quia multitudo: 
Terum ad effeGtum aliqnem. producendum oncurrentium. 
Éepenumeró tanta eft tánque varia, ut difficillimum 4t re: 
ceníere vias omnes, quibus earundem compofitio, vel mix 
tura, fieri, vel noii fier, potett hinc fit ut nullum fit vie 
tium, in quod homines etiàm. maximé prudentes & circum- 
Ípe&i frequentids incidant illo, quod "Logici communitàr 
appellant nfufficientem enumerationem partium, 5,adeà quidem 
x non verear dicere, hanc unicam feré fcaturiginem offe in- 
itorum, eorümque gravifimorum, errorum, qubá ‘in’ 
Yociniis noftris circà res tim cognotcendas: tim Pad 
guotidié committimus. Qparé merito fuo utiliffimta cenfenda: 
eft ars, combinatoria dita, qua huic mentis noftre defectui 
mede, decétque fic sonmecare, modos omnes: potibiew: 
Uni 


» 


2 BX JACOBI BERNOULLII LIBRO 


fecundàm quos res plures permifceri, tranfponi, vel con- 
jangi, invicém poffunt, ut certi fimus, nos nullum eorum 
pretermififfe, qui inftituto noftro conducere valent. Quan- 
quam enim hoc negeri eatenis fit confiderationis Mathema- 
tier, quinis in fubducendo calculo terminatur ; fi tamen 
ufum & neceffitatem {pectes, univerfale prorfüs eft & ita 
xcomparatum, ut fine illo nec fapientia Philofophi, nec Hif- 
torici exattitudo, nec Medici dexteritas, aut Politici pru- 
dentia, confiftere queat, — Argumento fit hoc unicum, quéd 
omnis horum labor in cexeZende, & omnis conje&ura ir 
trutinandis caufarum complexionibus aut combinationibut 
verfatur. Unde quoque nonnulli eximii viri, ac nominatim 
Schootenius, Leibnitius, Wallifus, Preftetus, materiam hanc 
fibi tra&andam fumpfére, ne quis exiftimet nova effe hic 
omnia due prolacuri fumus, tametfi quedam non contem. 
nenda de adjecimus, imprimis demonftrationem gene- 
ralem & facilem proprietatis numerorum figuratorum, cui 
cetera ue innituntur, & quam nemo, quod fciam, ant« 
nos dedit eruítve,  Cüm itsque nondum plenum Artis fyfte- 
ma habeamus, tim veró, ne illa quie habemus aliunde pe 
tese fit opus, vifum eft totam Do&rinam ab ovo ordiri, ac 
ne quid indemonftratum relinquatur, ex primis fundamentii 
qxuere ; quod tamén breviter fiet & fuccin&éà, nec nifi is 
quantum infticuti noftri ratio exigere videtur. Totam Trac 
tionem ad duo fumma capita referimus, unua 
Permutationum, alterum Combinationum do&rinam perfe 
quitur, cui accedit tertium, quod utraíque mixtim con 
tem . 





CAPUT I 
DE PERMUTATIONIAUS 


ERMUTATIONES rerum voco variationes, juxt 
quas, fervatá edem rerum multitudine, ordo fedtqu 
inter ipfas diverfimod? permutatur. 

Teague fi queratur, quoties nonnulle res tranfponi vi 
permilceri invichm poffint, fic ut femper accpiantur. om 
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folo ordine fitüve mutato, dicentur queri omnes permutatio- 
ms rerum " 
Res autem  pennutandae vel omnes poffunt. effe diverfz, 
vel aliquot earum ezdem ; que der pet totidem Alpha- 
bei literas, five diverías five cafdem, commode defigna- 


1. Sires omnes permutanda funt diverfa : 


CUM numeras petmutationum in rebus pluribus iniri ne- 
queat, nifi idem prids in omnibus aliis numero paucio- 

tibus compertus habeatur, liquet in hic inquifitione utendums 

via fynthetic&, hoc eft, ordiendum nobis effe ab hypothefibes 

omnium primis & fimplicifümis : 

; Unius rei, vel litere, 4, una tantüm fumptio vel pofi 

tio eft. 

5 fequi el precedente dee } qur i unie aru 
juitur, v. uitur 5; luo 1] 

uot ordines « & ba 1 

Tres, porzà, litere e, 5, e, ita collocari poffunt, ut pri- 
mus locus vel ipfi 4 vel ) vel c concedatur : fi 4 primum te- 
net locum, reliqus dug duobus, ut diximus, modis difponi 
Dum duplex idcm poter ede potio ded E celigen- 
rum i rit jo; intelligen- 
dum, ul i terti ¢ primam fedem verit. Unde trium 
literarum in univerfum ter duse, feu 6, exiftunt permutatio- 
nes abe, acb: bac, bca: cab, cha. 

Similitér, fi 4 extent litere e, 4, e, d, earum unaqueque 

i obtinere locum poteft, intereà dum tres relique, ut 
nunc ofenfum, ter bis, feu fexiés, ordinem variabunt : 
quare cüm earum, que primo loco poni poffunt, fint qua- 
tuor, fcquitur omnes quatuor quater ter bis, feu quater fexies, 
hoc eft, vicies quater &tum inter fe permutare poffe. 

Ob eandem rationem accedente st& litera e infticui poffunt 
quinquies tot variationes, quot in cafu precedenti, hoc eft, 
quinquies 24, feu 120. generalitér, datis. quotcunque 

is, numerus permutationum, quas fubire poflunt omnes, _ 
totiàs excedit numerum permutationum, quas recipiunt liter 
und pauci quot funt unitates in dato literarum numero. 
Unde fpootc Imanat fequens 
* Ba Regula 
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.-— Réjgula pro inveniendis vrimibus permutationtnes reram. 
a , quotcunque datarum. ' 


COMES numeri ab unitate fe confequentes naturali or- 
dine, ad datum ufque rerum numerum inclufivé, du- 
cantur in fe invicém ; productum manifeftabit quefitum. 


Puta, & datus rerum numerus fit 2, numerus permutatio- 
“num erit 1.2. 3. 4. 5. &c. ufque ad x; vel etiam (quia uni- 
stas non multiplicat) 2. 3. 4 §......#. Nota, punctula.nu- 

meris interje&a hic et ubique in fimili materia continuum 
-humérorurm in fe ducum Ggnificant. Exempli gratia, feptem 
rerum permutationes funt 2. 3. 4. 5. 6. 7. — 5040. Ratio 


-patet ex djdtis, operatio ex adjun&á Tabellà : 


Novus 
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iy . 2. Sirerum permutandarum Sotmulle 
Rerum. Permutationum. : funt eadem : . 
Quód fi litere una pluréfve rer 
currant fepiis, boc eft, fi in dato 
rerum numero alique res fimiles fine 
five ezdem ; «ut, fi date fint 222) 
‘ed, ubi litera.z ter repetitur; nu- . 
merus permutationum multo minor 
evadit : ad quem inveniendum co- 
gitandum eft, quàd, fi omnes efféit 
diverfz, puta, fi loco aaa fcribere- 
tur aa, poffent ha tres litere e- 
tiam nulla ceterarum loco moti in- 
ter fe fexiés tranfponi, per prece- 
dentem Regulam; unde totidem 
diverfie nafcerentur permutationes s 
at nunc cüm funt ezdem, fex ifte 
permutationes literarum 4a a nul- 
lam univerfarum difpofitioni varia- 
tionem indicunt, ac proinde pro 
' una eádemque habende funt: quod 
cüm de quicunque difpofitione he 
terarum paritér fit intelligendum, 
jndicium prebet, numerum permu- 
tationum rerum datarum fexiés, hoc 
eft, totiés minorem effe numero per- 
mutationum, quas fubire poffent fi 
omnes effent diverfe, quotiés inter 
fe permutari queunt res fimiles : 
fed fi omnes 6 litere diverfe exifte- 
rent, permutari poffent, juxtà pras- 
cedentem tabellam, 720. vicibus. 
Erg nunc ubi tres ipfarum conve- 
niunt, permutari duntaxat poterunt 
———-—-—| vicibus 120. . . 

12 - 479,001,600} .  Iterdm @ date fint 6 literz aaa 
55e, ubi preter literam a que ter recurrit, etiam litera bis 
repetitur 5 manifeftum eft, numerum ‘permutationum adhuc 
bis minorem evadere, quàm in precedenti cafu fuerat, adeó- 
que 
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que folüm sd 6o fe extendere : idem bine quseli. 
bet permatationes, quz ex fola tranfpofitione duplici litera. 
sum 25, fi diverfe effent, nafcerentur, nunc. coincidunt 
Eodem pa&o colligendum, fi plures litera repeterentur fae 
pids, pro fingulis carum numerum permutatiobum minui to- 
ties, quoties feorsim inter fe permutari poffunt egdem literae. 
Unde ratio habetur fequentis Regula. 


Regula pro inveniendis rerum permutationibus, cüm carum 


nonnull funt eadem. 
MERUS utationum, quas admitterent datse res 
fi omnes di es effent, dividatur per numerum 


mutationum, quas fubire poteft. res fimilis fecundüm mule. 
tudinem fuam, fi una fit que fepids repetatur: aut per pro- 
duCbim ex numeris permutationum, quas feorsim recipere 
poffunt fingule res fimiles fecundüm mulütudinem fuam, fi 
lures fint que fepids recurrant , & quotiens exhibebit que- 
fitum. 

Ufus do&ring Permutationum infignis eft in definiends 
numero Anagrammatum alicujus vocis. Exempli gratia ; 
"Tranfpofitiones omnes pollibiles literarum in t nd funt 1. 
23-4524 ¢ 9b 4 differentes literas, per 1 Regulam iin voce 
. 3 -I li = 
Lapin =, = 90720: et in voce Stadiofus 7 =r 
30240: ob g utrobique literas, intérque illas ibi geminum / 
et feminum 2, hic geminum s & triplex s; per 2 Regulam. 
: Hüc pertinent verfus nonnulli ob variationum multitudi- 
.nem Protei di&i, quos inter celebrantur Lanfii, Scaligeri, 
Bauhufii. Thome hoc diftichon debemus : 


es, Rex, Gres, Rey, Spes, Jy That, Sal el, (Dora) 
- LE 

Mars, Mens, Sors, Lis, Vis, Styx, Pus, Nox, Fon, (mala) 
000 Crus, Frans. 


> 
cujus finguli verfus per Regulam pri ob 11 monofyl- 
labs (didjllabis vocibus bane ($ male gue (emper mgiosi af 
5 


« 
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! iio) falvà metri lege variari poffunt. 39,916,800 vicibus. 

E quanquam alias contingat, ut plereque variationes in 

' men leges arictent, nec non ut ique i omnia 

fit non-fignificantes & barbari ; levi tamen iem in- 

duftri opus eft ad fecernendum utiles ab inutilibus, orden 

numerum fcorsim ineundum, fi aliquem in iis inquiren- 

lis ordinem obferves. Imodàm cernere eft in hexa- 

metro à Bernbardo Bauhufio, Jefuith Lovanienfi, in laudem 
Virginis Deipare conftru&to : ! 

Tet tibi fuut dotes, Virgo, quot fidera celo 


dignam pec peculiari o mE  Plures viri celebres, 
Ly in Jil lo, q ‘haumata Pietatis in- 


ipGt, variationes ejus wiles à Degris aa paginis enumerat, 
e numero ftellarum, quarum 2 vulgo 1022 recenfentur, 
accommodat, omiffis {crupulofids illis, quz dicere videntur, 
tot fidera coelo effe, quot Marie dotes; nam Marie dotes 
effe multo plures, Eundem numerum 1022 ex Puteano re- 
m Geshardus Voffius cap. 7. de’ Scientiis Mathematieis ; 
, Gallus, in primá editione Elementorum Mather 
maticorum, p 343, Proteo huic 2196 variationes attri- 
buit; fed, revifione in alter& editione, tonio primo, 
pagind 1: 13% numerum earum dimidio feré au&um ad 3276 
nduftrii Auctorum Lipfienfium Colle&ores menfs 
Junii Sunt 1686, i in recenfione Tra&arüs Wallifiani de Algebra, 
numerum in quzftione (quem Au&or ipfe definire non fuit 
nfs) ada ix) ad agio determinant, Ec ipfe poftmodàm Wallifiug 
tind operis fui, Oxoniz anno 1693 imprefft, 

TeUtd 494. eundem ad 3096 profert. Sed omnes adhuc 
vero funt de deficientes, adeo ut delufam tot virorum, poft ad- 
hibitas quoque fecundas curas, in re levi perfpicaciam mee 
rit mireris. Facto enim examine deprehendo, factum hunc 
Bauhufianum, exclufis etiam fpondaicis, admifüs verà iis 
qui ceefurá deftirati fant, falvà metri em et omninó tér millies, 
pecu At sot prolixiie de his 

agere conti non i nec inftiuxtum noftrum patitur, . 


TiPUs 
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TYPUS VARIATIONUM VERSUS BAUHUSIANI : 


fot tibi fant dotes, Virgo, quot. fidera ee. 





Quintam Regionem | Hexametri occupat 


Sidera, quam vocem excipit aut vox 
1 Diffllaba una, nempe vel ! 
[Celo, ac tum vox Tibi inter fex reliqias occu. 
at locum vel 


I | Secundum, precedente voce nunc. 
|, | Monofltadd, ehque vel : 
1.1 l Tot, cui cafui refpondent: -  Variationes 24. 
. | Sunt, - 204 - 124 
phy | Quer, se ag 
| 1 Die Vir, ~~ - R4 
1 | Tertium, preeuntibus ‘ 
| | Und monofllabd & und dij difpiaba, primas 


tenente vel 


Y ||Éd Monofyllabá, Tot, quam excipit alterutra 
t] ! *— Dotes: 6 s 
t | | : Virgo: 6 Dod4d 
"1. | Ll Sunt, oe 12 
|| | | Quot, : coe 12 
{| | Difpllabd, Doses, quam fequitur * 
E ‘| Tors 6 U 
of m | Sunt: 6 lt 18 
Hd 1 Quot : sy ne 
TL AE isis ae: 
Io] Duabus: di ifplabis nempe, Duis Virgo, 6 
| Quartum, precedentibus 
} M Lh Tribus monofyllabis, - E 12 


“4 Duebus 


DE ARTE CONJECTANDI. 


9 
1 | Duabus monofyllabis cum diff:labd Virgo, 12 
Y dp Uso monofkabd €? duabus dijfyllabis, 36 
Quintum, premiffis 
Tribus monofyllabis cum und diffyllaba, 48 
| Duabus monofyllabis cum totidem diffyllabis, 
quarum pofterior Fi: iro, - 18 
7 | Sextum, - 120 
ebcd . — 
420..420 
| Doses, unde totidem variationes, quot in Cei, 
nempe - - 420 
| 7s rgo, unde rursis totiderh, quot in Calo, excep- 
tis folüm illis 6o variationibus, ubi poftrema 
fyllaba in Virgo correpta eft; quibus proin 
demptis ex 420, remanent - 360 
| Monofyllabe due, edeque 
Quot funt, vel Sunt quot; voce Tibi occupante 
locum vel 
Secundum, primo relicto voci 
1 d oi Memopliabe, Tot: - - 12 
| Difplabe, Virgo: - - 12 
| | Tertium, pracedentibus 
: Memfyllabá cum diffyllaba, - 24 
{| + Duabus diffyllabis, quarum poft Virgo, 8 
Quartum, preeuntibus 
|. D: Monofpllabd cum duabus difyllabis, 36 
: Tribus diffllabis, quarum ultima Virgo, 4 
] | Quintum, - 4 
14 144-144. 
Tot funt, vel, Sunt tot, totidem - 144 
| Tot quet, aut, Quot tor, totidem . - 144 
Tibi, quam vocem fequitur vox 1632 


Diffyilaba ana, cáque vel 
| Cele, voce + Sidera occupante locum aut 


c Primum 
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| Primum, - - - 120 
Secundum, - - - - 48 
| Zertium, premiffis vel 
: Duabus monofyllabis, - - 36 
| | Duabus diffliabis, - - 12 
Quartum, preeuntibus duabus monofylla- . 
bis & unà diffyllabá, 7 
| Quintum, precedentibus duabus monofylla- 
bis, totidémque diffyllabis, - 7 
360..360 
| Dotes, totidem quot in Galo - 360 
Virgo, totidem - - . 360 


Monfyllabe dua, eaeque 
| Quot funt, vel Sunt gut: : voce Sidera tenente locum. 





| Primum : - 48 
|. Secundum, poft diffyllabam vocem, - 36 

| Tertium, poft duas diffyllabas, . 24. 
| Quartum, poft tres diffyllabas, - 12 
| || 120 +120 
| Tor funt, vel, Sunt tot, totidem EN 120 
| Tot quot, vel, Quot tot, totidem 120 


Monofyllabá und (quo cafu ante Tibi femper habetur 
Firg), nempe vel 
Sunt, vace Sidera locum poffidente aut 
| Primum : - - - 24, 
Secundum : - 1Z 
| Zertium, precedentibus duabus monofyllabis, — 4 
duabus diffyllabis, 4 


| Quartum, - E - 12 
Quintum, - 4 - 24 
80...80 
Tot, totidem quot in Sunt, . - 80 
Quot, totidem - - - 8o 








————— 
Summa omnium Variationum utilium 5312 
CAP, 
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D D 
DE COMBIN A TIONIBUS, IISQUE PRIMO CONSIDERATIS 


' 
SIMPLICITER. 


OMBINATIONES rerum funt conjunctiones, juxtà 

quas ex data rerum multitudine nonnullz eximuntur, 

imtérque fe conjunguntur nullo ordinis fitüs-ve ipfarum re- 
fpe&u habito. 

Idcircd chm quaeritur, quoties ex dato rerum numero vel 
binz, vel terna, vel quaterna, &c. accipi poffint, fic ut 
nunquam omnes ezdem res fumantur fzpiüs quàm femél, 
dicentur quari omnes combinationes diverf rerum datarum. 

Numerus, fecundüm quem res datz conjunguntur, dici- 
tur Exponens Combinationis : Ita, fi res bine fumuntur, Ex- 
ponens erit 2; fi ternz, 3; fi quaterne, 4. Res verd fe- 
cundim hos exponentes jun&z dicuntur Binarii, Ternarii,, 
Quaternarii, &c. vel Biniones, Terniones, Quaterniones, &c. 
& confonantér etiam Uniones, vel Unitates, quando res fu- 
muntur fingule, & Nidliones cim nulla plané fumitur. 

Conjun&iones ipfas nonnulli vocant Combinationes, Conter- 
mationes, Conquaternationes, &c. quas omnes vulgó una voce 
Combinationum comple&i folent, tametfi hec vox ftrictiori 
fignificatu proprié non nifi illas conjun&tiones indigitare vi- 
deatur, quibus res bine invicàm junguntur. Quamobrem 
alii generaliori voce Complicationum vel Complexionum uti ma- 
lunt: alii magis appofité Elediones vocant, ut & ille fubin- 
telligi poffint rerum acceptiones, quibus res fingula feorsim. 
fumuntur, aut quibus etiam nulla plané fumitur. 

Res autém qua inter fe combinandz funt, vel omnes pof 
funt effe diverfe, vel aliquot ipfarum ezdem; eáeque vel 
ita combinari debent, ut in nullà combinatione res eadem 
fepids contineatur, quàm ipfa reperitur in toto rerum nu- 
mero: velfic, ut in eádem combinatione res eadem etiàm 
fepiüs recurrere, hoc eft, ut fecum ipfà quoque combinári 

Ca poffit. 


P 
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poffit. Iterümque queri poteft numerus combinationum vel 
fecundüm omnes exponentes conjun&im, vel fecundüm fin- 
gulos feorsim. — Atque infuper circa unumquemque borum 
combinandi modorum plures formari poflunt quaftiones & 
problemata, é quibus illa rantàm delibabimus, qua in fe- 
quentibus alicui ufui fore judicamus. 


1. Si res omnes ccmlinande funt. diverfe, inque nuld combina- 
Jione eadem res bis occurrere debet, invenire omnes Combinatic~ 
nes fimplicitér five Jecunditm omnes exponentes conjunctim. 


SUNTO combinandz modis omnibus litere a, À, c, d, e, 
&c. Fiant tot feries quor litere, hoc modo: In prima 
ferie ponatur fola litera a. 

In fecunda ponatur 4, nunc feorsim, nunc jun&im cum 
4, ut habeatur ab vel ba. Eadem enim conjunctio eft, que 
2 cum e, & a cum 2 jungit, cüm nullus ordinis, fitüs-ve 
ipfarum inter fe, refpe&us baberi fupponatur. 

In tertiá collocetur e, eáque primó fola, dein juncta, par- 
tim cum z & 4, ut fiant biniones ac, dc; partim cum iplo 
binione ad, ut fiat ternio abc. 

a. 


Lab. 





€. ac. bc, abc. 








d. ad. bd. cd, abd. ad, bed.'abed. 


€. ae. De. ce. de. abe. ace. bee. ade. bde. cde.abce. abde.acde.bede.abede. 


In quartá ponatur 4, ‘primd fola, deinde jun&a cum fin- 
gulis praecedentium literarum a, À, e, fingulifque earum tum 
binariis ab, ac, bc, tum ternario ac; ut fiant novi biniones 
ad, bd, «d, terniones abd, acd, bcd, & quaternio abcd. 

Similitér quinte feriei agmen ducat litera e, quam primd 
ingrediatur fola, dein juncta cum omnibus praecedentium fe- 
rierum electionibus. Eadémque methodo procedendum ee 
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&plures effent datz litera. Quá ratione fatis manifeftum eft, 
das literas in iftis feriebus omnifariàm inter fe junctas effe, 
aulámque earum fieri poffe ele&ionem, quz non in una ha- 
mm ferierum reperiatur, fed & nullam effe quz alicubi bis 
«currat; adeóque omnes unà feries fuppeditaturas omnes 
elektiones poffibiles, quz circa datas literas inftitui queunt. 
Harum igitur numerus initur facilé, fi confideretur quàd in 
quilibet femper [erie una ampliüs inveniri debeat ele&io, 
qvam in antecedentibus omnibus feriebus fimul: quoniam 
litera, quae illius feriei caput eft, ibidem femel ponitur fola, 
& pratereà unà affumit fecum omnes electiones pracedentium 
fenerum. — Hinc enim fequitur, quia in prima ferie eft elec- 
tio unica, fore in fecundá electiones duas, in tertid 4, in 
quarta 8, & fic deinceps in progrefiione geometric duplá : 
quandoquidem progreífionis dupla ab unitate hanc quoque 
naturam effe conftat *, ut fumma terminorum quotlibet uni- 
tate au&a fequentem terminum exhibeat. Quocircà fumma 
cle&ionum in feriebus omnibus zqualis eft fumma termino- 
rum totidem progrefüonis duplz ab unitate, hoc eíl, per 
modé memoratam proprietatem, ipfi termino fubfequenti 


* Hoc autem ita demonttrari poteft, 
Prorositio. 

Sit feries terminorum in geometricá ratione unitati: 
continuó crefcentium, fcilicet, 1, 2, 4, 16, 32, 64, 12 
terminos Horum terminorum fumma vocetur eftum eft ultimum, 
five maximum, hujus feriei terminum fore equalem 2l . Augeatur jam 
haze feries uno adje&to termino, fcilicet, 2 X 2! ^, fcu 2|". Dico, quàd 
novus terminus al^ erit equalis S + 1, five fummi S omnium priorum ter» 
minorum unà cum unitate. 










Drmonstratio. 

Deplicando terminos feriei 8, five 1 + 2+ 448 +16 +32 + 64+ 
& 4-27 73, orictur feries 2 +448 +16 4 32-- 64 + 128 + Kc. 4 al®, 
cojus termini omnes, excepto ultimo 2|", funt refpeétive equales terminis 
omnibus prioris feriei, excepto primo 1; hoc eft, 2 S erit — S8 — 1 4-2). 
EnbiS-rent- Sea crit = 2841-8, feu S41. 

Q KR. De 
ejufdem 
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ejufdem progreffionis unitate multato; qui quidem terminus 
ubfequens idem eft cum producto binarii toties, five tot vi- 
cibus, pofiti & in fe du&i, quot ipfum in progreffione ter- 
mini precedunt, hoc eft, quot funt feries, quarum electio- 
nes queruntur. Unde talis exurgit. 


Regula pro inveniendis omnibus eleionibus rerum data- 
rum fecundüm omnes exponentes : 


A Produéto binarii toties, five tot vicibus, pofiti 8 
multiplicati in fe, quot funt date res, auferatur 
unitas : reliquum indicabit quefitum. 


Hoc eft, pofito rerum datarum numero zy, numerus om- 
nium electionum fimplicitér, putà, omnium unionum, bi- 


nionum, ternionum, &c. erit 2"—1. Hinc fi nullionem feu 
cle&ionem, qua ex rebus datis nulla fumitur, queque in 
quávis rerum multitudine una femper eft & unica, fimül 


Ul. 4* OM 
comprehendas, fiet numerus ille 2 : fin cum nullione ipfos 
quoque uniones refeces, quorum numerus ipfi rerum nu- 
mero perpetuó aequatur, erit numerus binionum, ternionum, 


caterarümque complexionum 2^— s — ;. Exempli gratia. 
Septém planetarum conjun&iones, vel complicationes, omnes 
diverfe funt 2! — 1 = 2.2.2.2.2.2. 2 — 1 — 128 — 1— 
127 ; unde fi demas electiones 7, quibus finguli planete feor- 
sim accipiuntur, quáeque proprié non conjun&iones, fed 
disjunctiones planetarum funt, relinquetur numerus omnium 
conjun&ionum ftridié dictarum, quibus planete vel bini, 
vel terni, vel quaterni, vel quini, vel feni, vel denique fep- 
teni junguntur, 2'— 7 — 1 = 120. Sic etiam duodecim, 
uti vocant, Regiftra, feu fiftularum ordines, in organo pneu- 
matico, quibus fonus, mox fibilans, mox tremebundus, effi- 
citur, aut alitér modificatur, variari poffunt 2'* — 1 = 4095 

vicibus. 
Nota: Si quis examinet feries combinationum fuprà in 
typo expofitas, obfervabit in qualibet ferie (fold prima oe 
cepta, 
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cpi, quae unicum unionem a comple&itur) numerum elec. 
tonum fecundüm exponentes pares equari numero ele&io- 
num fecundüm impares : faltém, cüm id in aliquot ab initio 
feriebus verum deprehenderit, idem quoque in ferie proxi- 
mé fequente locum habere concludet. Num litera, quz il- 
lius feriei caput eft, jun&a praecedentium ferierum ele&ioni- 
bus iis, quae impares exponentes habent, parium ; & iis vi- 
qfsim quz pares habent junéta, imparium ; exponentium 
complexiones efficit: adfcifcens veró prime feriei unionem 
4, paris; & ipfa per fe fola accepta, imparis ; exponentis 
ele€tionem conftituit: unde & in hac ferie numerum harum 
numero illarum zquari conftat. In omnibus igitur feriebus 
fimül fumtis numerus ele&ionum fecundüm impares expo- 
nentes numerum ele&ionum fecundüm pares unitate fupera- 
bit ; aut, fi his infupér nullionem acceníeas, zquabit. Quo- 
circa, chm numerus omnium ele&ionum fimplicitér, inclufo 


nullione, oftenfus fit 2", erit ejus femiffis, five poteftas bi- 
narii proximé minor, 2"^, numerus ele&ionum fecunddm 


folos impares ; &, dempto rursàm nàüllione, 2"-'—1 nume- 
rus ele&ionum fecundüm folos pares exponentes. Idem quo- 
gue demonftrabitur infrà in coroll. 6. cap. 4. 


CAP. 
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C A P. II 


DE COMBINATIONIBUS SECUNDUM SINGULOS EEPONENTES 
E . 4 
SEORSIM; UBI DE NUMERIS FIGURATIS, EORUMQUE 


PROPRIETATIBUS AGITUR. 


X type combinationum przcedentis capitis thanifeftum 
fit, literam quz cujuflibet feriei caput eft, adjunclam 
unionjbus ferierum precedentium efficere toe feriei biniones, 
adjun&am binionibus efficere terniones, ternionibus quater- 
niones, & fic porró : adeóque numerum binionum in quavis 
ferie equari fumma unionum in omnibus feriebus anteceden- 
tibus, numerum ternionum fummz binionum, numerum qua- 
ternionum fumme ternionum, & generalitér numerum com- 
binationum fecundüm datum quemcunque exponentem in 
ferie quicunque zquari fumma combinationum omnium 
precedentium ferierum fecundüm exponentem unitate mino- 
rem dato. Sequitur hinc, quéd 

Uniones, quia in fingulis feriebus reperiuntur finguli, om- 
nes inter fe conftituunt feriem 1.1.1.1.1. &c, feu feriem uni- 
tatum. 

Biniones in primá ferie nulli funt, in fecundá 1, in tertiá 
141 = 2, in 4tà 1 p 1E 1 — 3, in gtá 1H-1-- 1-1 = 4 
&c. proinde omnes biniones inter fe conftituunt feriem 
0.1.2.3. 4. 5. &c, hoc eft, feriem mumerorum arithmeticé 
progreflionalium, five Lateralium. 

Terniones in prima & fecundá ferie nulli funt, in 3tiá 1, 
in 4tà 12-2 = 3, in std 1-243 = 6, in 6tà 1424344 
= 10. &c. Omnes itaque ordine accepti feriem conficiunt 
0.0. 1. 5. 6. 10. 15. &c. hoc eft, feriem mumerorum, ut vor 
cant, drigonalium, feu Triangularium. 

Quaterniones in tribus primis feriebus nulli funt, in 4tà 1, 
in gà 12-3 = 4, in 6d 1-3 + 6 = 1o, in 7má 14-34-6 
+10 = 20. &c. qui omnes ordine affumti feriem efficiunt 


0.0 0. I. 4. 10. 20. &c. feriem, videlicet, Pyramidalium. 
Pari 
. 
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Pari ratione Quiniones omnes feriem conflituunt Trianguji- 
pramidalium 0.0.0.0.1.5. 15. 35. &c. Seniones feriem 
Pyramido-pyramidalium 0.0.0.0.0. 1. 6. 21. &c. aliáeque 
combinationes fecundüm altiores exponentes efficiunt alias 
aque alias feries numerorum figuratorum altioris generis in 
inünitum. * 


Ex fic occafione doctrine Combinationum in fpeculatio- 
nem infperatam zumerorum figuratorum incidimus ; qua appel- 
latione vulgó infigniuntur numeri, qui ex continua arithme- 
ticé proportionaltum, indéque ortorum numerorum, addi- 
tione, vel colle&ione, generantur. 


Ut veró he figuratorum numerorum feries fub unum 
afpectum caderent, eóque facilis comprehenderentur que de 
illis dicenda fuperfunt, fequentem appofui tabellam, quam 
quis nullo negotio quoufque voluerit tum deorfün tum 

. 


* De horum numerorum nominibus eft inter ay&ores arithmeticos quz- 
dam variatio, Ngm numeri 0.0,0.0.1.5.15.35, &c, qui hic vocantur Trian- 
guli-gyramidales, vocantur à quibufdam fcriptoribus, et, inter alios, à Nico- 
lao Mercatore, in celeberrima fuà Logarithmotechni, Trigono-trigondless 
€t numeri 0.0.0.0.0.1.6.21.56, &c. qui hic vocantur Pyramide:pyramidales, ab 
illo vocantur frigens-fyramidales. Nomina quibus diverü ordines numero- 
rum figuratorum defignantur apud Merca'erem funt quz fequuntur ; fcilicet, 
1. unitates, 2. radices, 3. numeri trigonales, 4. pyramidales, 5. trigono-tri- 
gonales, 6. trigono-pyramidales, 7. pyramidi-pyramidales, 8. trigono-trigo- 
mo-pyramidales, g. trigono-pyramidi-pyramidales, 10. pyramidi-pyramidi- 
Pyramidales. Vide Scriptores Logarithmicos, tom. i?*2, pag. 178.—— 
Ad evitandam hanc confufionem nominum fatius effe videtur diverfos horum. 
mumerorum ordines poft quartum ardinem, five numerorum pyramidalium, 
diftinguere folüm per numeros exponentes ordinum defignandorum, appel- 
lando eos five numeros figuratos ordinis quinti, five ordinis fexti, five ordinis 
feptinj, five octavi, five noni, five decimi, aut alius cujufcunque ordinis. 





D dextrorfüm 


- 
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dextrorfüm continuabit. - Numeri barbari, feu Arabici, in 


finiftro tabule margine adfcripti numerant columnas tranf- 
verfas, & fimàl rerum combinandarum multitudinem : nu- 


TABULA COMBINATIONUM, SEU NUMERORUM 
FIGURATORUM. 


EXPONENTES COMBINATIONUM. 


JI. 1 IL | LV IV. 9 V. | VI. | VIT. | VIUI. p IX. 1X. | XE ( XI 
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O71 etry | 201 is) 61 «(| of of of olo 
831117 1211 351 351 201 71 tl ol of of o 
Eo. 1 8128 1 561 701 «61 381. 81 ti ol olo 
Rio let 9136 | 84112611261 84 | 361 of 11 olo 
Srl fo res Puolzniz;: [aio | i20 | as|i0| 1| 0 
S ratte irr des 0165 1 3301 462 1462 1. 330 1 165 Y cT yt 


meri veró Romani in fupremo margine confpicui numerant 
columnas verticales & unà exponentes combinationum innu- 
unt. Columnarum verticalium prima eft feries monadum 
feu unitatum ; fecunda feries numerorum naturalium, feu 
lateralium, ab una cyphra incipiens ; tertia feries trigonalium 
incipiens à cyphris duabus, quarta pyramidalium incipiens 
atribus cyphris, quinta. trianguli-pyramidalium incipiens à 
quatuor cyphris, & fic deinceps. 


Habet hzc tabula proprietates plané eximias & admiran- 
das; preterquam enim quàd Combinationum myfterium in 
illà latere jam oftendimus, notum eft interioris geometria 
peritis, pracipua etiam totius reliquae. mathefeos arcana in- 
ibi delitefcere. Nos proprietatum aliquas hic delibabimus, 
& quidem delibabimus tantüm, nullius nifi primarie illius. 
que propofito noftro infervit, demonftrationem accuratiorem 
allaturi, cüm cetera vel ex hác oftendi poffint, vel ex ipf 


tabella 
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uelle conftructione & numerorum figuratorum genefi fatis 
patefcant. 


Mirifice Proprietates Tabule Combinationum : 


1. Columnarum verticalium fecunda incipit ab unà cyphrá, 
tertia à cyphris duabus, quarta à tribus; & generalitér co- 
lumna c à cyphris c— 1. 

2. Columnarum verticalium termini primi fignificativi à 
finiftra dextrorfüm obliqué defcendendo ordine fumpti red- 
dunt ipfos terminos prima columnz verticalis, fecundi fe- 
cunde, tertii tertia, & ita deinceps: puta, primi conftituunt 
feriem monadum, fecundi lateralium, tertii trigonalium, &c. 

3. Secundus ab unitate terminus columnz verticalis cujuf- 
libet zquatur ipfius columnz numero. 

4 Terminus quivis tabelle equatur fumme omnium fu- 
periorum praecedentis columnz verticalis. 

5+ Quilibet terminus zquatur duobus aliis immediaté fu- 
pra fe pofitis, quorum unus eft in eádem verticali columná, 
alter in precedente. 

6. Columnz cujufvis tranfverfa termini ab unitate ali- 
quoufque crefcunt, deinde per eofdem gradus rursüm decref- 
cunt. Idem intellige de fummis columnarum verticalium. 
zque-altarum, ceu terminis fequentis columnz tranfverfe 
per quartam proprietatem. 

7. Columnarum verticalium zque-altarum bafes, five ter- 
mini columnz tranfverfe cujuflibet, primus quidem & ul- 
timus fignificativus perpetuó inter fe equantur, ut et fecun- 
dus & penultimus, tertius & antepenultimus, atque ita porró, 
fi columna pluribus terminis fignificativis conftet. 

8. Quin & fumptis ab initio columnis verticalibus quotcun- 
que cum totidem tranfverfis, colle&ifque in unam. fummam 
qui in eádem verticali fibi refpondent terminis, erit fumma 
prima equalis penultimz, fecunda antepenultimz, tertia 
proantepenultimz, & fic deinceps. Exhibent enim he 
fumme ipfos columnz tranfverfe fequentis terminos, primo 
excepto, Confer Proprietares 4 & 7. Exempli gratia: 

2 . 


Quin- 
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Quinque prime colümnz tum verticales tum tranfverfz 
funt; . 

I. 0 O. O. oO 

1 rp. O. 0. o. 

1,2. 1. O. Oe 

I. 3. $ oo. 

o4 6 4 oe 





5.10. 10. 5. 1. Termini fexte column tranfverfe, 
primo excepto. 

9. Columnz tranfverfe ordine exhibent coéfficientes om- 
nium poteftatum à radice aliquá binomiá genitarum ; nempe 
fecunda coéfficientes radicis 1. 1, tertia quadrati 1.2. 1. 
quarta cubi 1. 3. 3. 1 quinta biquadrati 1.-4. 6. 4. 1. & fic 
porró. 

‘ro. Suing ferierum tranfverfarum progrediuntur in conti- 
nua ratione duplà : fümmarum veró fummze ab initio collectz 
terminos conftituunt progreffionis duplz unitate multatos; puta 





1 = 1 
14: = 2 
14241 = 4 
14340351 = 8 
I+4t64+4+1 = 16 
1 2—1 
12 4—1 
14244 = 8—1 
14+24+4+8 = 16 — 1 
1424448416 = 32 — 1 





fluit ex iis que in prceHente capite de Comibinatiónibus 
fimplicitér fpe&atis di&a füht. 

17. Termini feriei verticalis cujuflibet ordine divifi per 
terminos collaterales feriei. praxcedentis (initio vel ab unitate 
vel à fuis refpe&tivé cyphris fa&o) exhibent quotos arithme- 
ticé proportionales, quorum communis differentia eft fractio, 
cujus numerator eft unitas, & denominator ipfe numerus, five 

: fecundus 
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fecondus ab unitate terminus feriei dividentis. Exempli 
graua : 


Divif.) divid. (quot. Divif.) divid. (quot. 
1) a3 (2:2 1 o (0:2' 
2) 3 (3:2 2) a1 (1:2 
3) 6 (4:2 3) 2 (2:2 
4) 10 (5:2 4 6 (3:2 
5) 15 (6:2 5) 10 (4:2 

Divif-) divid. (quot. Divif.) divid. (quot. 
1) a1 (3:3 1) o (0:3 
3) 2 (4:3 3) © (1:3 
6) 10 (5:3 6) 4 (2:3 
10) 20 (6:3 10) 10 (3:3 
15) 35 (733 15) 20 (4:3 


Non difficultér hzc proprietas, fi opus foret, deduci poffet 
ex fequente. 


12. Summa terminorum quotcunque feriei verticalis cu- 
juflibet à fuis refpe&ivé cyphris incipientis ad fummam ter- 
minorum totidem ultimo zqualium eam habet rationem, 
quam habet unitas ad illius feriei numerum; hoc eft, aggre- 
gatum numerorum quotcunque lateralium ab uni cyph#4 fe- 
riem aufpicantium eft ad aggregatum numerorum totidem 
maximo corum, feu ultimo, equalium, ut 1 ad 2 ; trigona- 
lium à cyphris duabus, ut 1 ad 3; pyramidalium à tribus, ut 
1 ad4; &c. Idem quoque valet de ratione, quam habet 
fumma terminorum feriei cujuflibet ab unitate incipientis ad 


fummam totidem maximum fequenti termino zqualium. ' 





Exempli gratia: 
o 6 
o3 1 $ o 6 1.16 
13 25 1 6 3 15 | 
23 35 36 6 15 
33 4 5 6 6 10 15 | 
1232 1. 2 | 10.2055 1. 2]|10..30:: 1. 3 | 20.602: 1. 
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o 10 i 
© 10 1 56 

o 10 4 56 

1 10 1o 56 &c.. 

4 10 20 56 | ° 

10 10 35 56 ‘ 
15.60::1.4 7.380: 1.4] 





Cüm inter affe&iones numerorum figuratorum hzc przecipua 
fit, eadémque fcopo noftro primario inferviat, vifum bic eft 
exponere methodum, quá talem proprietatis eoda£o exhi- 
beo, que fimül & {cientifica fit, & propofitum univerfali- 
tér concludat, Quem in finem fequentia praeftruo lemmata : 


———— ——À 


Lemma Primum. 
Summa terminorum quotlibet prima feriei ad fummam 
totidem terminorum ultimo zqualium rationem habet zqua- 
litatis, five ut 1 ad 1. 





. DzMoNusTRATIO. 

Càm enim feries meris conítet unitatibus, erit fumma 
terminorum quotlibet, fumma tot unitatum, hoc eft, tot 
terminorum ultimo zqualium, quot funt termini. 

Q, E. D. 
—— RR MÀ 


I Lemma Szcunpum. . 

In quálibet ferie à fuis refpe&ivé cyphris incipiente, fi 
quota eft ipfa inter feries, tot ab initio fumantur termini, 
erit fumma terminorum omnium ad fummam totidem ultimo 
szqualium, ut 1 ad feriei numerum. 





DzwonsTRATIO, 
, Numerus enim cyphrarum quamcunque feriem aufpican- 
tium unitate minor eft feriei numero, per proprietatem pri- 
: 8 mam. 
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mam. His igirür fi accedat fequens terminus, numerus ter- 
minorum feriei numero zquabitur. Sed terminus, qui 
proximé cyphras fequitur, unitas, per proprietatem fe- 
condam. Unde terminorum aggregatum zequatur unitati, & 
ur totidem ultimo zqualium zquatur ipfi feriei nu- 

mero, Quare conftat Propofitio. 


— Éá RR 


Lemma TznTIUM. 

1n quácunque numerorum ferie, fi fumma terminorum ab 
initio fumptorum ad fummam totidem ultimo zqualium 
perpetuó eandem habeat rationem, quotcunque accipiantur 
termini, putà ut 1 ad R, ita ut fumma terminorum zquetur 
fummz totidem ultimo zqualium divife per R ; erit nume- 
rus terminorum affumptorum ablato R ad eundem nume- 
rum unitate mul&atum, ut fumptorum penultimus ad ulti- 
mum, . 


rr 


. DrMoNSTRATIO. 

Sumpti fint ab initio termini quotlibet A.B.C.D. quorum 
numerus fit N, penultimus C, & ultimus D. Eft utique 
A+B4+C=A+B+C+D—D, hoc eft, (per hypo- 
thefin) — et = = — D, & proinde, zque-multi- 
plicando, C in N— 1 erit = D in N—DinR = Din 
N—R,adeóque N —R: N—1::C:D. azo. 








LemMA QuARTUM. 


Intabulà numerorum figuratorum fi dua fint columnae 
verticales contigue, in quarum priore quotlibet ab initio 
termini ad totidem ultimo eorum zquales habeant conftan- 
tem rationem, ut 1 adr; habeant veró in pofteriore termini 
aliquot ab initio fumpti ad totidem fumptorum ultimo zqua- 
les rationem ut 1 ad r + 1 : habebit quoque, addito fequenti 

termino, 
» 


24 EX JACOBI BERNOULLII LIBRO 


termino, fumma omnium terminorum -unà cum adjecto ad 
tot terminos adje&o equales, quot funt cum adje&o terinini, 
rationem ut 1 ad r + 1. 


— — 


DzMoNsTRATIO. 


Sumpti fint in pofteriore columná termini E.F.G.H, quos 
proximé fequatur I; atque fumantur in columna immediaté 
precedente termini totidem A.B.C.D; fumptorum verd 
wuinque numerus fit ». Erit r H = (ex numerorum figu- 
ratorum genefi per proprietatem quartam) r in A + B + C 
= (per hypothefin) » — 1 in C = (per lemma tertium) 
a—r in D; quare s— r: H: r:D :: (per hypothefiny 
2: À-- B c C 4c D :: (ex numeratorum figuratorum ge- 
nefi per proprietatem quartam) ». I, Unde »—rin I =n 
H = (per hypothefin) r + 1 in E 4- E -- G +H; adeo- 
ques —r:r- 1: E -F c G 4 H :I, &, componendo, 
atisrt+as: E+F4+G+H 41: l, hoc eft, E+F 
+G+H+I:at¢rinIisisi:r+1% QQEDDS 

Cum 





* Hec demonftratio pre nimia brevitate mihi videtur effe obfcura. Po- 
telt verd explicari et, ut opinor, fatis perfpicua reddi, modo fequente. 
Sumpti fint in pofteriore: columná termini E.F.G.H. ; quos prozim? fe 
uatur I; atque fumantur in columnáà immediat? precedente termini toti- 
lem ABCD: famptorum verd utrinque numerus fit ». Et fit fumma 
quotlibet terminorum A.B.C.D. ad totidem ultimo earum zquales in ratione 
1 ad v; et fit fumma terminorum E.F.G.H. ad s terminos ipfi H, eorum 
ultimo, equales, hoc eft, ad quantitatem » x H, in ratione 1 ad r +1. Di- 
co, quod fumma omnium terminorum E. F. G. H. I erit ad s 4 1 terminos 


ipfi I equales, hoc eft, ad n+ i| x I, ut 1 ad r 4 1. 





Demonstratio. 


Ex numerorum figuratorum genefi, per proprietatem quartam fuprà me- 
moratam, erit r x H qualis r x A+B +, ideóque (per hypothefin) 
zqualis n— | x C, atque idcircó (per lemma tertium) zqualis a—7| x D. 
Ent igitür »—r ad H ut r ad D. Sed (per hypothefin) A -- B+C+D 
eit ad » x D ut 1 ad r; ct proinde (permutasto) A+B4+C4D erit 
ad 1 ut » X. D ad r, ct (invertendo) i critad A+B+C+D ut rad ^E 
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|. Cum ofim horum Fratri * copiam feciffem, animadverti 
| We poffe demonftrationem elegans abbreviari, poltremis 
tribus lemmatibus in unum conflatis, hoc modo: 





Lemma. 


In tabula numerorum figuraterum fi fumma terminorum 
ab initio feriei verticalis cujufvis ad fummam totidem maxi- 
mo zqualium ubique rationem habeat ut 1 ad r, babebit 
fumma terminorum feriei proximé fequentis ad fummam to» 
tidem maximo zequaliui rationem ut 1 ad r 4- 1. 














DewonsrARATIO. 

Sint feries fequentes a. 5. c. d. &c. & o. g. b. i. &c. nume- 
a--0 ' rus terminorum prioris fit s, pofterioris 
b--¢g fci. EX primdg+pt+/+i+ beg 
€--b +0 = (ex hypothefi & genefi numero- 
ipti. rum figuratorum per proprietatem quar- 
II > tam) Ly E + E + fte " 
4 wah , ose _. aftetdtetitea 

Lo Ld Ld 


EA autem s x 1, feu s, ad 1, ut s X r eít ad r. E er ei = % te 
feu s, erit ad A+B+C+D ut s» x r ad s» D, hoc ut rad D. Erit 
igitüe » — rad H ut s ad AZB+C+D. . 


Sed (ex numerorum fguratorum fo per propricta tem quartam fu, 
memoratam) terminus I et equals A+ B FCP . m 
Erit igitür s—r ad H ut s ad I, et proiadew—r| x Lerit = ax H. 
Sed, per hypothefin, E+ F+G+H eftad & x Hutt ad r4 15 
atque ided E-FF 4G 4H | x 7 + 1 eft equalis « x H x 1, feu n x He 
Erit igitür a—7 x I = E¢F+GHHIx 71; atque ided erit s—r 
alr4rut E+ +G-+H ad I, «t proinde (componendo) entw—r4r 
+1, feu sd i, ad n ot EF F KG EH $1 ad I, ct (permutando) 
9 rad E¢F+G+H +1 ut +2 ad I, et (invertendo) E+ F+G4+ 
H4l ad 241 wt Lad r-$1, et (multiplicando confequentes per I) E4« 
PAGEHAIssd x Iu Ini FE x 1, boo oh uti artis 


. Qk De 
© Johanni Bernosllio, E 
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—1d—4c—45— 
—À ceci $2 — (ex genefi numerorum figuratorum] 


psit Ergo rg r.p b+g = t1—- 
—i—b— g; fa&áque tranflatione convenienti, T4131 X 
piivtivbeg zomp—rq.: Dividatur utrinque per r+1, 
erit 24-74 i beg = ~~; additóque 4 habebitur g+p+ 








rÜ 
bpipbyg —ÜTU 9= mU hoc eft, g--b4-i4-l 


AE p--q erit ads ixgutradr4i. QED. 
Sequitur nunc Propofitio principalis, qua talis eft. 





Paopostrio PRINCIPALS. 


‘In tabulá numerorum figuratorum fumma terminorum 
quotlibet à fuis refpe&ivé cyphris incipientium ad fummam 
totidem ‘ultimo zqualium : Item fumma terminorum quotvis 
incipientium ab unitate ad fummam totidem ultimum fe- 
quenti zqualium ; in ferie prima, fey monadum, eft ut 1 
ad 1; in ferie fecundá, feu lateralium, ut 1 ad 2, in tertiá 
feu trigonalium, ut 1 ad 3; in quartá, feu pyramidalium 
ut 1 ad 4, & generalitér in ferie quácunque ut 1 ad illiu: 
Íeriei numerum. 


— gn ad 


Demonstratio Primz PanTIS HUJUSOE 
PRopPosITIONIS, 


De prima ferie conftat ex primo lemmate: de fecundá 
tertia, quarta, &c. é reliquis. Nam, quia fumma termino 
rum quotlibet ad fummam totidem ultimo equalium in pri 
mA ferie eft ut 1 ad 1, erit, vi horum lemmatum, in fecund 
ut r ad 1-1 = 2; &, quia in fecundá eft ut 1 ad 2, er 
in tertiá ut 1 ad 2-1 = 3; & proptereà etiam in quartá t 
1 ad 54-1 = 4; In quintá uc 1 ad 441 2 5; & gener 
liér inferic eut 1 ade. Q4 x. D. 
: Demor 
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Demownstratio Secunp# PARTIS HUJUSCE 
Proprositionis. 


Quia rationem t ad r-- 1 memoratam in ultimo lemmate 
hic interpretamur per rationem 1 ad ¢, erit r — c— 1 = 
(per proprietatem primam 1) numero cyphrarum, à quibus 
columna c incipit. Quaré, cum in di&o lemmate repertum 
fit g+b+ipl+p = UM zT, fequitur quid g+b 
+i+-J+-p (fumma terminorum quorum numerus eft 2) fe 
habet ad q in »—~r (numerum terminorum minüs numero 
cyphrarum) fcut 1 ad ¢; hoc eft, fumma terminorum quot- 
libet ab unitate incipientium ad totidem terminos fequenti 
ultimum zquales, ut rad c*. Q, s. D. 


— ere — 


ConsEcTARIUM. 


Ex hic oftensà proprietate facile nunc eft invenire tim 
terminum optatum, tim fummam terminorum feriei cujuf- 
libet. Sumpti intelligantur termini zque-multi ex. pluribus 
continué columnis, & fit numerus fumptorum ab initio cu- 
jufque columna », adeóque numerus terminorum ab unitate 
(exclufis cyphris initialibus) in fecundá columná #»—1, in 
terti »—-2, in quartá 4-3, atque ita deinceps, per primam 
proprietatem : quo pofito, quafitum ita colligo. Summa 
terminorum # prima columnz, nempe, z unitates, feu 


m zquatur termino 2+1\.no, hoc eft, termino fequenti 
ultimum, fecunde columnz, per quartam proprietatem, ex 
tabula genefi. Quaré termini hujus in » — 1. (numerum 
terminorum ab unitate fecunde columna) du&i fubduplum, 

v , per duodecimam proprietatem zquale eft aggre- 
gato terminorum fecunde columnz, & fimàl (per quartam 
proprietatem) ipfi termino fequenti ultimum tertiz columna. 


feu 





* Vide faper bác materia opera ipfius Johannis Bernoullii, edita Lau- 
fanez anno Domini 1742, Tomum tersium, paginam 521, in 47mà Lec- 
fione de Calculo Iategralium, 

Ea Unde 
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“Unde fimilitér hujus termini in » — 2 (numerum termino» 


rum ab unitate tertia column) ducti fubtriplum, nempe 
= zquatur (per duodecimam proprietatem) ag» 
gregato terminorum tertie column, infimáülque (per quar- 
tam proprietatem) ipfi termino fequenti ultimum quartz, 
Quocircà & hujus termini in » — 3 (numerum terminorum 
ab unitate quartz calumnz) du&i fubquadruplum, putà 


nl. n2. 5—3 
làmnz, unáque terminum qui fequitur ultimum quintz ; 
& rursüs iftius termini in 2»—4 du&i fubquintuplum 


, exbibet fummam terminorum quartz co- 


+, producit fummam terminorum. 





columnz quinte, & fimül terminum qui excipit ultimum 
fexta ; atque ita confequentér. E quibus igitir infertur, 


quód fumma terminorum 7 prime columnz fit ES fecunda 





—t 2a "T Cer) H—1.2—2.9—3 





—, tertiae ——» quate 1.3.3 ? 
" S-—l1G4—2.45—3.9—4 nx 
quinte et 73.3.4. 7 &, generalitér, columnas e; 





*3—34.»—4-. x cL 
ee oir ° 


ScaotivM, 


—— 


— 


— L———— 
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ScHoLttum. 


Multi, ut hoc in tranfitu notemus, numerorum figuratos 
rom contemplationibus vacárunt (quos inter Faulhaberus & 
Remmelini Ulmenfes, Wallifius, Mercator in Logarithmo- 
technia, Preftetus, alifque) ; fed qui proprietatis hujus de- 
monftrationem univerfalem dederit & | {cientificam, novi 
neminem. Wallifius in Arithmetica Infinitorum fundamen- 
tum fuze methodi ja&urus, rationes quas habent feries quad- 
ratorum, cuborum, aliarGmque poteftatum, numerorum na- 
turalium ad feriem totidem maximo zqualium, indu&tione 
inveftigat ; indéque in propofitione 176, ad contemplatio. 
nem numerorum trigonalium, pyramidalium, reliquorümque 
figuratorum tranfit. Sed fatius fuiffet fortéque nature rei 
convenientius, fi vice vers tra&ationem numerorum figura- 
torum, edmque univeríalà & accuratà demonftratione mu- 
nitam, premififfer, ac tum demüm ad poteftatum fummas 
inveftigandas perrexiffet:  Preterquam enim quàd modus. 
flemonítrandi per indu&ionem parüm Ícientificus eft, infu- 
pérque pro qualibet ferie peculiarem operam depofcit ; illa 
Utique omnium judicio precedere debent, quse ceteris na- 
turd funt priora & fimpliciora, quales videntur effe numeri 
figurat pre poteftatibus, thm quéd illi additione, hm mul- 


-Fiplicatioge generantur, tim, & precipué, quod feries figu- 


ratorum à fuis refpe&tivé cyphris incipientes ad feries aqua- 
lium rationem habent exa&é fubmultiplicem, qualem non 
habere poffunt feries poteftatum (faltàm in terminis numero 
finitis) abíque aliquo exceffu vel defe&u, quicunque cyph- 
rarum numerus ipfis prefigatur. De cetero namque ex 
cognitis figuratorum fummis nihilo difficilids inveftigari 
poterunt poteftatum fumma, atque ex his priores collegit 
auctor; quod quomodo fiat, paucis oftendam. 


Inveftigatio 
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Eevefigatio Summarum que proveniunt ex additione quadratorum, 
euborum, quadrato-quadratorum, et fequentium poteflatum nu- 
smerorum naturalium. 15 2,73, 4. 5, 6, 7, 85 9, 10, &e. 
ex numerorum figuratorum fummis derivata. 





Proponatur feries numerorum naturalium ab unitate 1. 2, 
.4.5. &c. ufque ad zs, & quarantur omnium ipforum, 
item omnium quadratorum, cuborum, et fequentium potef> 
tatum ex ipfis, fumme. Quoniam in tabulá combinatio- 
mum terminus fecunde columnz indefinité eft » — 1, & 
fumma omnium terminorum, .hoc eft, fumma omnium » 
—1, feu f. (n—1, per confe&arium pracedens inventa, eft 
Soh = Berit f. (s —1, five fui, = 777, & proinde/s 
zT efi fed f1 (fumma omnium unitatum) eft »; quaré 


Stas imtin 








fumma omnium s, feu fr, erit = 


Porró cum terminus, terti columnz indefinité acceptus 


per idem confe&arium fit LL = ze & fumma 


omnium terminorum (hoc eft), omnium M) 








= PEE = Sete 3 eri s SET? five /1 m—/4 
s4AltERME, &fim- T-EUUt pes 
fed fi = 4 /a = (per modó oftenfa) {m+ à» &/1— 
s: unde his fubftitutis it /2 ax = wem + es - 
ain + fant gn, cjü(que duplum /s» (fumma qua- 
dratorum ex omnibus ») = i5 — im i 


Bursts, 


f 
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Rursis, quia terminus » quartz columnz eft a—la—:a-3 


1.3.3 
= Sober recs, & fumma omnium terminorum 
*.3—1.43—2. 5-4 —3 _ s*—Ón! E 1102-60 ; H 

AC Seine erit utique f. 
i-i rien hoc eft, fi 2 — fm f n fim 
_ - . — 63 — 
zii bn indéque /i »* f$ 68 iy 


24 24 
J's 2+ ft. Et quoniam per modó inventa fem — + »* 4. 
ina + in; necnon /*! s five y fn — impiis & 
Ji =; hinc, facta horum fubftitutione, emerget /1 2° = 
pm FEO Et ie mat 
me oe 4 + ay + uu m, ejüíque proin fextuplum /* 
(fumma cuborum) = i$ 4+ 32° + i5. Atque fic porrd 
ad altiores gradatim poteftates pergere, levique negotio fe 
quentem adornare latercujum licet : 


Summe 
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Summe Poteftatam. 
X*x&kXYXPT 


> 


Ta 
St eeegesesy 


2 
bette Y B 
“8 wu Xx *Y * 


TbLLRBAGAGA 


"uu. ub od» ee t 
MAR» ubi dee qui t wi 
tu do. ut ot eu 

Wu te ut o— 9 iur 
"uut o 9 aut 


wt eet o e ui te utr me ot 


Quin imb qui legem progreffionis terminorum in hoc las 
terculo defcriptorum attentiüs infpexerit, eundem etiam 
continuare poterit abfque his ratiociniorum ambagibus. 
Sumptà enim c pro poteftatis cujuflibet exponente, fit fume 

ma 
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maomnium z*, feu fy, = ae tiny 

€ a cmt €c—1.4—2 €—-3 ec 34—4 (69$ 
t AX £173 gy free BW 9674 Cy 
H * 2.3.4 + Ty 43-6 









tei D! ..... & ita dein- 
a2-.3524.5.6.7-. 


ceps, exponentem poteftatis ipfius # continué minuendo 
binario, quoufque perveniatur ad » vel »». — Literz capitales 
A, B, C, D, &c. erdine denotant coéfficientes ultimorum 
terminorum pro fan, fiA, f*, fn, &c. nempe A = 4, B= 
—.. C44 D= — sh. Sunt autem hi coéfficientes 
ita comparati, ut finguli cum ceteris fui ordinis coéfficienti- 
bus complere debeant unitatem ; fic D valere diximus — 45, 
quia t+i+3—4%+4(+D)— % =1. Huus 
laterculi -beneficio intr’ femi-quadrantem hore reperi, quód 
poteftates decime, five quadrato-furfolidae; mille primorum 
numerorum ab unitate in fummam colle&a efficiunt 


91409924241424243424241924242500. 


E quibus apparet, quàm inutilis cenfenda fit opera If- 
maelis Bullialdi, quam confcribendo tam fpiffo volumini 
Arithmetice fug lnfinitorum impendit, ubi nihil praftitic 

: aliud, quàm ut primarum tantum fex poteftatum fummas 
(partem ejus quod unica nos confecuti fumus pagina) im- 
menfo labore demonftratas exhiberet. 


De feriebus ferierum figuratarum analogis. 


Antequam caput hoc finiamus, paucis adhuc indicare lu- 
bet quomodo, fuppofitis iis que de feriebus figuratis oftenfa 
funt, poffint quevis etiam alia feries figuratarum analoge 
(quz, fcilicet, differentias fuas primas, fecundas, tertias, &c. 
zquales habent, adeóque ex continua additione terminorum 
alicujus feriei zqualium generantur) ad homologas figuratas 
reduci, ac proinde fummari, vel poítremi ipfarum termini 
inveniri. Sit feries quaevis equalium D, ex cujus additione 
nafcatur feries C, & ex hujus additione feries B, & ex hujus 
tandém colie&ione feries A, fumptis ad arbitrium primis fe- 

. F rierum 


^ 


. 
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rierum terminis d, ¢, 4, e.  Vocabitur feries A figuratarum 
analoga, cujus differentie prime conftituunt feriem B, fe- 
cunda feriem C, tertiz feriem D, &c. Et quoniàm appa- 


D| C | B | A. 

dlc b a 

c+ dl b-e a+b 

c+2d | b+2ce4+ djat2s+ c6 
ct+3d] b+3e+ 34 | a+354+ 3c4+ d 
c+4d | b+4c+ 64 | a2 -42-- 66+ 
€4- 5d | £4- 5c4- 10d | a 564-10 4- 10. 











d 
d 
d 
d 
d 











ret, feriem A componi ex feriebus unitatum 1,1, 1, 1, &c. 
lateralium 1, 2, 3, 4, &c. trigonalium 1, 3, 6, 10, &c. pyra- 
midalium 1, 4, 10, 20, &c. in primos differentiarum termi- 
nos 2, 4, c, d, feorsim du&is, quarümque omnium poftre- 
mi termini & fumma per ante di&a habentur, ipfius quoque 
hinc feriei A poftremum terminum & fummam termino- 
rum obtineri poffe conftat; nimirüm, fi numerus terminorum 


vocetur z, erit ultimus terminus feriei A =a + » — 1. 








bc Ll c+ L— 2—3 d; & fumma omnium ter- 
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minorum = 7/7 + ; 2.3 
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THE PROCEMIUM, OR PREFACE, TO THE SECOND PART OF THE SAID 
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DE ARTE CONJECTANDI. 


T is eafy to perceive that the prodigious variety which . 
appears both in the works of nature and in the actions of 
men, and which conftitutes the greateft part of the beauty of 
the univerfe, is owing to the multitude of different ways in 
which its feveral parts are mixed with, or placed near, each 
other. But, becaufe the number of caufes that concur in pro- 
ducing a given event, or effect, is oftentimes fo immenfely 
great, and the caufes them(elves are fo different onc from an- 
other, that it is extremely difficult to reckon up all the different 

ways in which they may be arranged, or combined together, 

2 i 


P 
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it often happens that mep, even of the beft underftandings 
and greateít circumfpection, are guilty.of that fault in rea- 
foning which the writers on logick call she infufficient, or imper- 
eB. enumeration of parts, or cafes : infomuch that I will venture 
to affert, that this is the chief, and almoft the only, fource of 
the vaft number of erroneous opinions, and thofe too very 
often in matters of great importance, which we are apt to 
form on all the fubjects we reflect upon, whether they relate 
tothe knowledge of nature, or the merits and motives of 
human actions. It muft therefore be acknowledged, that 
that art which affords a cure to this weaknels, or defe&, of 
our underftandings, and teaches us fo to enumerate all the 
pollible ways in which a given number of things may be 
mixed and combined together, that we may be certain that 
we have not omitted any one arrangement of them that can 
lead to the object of our inquiry, deferves to be confidered 
as moft eminently ufeful and worthy of our higheft efteem 
and attention. And this is the bufinefs of the art, or do£irine 
ef combinations. 

Nor is this art or do&rine to be confidered merely as a 
branch of the mathematical {ciences. For it has a relation 
to almoft every fpecies of ufeful knowledge that the mind 
of man can be employed upon. It proceeds indeed upon . 
mathematical principles in calculating the number of the 
combinations of the things propofed : but by the conclufions 
that are obtained by it, the fagacity of the natural philofo- 
pher, the exa&nefs of the hiftorian, the fkill and judgment 
of the phyfician, and the prudence and forefight of the po- 
litician, may be affifted ; becaufe the bufinefs of all thefe 1m- 

rtant profeffions is but to form reafonable conjeures cóncern- 
Ing the feveral objects which engage their attention, aad all 
wife conjectures are the refults of a juft and careful exami- 
nation of the feveral different effects that may poffibly arife 
from the caufes that are capable of producing them. And, 
I prefume, it was from a fenfe of the great and general uti- 
lity of this doctrine that feveral very eminent mathematicians 

* have undertaken to treat of it in their public writings; and 
particularly Mr. Van Schooten (the learned commentator 
on Des Cartes's geometry), Mr. Leibnitz, Dr. Wallis, and 
Monfieur. 


. 
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Monfieur Preftet : fo that the reader is not to confider every 
thing he will meet with in this treatife as entirely new and of 
my invention. I have, however, made fome improvements 
on the fubje&, and thofe too of confiderable importance, 
which I may juftly call my own: and particularly I have 
difcovered a general and eafy demonftration of the princi- 
pal and moft remarkable property of the figurate" numbers, 
to wit, ** that of the proportion between the fum of any 
number of terms of a feries of figurate numbers of any or 
der whatfoever to the fum of the fame number of terms all 


equal to the lat term of the feries;" upon which property ““9~ 


many of the following propofitions in this book are founded : 
for of this property I believe no other writer has ever before 
given a demonftration. 

Indeed, mone of the tra&s hitherto publifhed on this fub- 
je@, can be faid to contain a full and fatisfa&ory account 
of it. And therefore I have thought it would be agreeable 
to my readers to fee it here treated in a regular manner, 
from the firft and moft fimple -principles on which it is 
founded, to the higher and more extenfive propofitions 
which have been built upon them, without being under the 
neceffity of referring to other books upon the fübje&. But, 
though, for thefe reafons, I have laid down the very firlt 
elements of the doctrine, and have endeavoured to demon- 
ftrate every thing as I went on, to the end that the chain of 
reafoning might be uniform and compleat, I have done it in 
as concife a manner as I could, and only as far as was ne- 
ceflary to prepare the way to the fubfequent more im» 
portant parts of the book. The greater part of the treatife 
confifts of two principal heads, of which the firít contains 
the doctrine of permutations, and the fecond contains the 
dodrine of combinations ; which is followed by a third branch, 
which fprings out of the two former, and treats of permuta- 
lias and combinations joined tdgether. 


LE. 
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CHAPTER I. 





CONCERNING PERMUTATIONS. 


ARTICLE I. Y the permutations of a number of things, 

d B I mean the feveral variations that may be 
made in their relative fituations, or pofitions, or in the order 
in which they may be made to follow each other, while their 
number continues the fame. So that, when it is propofed 
to find in how many different ways a given number of 
things may be ranged, or difpofed, without omitting any of 
them, this is faid to be requiring the mumber of their permu- 
tations. 


2. The things of which we are required to difcover the 
number of permutations, may he either all diftinguifhed 
from each other by fome plain mark, fuch as a difference of 

ape or colour, as cubes from fpheres, or black balls from 
white balls; or they may bc exa&ly like each other, fo as 
to be liable to be miftaken one for another, as two fpherical 
black balls of exa&ly the fame fize and weight. In the 
former cafe it will be proper to denote the feveral things by 
as many different letters of the alphabet; and in the latter 
cafe it will be convenient to denote fo many of the things 
as are exa&ly like each other, by the fame letter of the al- 
phabet, repeated as often as any of the faid things which 
are like each otber fhall occur, as will be feen in the courfe 
of the following pages. We will firít confider the former of 
thefe cafes, or that in’ which all the things are diftinguifhed 
from cach other, 
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Tie ff Cafe of Permatations, in which all the things whofe 
permutations are required to be afigned, are diftinguifoed from 
each otber. 


i$ 


3. As it is obvious that the number of changes of po- 
fition thar may happen in a great number of things cannot be 
determined without firft knowing the number of the like 
changes of pofition that may happen in all leffer numbers of 
them, it is manifeftly neceffary, in treating of this fübje&, 
to proceed in the fynthetick method, and begin our reafon- 
ings from the firft and moft fimple cafes: which may be 
done as follows. ! 


4- If there is only one thing to be arranged, which is 
denoted by the letter a, it can be taken, or ranged, only ià 
one manner. 


$. If there are two things clearly diftinguifhed from 
each other, which are denoted by the letters 4 and 4, it is 
evident that we may either place a before 4, or 5 before a; 
fo that there will be two different ways of arranging them, 
to wit, a and 4a; or, in other words, there will be two 
permutations of them. — Q, x. 1. 


6. 1f there be three things diftinguifhed from each other, 
and denoted by the three different letters a, 4 and c, it is 
evident that either of the three letters may be placed before 
the other two. Now, ifa is placed firlt, the other two let- 
ters 5 and r may undergo two permutations, by what has 
been feen in the laft article,,and the three letters may be 
placed in thefe two pofitions, ac, and ec; and in like 
manner, if 4 is pl: firft, the other two letters a and ¢ may 
undergo two permutations, and the three letters may be placed 
in the two following pofitions, to wit, Pac and dea ad 

Ys 
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laftly, if c is placed firft, the other two letters a and 2 may 
undergo two permutations, and the three letters may be placed 
in the two following pofitions, to wit, «ab and ¢d¢. There- 
fore the whole number of permutations which the order, or 
pofition, of the three letters, 2, 4, and c may undergo, is 
three times 2, or 6, to wit, abc, acb, bac, bea, cab, 
and cba. QE 


7- In like manner, if there are four different things 
clearly diftinguifhed from each other, and denoted by the 
four different letters 2, 2, c, and d, it is evident that either 
of the four may be placed before the other three, and that, 
while each of them is placed firft, the other three may un- 
dergo 6 permutations, by what has been juft now fhewn in 
ast. 6. Therefore the whole number of permutations which 
thefe four things, or letters, may undergo, will be four times 
6, or 24. QE. 1. 


8. And, for the fame reafon, if there were five things 
denoted by the five different letters 2, &, c, d and e, the 
number of their permutations would be five times as great as 
in the laft cafe; or would be 5 times 24, or 120. And in 
general, whatever be the number of things or letters, the 
number of permutations, or changes of pofition, which they 
may be made to undergo, will be equal to the product that 
arifes by multiplying the number of permutations of the next 
Smaller number of things by the given number of them. So 
that, if the whole number of things, or letters, be », and 
the number of permutations in s — 1 things, or letters, be 
N, the number of permutations in all the » letters, will be 
equal x x N. And hence arifes the following 
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Rule for difeovering tbe whole number of permutations, or vela- 
tive changes of pofition, which any given number n, of things, 
may be made to undergo. 


SEE re 


9. Let all the numbers 1, 2, 3, 4, 5, 6, 7, &c, in their 
natural order, beginning from unity, up to the given num- 
ber s, of things, or letters, whofe permutations are to be 
inveftigated, be multiplied one into the other; and the pro- 
dukix2X3X4X5X6x7X&c... x » will be 
the number of permutations that is required. q, E. 1. 


10. lt will be convenient fometimes to ufe a full point 
(.. ] inftead of the common mark of multiplication x ; and 
then Xx2X3X4X5X6X7Xx &c. x 5 wil be = 
1.2.3-4-5:6.7- Kc. i, or (becaufe 1 has no effect 
in multiplication) = 2.3.4.5:6.7. &c.n;- which 
will therefore be equal to the whole number of permuta- 
tions, or changes of pofition, which s things may be made 
to undergo. 


11, According to this rule, the number of permutations, 

or changes of pofition, which 7 different things may be 

made to undergo, is2.3.4.5.6-7, or 5040. Thus, 

for example, the different changes that may be rung upon 
feven different bells is 5040. The multiplications of thefe 
pumbers into each other will appear in the fallowing table ; 


4& 


The Number of Permutations, 
or Changes of Pofition, 
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The Number of Things. 

Li _ — I 
2 

2 — - — 2 
3 
3 - — 6 
4 

4 o> — -— 0n 
5 
5 -— — 129 
6 
6 — — -— — 720 
7 
-— — 5040 

7 m 
8 -— — — 40,886 
9 
9 — — 862,880 
10 
10 — - 3,618,800 
^ it 
3 628 8co 

36 288 oo 


It = 


12 — 


— — 39:916,800 
12 


79 833 600 
399 168 oo 


- 479,001,600 


12. We 
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12, We may fee by this table how very faft the number 
of permutations increafes, as the numberof things to be 
arranged becomes greater and greater. The four letters that 
compofe the word Roma may be arranged in 24 different 
ways; but the fix letters that compofe the word Romani may 
be arranged in 720 different ways; and the feven letters 
that compofe the word Romanis may be arranged in no lefs 
than 5040 different ways. We are now to confider the 
fecond cafe of permutations, in which fome of the things to 
be arranged are exactly like others of them, fo as not to be 
diftinguithed from them. 








The Second Cafe of Permutations, in which Jome of tbe things, 
the permutations of which are required to be afigned, are like 
others of them, fo as not to be diftingul/bed from them. 


rr 


13. If fome of the things of which we are required to 
find the permutations, are exactly like others of them, fo as 
not to be diftinguifhed from them, the number of permuta. 
tions, or changes of pofition, which they may be made to 
undergo, will be much fmaller than in the former cafe. 
Thus, for example, if there are fix different things, where- 
of we are required to affign the permutations, but three of 
them are exactly like each other, fo that it is impoffible to 
diftinguifh either of them from the other two; as is the cafe 
with the fix letters 2245cd, in which the letter ¢ occurs 
three times; the number of permutations which thefe fix 
things, or letters, can undergo, will be much lefs than the 
number of permutations they could undergo, if they were 
all diftinguifhable from each other, as they were fuppofed 
to be in the former cafe. And the way of finding out how 
much lefs the number of permutations will be in this cafe 
than in the former cafe, will be to confider how many per- 

Ga mutations, 
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mutations, or changes of pofition, the three things whiclt, 
are exa&ly alike, and are denoted by the fame letter a, 
might undergo, if they were unlike each other, and dif- 
tinguifhable one from the other, and then to fubftitute an 
unit, or one fingle pofition, in lieu of all thofe feveral per- 
mutations, Thus, for example, if, inftead of the three 
things exa&ly alike which are denoted by the fame letter a, 
we were to take three things that were unlike each other, 
and denote them by the three letters 2, e, and a, that is, by 
an Italick e, a Greek o and a Roman a, it is evident from 
what has been fhewn in art. 6, that, without making any 
change in the pofition of the other letters, 2, c, d, thefe three 
letters a, e, and a, might be placed in fix different pofi- 
tions, inftead of the one pofition 444 in which alone the 
three things perfectly alike, that were denoted by the fame 
letter 4, could be arranged. The number of permutations 
therefore in the fix things denoted by the letters a, «, a, 5, 
€, d, will be fix times as great as that of the fix things de- 
noted by the letters a, 2, 2, 6, c, d, in which three of the 
things are alike, and denoted by the fame letter a. And 
therefore, to find the number of permutations of the fix 
things denoted by the letters a, a, a, 4, c; d, we muft firft 
find the whole number of permutations which they might 
undergo if they were all unlike each other, and denoted 
by the letters a, a, a, 5, e, d, and then we mutt divide the 
faid number by 6, or the number of permutations which 
the three things denoted by the fame letter 2 might undergo 
if they were unlike each other, and denoted by the three 
different letters 2, e, and a. Now the whole number of 
permutations of fix different things unlike each other, that 
are denoted by the letters a, a, a, 2, c, d, has been fhewn to 
be 720. Therefore the number of permutations of fix dif- 
ferent things, whereof three are perfectly like each other, 


and 
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and denoted by the fame letter a, or of fix different things 
denoted by the letters a, a, a, 5, c, d, will be 5. » OF 120%, 


14. Again, if the fix letters whereof we were required to 
find the permutations, were 22325, in which, befides the 
letter a, which is repeated three times, the letter 5 is alfo 


, ® The truth of this article may be made vifible to tlie eye in the follow. 
img manner : 

Let us (to avoid a great number of permutations, which would take up 
a E deal of room, and tend to und the fubje&) fuppofe the three 
different letters a, 2, and a, to be conne&ed only with one more letter, to 
wit, b. Then, by art. 7, the whole number of permutations of thefe let» 
ters will be 24, to wit, 


a, a, a,b, | 9, 4, 5,0, | 2b, 6 my | 555€ 


$e a, a ay 5, a, | ab, my ay | J, my mo, 
4, 9, €, 42,52, a, b ay a, by By dy ay 
«4, a, a, b, 4,2, b ay a, b, uS a, 3, a; ay a 
a, a, 4, 6, | a, a,b, 4, | a, b, a, a, 3, ay a, 2, 


a, 4,2, 5, 1 a, a, 58, | ay by ay a, |. by n Oy ae 
Now, let the Italick letter a, and the Greek letter a, be ‘converted into 
the Roman letter a. And the foregoing permutations will thereby be con- 
verted into the following ones, to wit, 






aaab, aaba, abaa, baaas, 
aaab, aaba abaa baas, 
aaad, aada, abaa baaa 
aaab, aab aba baaa, 
aaad, | aaba, | abaa, | P a 
aaab, tiga [aban | anes 


of which the firft fix are all exactly alike, to wit, aaaé, and therefore mut 
be reckoned as only one pofition, or permutation; and, in like manner, the 
next fix are alfo all alike, to wit, aa dri oj therefore muf be reckoned as 
only one pofition, or wutation 5 ai third fix are alfo all alike, to 
wit, abaa, and therefore mutt be 


Aad it is eafy to fee that the like redu&ion muft take in the whole num- 
ber of jons that may happen among any other given number of 
things are all different and diftinguifhable from each other, when auy 
other and leffer number of the (aid things arc rendered like to, and undil- 
aguitiable from, cach other. 

repeated 
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repeated twice, it is evident that the number of the permus 
tations which the faid letters could undergo, would be but 
half the number of the permutations of the fix leters aaa 
bcd; becaufe every two permutations of thefe letters which 
would be diftinguithable from each other when the two dif- 
ferent letters ? and d are made ufe of, will coincide, or be- 
come undiftinguifhable from each other, when 4 is inferted 


inftead of d. And therefore the number of the permutations 


of the fix letters 2222 5c will be only 2, or 6G. 


15. And in the fame manner it may be fhewn that, when 
feveral of the letters, of which we are required to aflign the 
number of permutations, are repeated, ortaken more than 
once, we mutt, for.every fuch repetition of the fame letter, 
divide the number of permutations of the whole number of 
letters by the number of the permutations of fo many dif- 
ferent letters as there are repetitions of the fame lecter. And 
hence arifes the following 


—_—_—_————————————— 


Rule for difcovering the number of permutations, or relative 
changes of pofition diftinguifoable from each otber, which any 
given number n, of things, whereof fome are exa&ily like others, 
and cannot be diftinguifoed from them, may be made to uns 
dergo. 


a — —— —— 


16. Let the whole number of permutations, or changes 
of pofition, which the faid things might be made to under- 
go, if they were all unlike each other, and could be clearly 
diftinguifhed one from the other, be divided by che number 
of permutations, or changes of pofition, which the two, or 
more, things which are like each other, and are denoted by 
the fame letter, might be made to undergo, if they were 

4 unlike 
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unlike to each other, and clearly diftinguithed from each 
eher. And the quotient will be the number of permuta- 
| tions that is required. This is upon a fuppofition that, 
| amongft the things that are given, and,of which we are re- 
quired to find the number of permutations, there is only one 
fet of things that are exactly like each other, and therefore 
denoted by the fame letter. 

But, if, amongft the things of which we are required to 
find the number of permutations, there fhould be two, or 
more, fets of things that are exa&ly like each other, and 
therefore denoted by the repetition of the fame letters, we 
muft multiply the number of all the permutations which the 
firit fet of like things, denoted by the fitft letter that occurs 
more than once in the notation, might be made to undergo 
if they were all unlike each other, into the number of all 
the permutations which the fecond fet of like things, de- 
noted by the fecond letter that occurs more than once in the 
notation, might be made to undergo if they were all unlike 
each other, and further into the number of all the permu- 
tations which the third fet of like things, denoted by the 
third letter that occurs more than once in the notation, might 
be made to undergo, if they were all unlike each other, 
and into the numbers of all the permutations which the 
fourth fet, and the fifth fet, and all the following fets, of 
like things, denoted by the repetition of the fame letters, 
might be made to undergo, if the things in each fet were 
unlike each other: and the whole number of permutations, 
which all the s things that are given (and whereof we are 
required to find the number of permutations diítinguifhable 
from each other) might be made to undergo, if they were 
all unlike each other, muft be divided by the produ& of 
the faid multiplication. The quotient will be the number 
of permutations diftinguifhable from each other, of the given 
number z of things, which was required to. be found, 


17. This do&rine of permutations is of great ufe in de- 
termining che number of anagrams that may be made of any 
propofed word, or the number of different ways in which 
the leters that compofe it may be arranged. Thus, for ex 
tot ! ample, 
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ample, the letters that form the word Roma may be arranged 
in 2.3 . 4, or 24, different ways, and thofe of the word 
. Remani (which are fix in number) may be arranged in 2 . 3 
- 4: $«6, or 720, different ways; and thofe of the word 
Romanis (which are feven in number) may be arranged in 
2.3+4+5+6.7, or 5040, different ways; as we have 
feen in art. 12. In like manner the letters of the word 
Trojenum (which are eight in number) may be arranged in 
2.3.4.5.6.7.8, or 40,320, different ways; and thofe 
of he word Doérinam (which are nine in number) may be 
arranged in 2.3.4.5.6.7.8.9, or 362,880, diffe- 
rent ways. But the letters of the word Leopoldus, though 
they are alfo nine in number, cannot be arranged in fo 
many different ways, becaufe of the repetition of the letters 
J and o, each of which occurs twice. The number of dif. 
ferent ways in which the letters of this word can be arranged 
i= em or mm, or 90,720; becaufe the two Js, if 
they were different letters, would admit of two permutations, 
and the two os, if they were different letters, would likewife 
admit of two permutations, and confequently thefe numbers 
of permutations, to wit, 2 and 2, muft (according to the 
foregoing rule) be multiplied into cach other, fo as to make 
the produ& 4, and then the number 362,880 (which is 
the whole number of permutations which nine different let. 
ters may be made to undergo) muft be divided by it, which 
gives the quotient 90,720. And the letters of the word Stu- 
diofus, though likewife nine in number, will admit of only 
30,240 permutations, becaufe of the repetition of the letter 
gw twice, and the letter s three times. For the permutations 
which the two «s might be made to undergo, if they were 
different letters, are 2, and the permutations which the three 
ses might be made to undergo, if they were different let- 
ters, is 6 ; and the produ& that arifes by multiplying 2 inta 
6 is 12. We muft therefore divide 362,880 (which is the 
whole number of permutations of nine different letters) by 
12 ; and the quotient 30,240 will be the number of all the 
permutations of the nine letters of the word Studiefus that, 
will be differen’, or diftinguihable from each other. - 
18, Ie 


. 
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18. It is only by the affiftance of this doftrine of per- 
mutations that all thofe queftions can be determined, which 
fome learned and ingenious men have propofed concerning 
the number of the variations, or tranfpofitions of the words 
Contained in certain verfes, which, on account of the great 
number of fuch tranfpofitions which may be made in them, 
have been called Proteus ver/es, in allufion to the Egyptian 
fea-god of that name mentioned in Homer’s Odyffey, who 
was fo famous for affuming many different (hapes. The 
moft celebrated of thefe verfes are thofe which have been 
given us by Thomas Lanfius, and the learned Jofeph Scali-, 
get, and Bernard Bauhufius, a Jefuit of the college at Lou-* 4f. 
vain, in the Auftrian Netherlands? The following two verfes 4/fc-m. 
we have from Thomas Lanfius ; 


Lex, Rex, Grex, Res, Spes, Jus, Thus, Sal, Sol, (bona) 
Lux, Laus: » 

Mars, Mors, Sors, Lis, Vis, Styx, Pus, Nox, Fax, (mala) 
Crux, Fraus. 


In each of thefe verfes there are eleven words of one fyl- 
lable, and one word of two fyllables, te wit, dona in the 
firft, and mala in the fecond.  Thefe two words of two fyl- - 
lables muft always remain in the fame place, or within two 
words of the end of the lines, in order to preferve the meas 
fure of the verfes, which requires that the fifth foot in each 
verfe fhould be a da&yl. But the other eleven words in 
each verfe may be placed in any order, with refpe& to 
each other, that we pleafe, without altering the meafure of 
the verfes. Now the number of permutations, or changes. 
of pofition, that eleven different things can undergo is 
39,916,800, as appears from the table in art. 11. It fol- 
lows therefore that the words of each of the two foregoing 
verfes may be tranfpofed in 39,916,800 different ways, with- 
out {poiling the meafure of them. . 


19. In fome other inítances of thefe Pro/ems verfes that 
have been given by ingenious writers on this fubje&, it hap- 
peas that many of the tranípotitions of the words contained - 

in 
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in them are incompatible with the meafure of the verfes, 
and fome of them, from the irregular and ungrammatical 
order in which the words follow each other, feem to convey 
no fenfe or meaning whatfoever, or, perhaps, in fome 
cafes, a different fenfe from that which the author intended. 
But in all thefe cafes a little attention and care will enable 
us to. diftinguifh the ufeful tranfpofitions from the abfurd 
ones,. and to determine the numbers of tran{pofitions of each 
fort feparately, if we proceed by regular fteps according to 
fome order, or plan of admiffion or exclufion, in making 
the enquiry. An inltance of this kind occurs in the follow- 
ing Hexameter Latin verfe, which was made by the above- 
mentioned Bernard Bauhufius, the Jefuit of Louvain, in 
honour of the bleffed Virgin Mary, the mother of our Sa- 
viour Jefus Chrift ; to wit, 


Tot tibi funt dotes, Virgo, quot fidera cato. 


‘On this celebrated verfe feveral men of great learning and 
reputation have beftowed a great deal of attention. For, in 
the firft place, Ericius Puteanus, in a little book which he 
publifhed under the title of Thaumata Pietatis, has employed 

- no lefs than 48 pages in reckoning up the feveral ufeful, or 
rational, tranfpofitions that may be made of the words con- 
tained in it, and makes them amount to as many at leaít as 
there are ftars in the heavens, the number of which is 

' ufually faid to be 1022; leaving out (through a religious 
reverence for the character of the Virgin Mary) all thofe 
tranfpofitions which feem to affirm that there are as many 
flars in the heavens as there are virtues in the Virgin's cha- 
racter, becaufe he thinks the number of the latter to be 
much greater than that of the.former. And, 2dly, Gerard 
Voffius, in the 7th chapter of his treatife intitled, De Scien- 
tiis Mathematicis, has affirmed the number of the tranfpofi- 
tions which may be made in the words of this verfe without 
fpoiling the fenfe or the meafure, to be 1022, as Puteanus 
had made it before him. And, 3dly, Monfieur Prefet, a 
French mathematician, in the firft edition of a book called 
** The Elements of the Mathematicks,’ page 348, has examined 
this Proteus verfe, and declared it to admit of 2196 traní- 

d D pofitions 
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pofitions of its words without fpoiling the fenfe or the mea- 
fure: and afterwards, in the fecond edition of his faid work, 
vol i. page 133, having re-confidered the fübje&, has in- 
creafed the number of thefe tranfpofitions to almoft half as 
many more, or 3276. And, 4thly, the indufirious compilers 
of the Leipfic 4a Eruditorum, in the month of June, 1686, 
in giving an account of Dr. Wallis's Treatife of Algebra, 
have fixed the number of thefe tranfpofitions (which Dr. 
Wallis himfelf had not in that treatife ventured to affign) at 
2580. And, laftly, Dr. Wallis himfelf, in a Latin edition 
of his works which he publi(hed afterwards in the yeár 1693, 
Page 494, has carried the number of thefe tranfpofitions to 
3096. But all thefe writers have been miftaken in their cal. 
culations, and have affigned wrong numbers for the folu- 
tion of this queftion ; which cannot but feem rather furprif- 
ing, as fome of them had examined the fubje& twice over, 
and correéted their firft conclufions. The true number of 
tranfpofitions of its words which this famous hexameter verfe 
will admit of without fpoiling either the fenfe or the meafure 
of it, that is, without admitting a fpondee in the fifth place, 
but admitting fuch tranfpofitions as only deftroy the cefura 
of the verfe, I have found, upon a carefal examination, to 
be 3312. 


20. I here conclude the chapter on the doctrine of per- 
murations, of which I hope the fundamental principles have 
been fufficiently explained ; and I proceed to confider the 
doctrine of combinations, which is of no lefs ufe and im- 

portance than the former. 


Ha CHAPTER 
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CHAPTER II. 
. @ONCERNING COMBINATIONS. 
——— M ÁN ÀÀ 
DEFINITION 1. 


2%. Y the combinations of things, I mean the feveral 

different ways in which any given number of things. 
may be joined, or conne&ed with each other, without any 
regard to their relative pofitions, or the order in which they 
follow one another. So that, when a certain number s» of 
things is given, and we are required to find in how many 
different ways thefe » things may be taken, by taking, firft, 
two of them at a time, then three of them at atime, then 
four of them at a time, and fo on in all otber poffible con- 
junctions, fo that no one heap, or parcel, of them íhall be 
taken more than once, we are faid to be required tq find 
all the poffible combinations of the faid given number of 
things. 


EE 
DEFINITION 2. 


22. The number of the things given which is dire&ed to 
be joined together in one heap, or parcel, is called she expos 
nent of the combination : fo that if we are directed to com- 
bine them by pairs, or in parcels céntaining two a-piece, the 
exponent of the combination will be 2; if we are directed 
to combine them by triplets, or in parcels containing three 
a-piece, the exponent of the combination will be 3; and if 
we are directed to combine them by quadruplets, or in par- 
cels containing four a-piece, the exponent of the combina- 
tion will be 4; and, in general, if we are dire&ed to com- 
bine them in parcels containing s» a-piece, the exponent of 
the combination will be the number m. 

Dzrixiri08 
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DEFINITION 3. 


23. And the feveral things combined in thefe different 
manners are called pairs, or couplets, and triplets, and quad- 
ruplets, &c, or binaries, ternaries, and quaternaries, &c, or 
Dinions, ternions, and quaternions, &c; that is, 3 the diffe. 
rent conjunctions, or combinations, of any givelY number of 
things in parcels confifting of two things each, are called all 
the pairs, or couplets, or binaries, or binions, in the faid 
number of things; and all the different conjunctions of 
combinations of them in parcels confifting of three things 
each, are called all the triplets, or fermaries, or ternions, in 
them ; and all the different conjunctions or combinations of 
them in parcels confifting of four things each, are called all 
the qwadruplets, or quaternaries, or quaternions, in them, 
And fimilar names may be found for thefe combinations, 
when the number of things contained in a fingle parcel is 


greater than 4. 


24. And when the things are taken fingly, or feparately, 
or one by one, it will be convenient to denominate them 
sinaries, or uxilies, or to give them fome name that bears a 
refemblance to the names by which we diftinguifh the feve- 
ral combinations of them with each other in parcels of two, 
or of three, or of four, or more together: becaufe, though, 
when they are taken fingly, they cannot, in a ftri& fenfe, be 
faid to be combined, or the taking them fingly cannot, in 
ftri&nefs, be called a combination of them, yet in this doce 
trine of combinations it is often neceffary to take into con- 
fideration the number of thetn when taken fingly, in order 
to determine all the variations that can be made upon them; 
and therefore, in a loofer and more extenfive fenfe of the 
word combinations, the things, when taken feparately, are 
confidered as undergoing one fpecies of combination, or 
forming one clafs of the feveral claffes of combinations which 

may be made to undergo. This is a {mall inaccuracy 

of language, fimilar to that by which a unit is often called 
a wer, though in ftri&nefs a sumber means two or more 
. units, 
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units, or fingle quantities, joined togetber. But when due no- 
tice is given of what is meant by fuch inaccurate expreffions 
(which are often convenient for the purpofe of avoiding a 
multiplicity of words) no miftakes can arife from the ufe of 
them. 


25. And for a like reafon it will be convenient to give a 
name to t& a& of omitting to take them at all, either 
fingly, or combined with each other, or to confider fuch 
omiffion as one fpecies of their combinations. Such an omif- 
fion of them may be called a mullienation (from the word 
mullies, which means no-times) ; and the notbings, or cyphers, 
fet down, inftead of the things themfelves, on thefe occa- 
fions may be called mullenaries (like binaries, ternaries, and 
quaternaries) or nullions. The ufe of this fort of odd lan- 
guagé will appear in the courfe of the following pages. 


26. Some writers have confined the word combination to 
the ftri& original fenfe of ** taking things by dinaries, or 
pairs, or couplets, only, or parcels confifting of two things ;"” 
and have called the taking them by fernaries, or parcels con- 
fitting of three things, conternation ; and the taking them by 
quaternarics, or parcels confifting of four things, conquater- 
naticn; and have denominated the parcels confifting of two 
things each, that may be formed out of a given number of 
things, the combinaticns of the faid given things; and the 
parcels confiting of three things each, which may be formed 
out of the fame given. number of things, the conternations of 
the faid given things; and the parcels confifting of four 
things each, which may be formed out of the fame'given 
number of things, the conguaternations of the faid given 
things. But this degree of accuracy in our expreffions would 
evidently lead to the compofition of an immenfe number of 
new words, in order to exprefs the variety of conjun&ions 
that may be made of the things given in parcels of different 
forts, füch as parcels confifting of two things, parcels con- 
fitting of three things, parcels confifting of four things, par- 
cels confifting of five things, parcels confifting of fix things, 
and the like; the ufe of which multitude of new words 

might 


from James Bernoulli's Treatife De Arte Conjectandi. 55 


might be found inconvenient. And therefore other perfons, 
who were apprehenfive: of this inconvenience, and yet were 
defirous of avoiding the inaccuracy of employing the word 
combinations for parcels confifting of more than two things, 
have propofed to make ufe of the more general words com- 
plications or complexions (derived from the Latin verb compli 
care, which fignifies to fold up together) for parcels confifting 
of three things, or four things, or five, or more, things, 
each, made out of a given number of things fucceffively fo 
united together: and fome authors, with great fagacity and 
judgment, have recommended the word eleéions to be ufed 
on this occafion, in order to comprehend thofe methods of 
reckoning and claffing the things under confideration by 
which the things when taken feparately, or one by one, are 
admitted as one fpecies of combinations of them ; and even, 
when nothings, or cyphers, are taken in their ftead, thofe 
nothings, or cyphers, are admitted as another fpecies of theic 
combinations, or elections. But the generality of writers who 
have treated of this fubje&, make ufe of the word combinations 
to denote all the different parcels of things, whether confifting 
of two things, or of three things, or of four things, or of 
any greater number of things, which can be formed out of a 
given parcel of things ; and even to denote the given things, 
when taken fingly or feparately ; and alfo the nothings, or 
cyphers, which are fet down inftead of them, when they 
are not taken at all: nor does there feem to be any neceffity 
for inveating new words on the occafion. 

Thefe definitions of the words that will occur moft fre- 
quently in this do&rine of combinations being premifed, I 
now proceed to confider the doctrine itfelf. 


27. Now when we are enquiring into the number of com-. 
binations of a given number of things, the faid things may 
either be all unlike and clearly diftinguifhable from each other, 
or fome of them may be exactly like others of them, fo as 
not to be diftinguifhable from them. And the faid things 
may either be fo combined together that no one thing fhall 
be contained oftener in any of the propofed combinations 
than it occurs in the original number of things which are 

propofed 
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: propofed to be combined together ; or they may be cor 


bined together without this reftri€tion, or fo that in fome of 
&he propofed combinations the fame thing may occur oftener 
than it does in the original number of things which are pro- 
pofed to be combined together, to wit, by being combined 
with itfelf *. And different fuppofitions may be made, and 

different 


* Tam not quite certain that this lait fentence is a faithful tranflation 
of the original, which I fhall therefore here fubjoin for the reader’s atten- 
tive confideration. Eeque vel ita combinari debent, ut in null combinatione 
res eadem fepits contineatur quàm ipfa. reperitur in tote rerum numero; vel fic, 
wl ia eddem combinatione res eadem. ctióm Jepiis recurrere, bec oft ut ferm jd 

combinari, poft. The meaning of this obícure fentence (as far ae I 
€an underftand it) may be illuftrated by the two following examples. 

In the firft place, let us fuppofe that the things that are to be combined 
together are fix in number, all clearly diftinguifhable from each other, and 
denoted by the fix letters & 4, c, d, e, f. And let us fuppofe that thefe 
fix letters are to be combined together in quaternions, or quadruplets, or 

ls confifting of four letters cach. Then, fays the author, thefe qua- 
lets may be either retrained to thofe only which confi of four diffe- 
rent letters, or in which the fame letter does not occur oftener than once, or 
than it occurs in the original enumeration of the fix things, a, à, ¢, d, % f, 
eut of which thefe quadruplets are to be formed, fuch as the quadruplets 
abcd, acde, adef, &c; orthefe quadruplets may be formed without this. 
reflriction, fo as to admit the fame letter to [^ contained in them, more than 
once, or to be, as it were, combined with itfelf, as happens in the quadru- 
pkts aabe, aacd, aade, aacf, aabd, aabe, aabf, aace, a aab, 
eaae acad, Ke. - 

In the fecond place, let us fuppefe that the things that are to be com- 
bined together are, as before, fix in number, but that two of them are ex- 
a&ly like each other, and are therefore denoted by the fame letter a, and 
that three of them are alfo exa&ly like each other, and therefore denoted by 
the fame letter 4, and the fixth is different both from thofe of the firft fet, 
and from thofe of the íecond fet, and is therefore denoted by the letter c ; 
fo that the fix things that are to be combined together, are denoted by the 
letters a, a, 5, 2, b,c. And let it be required to combine thefe fix things, 
or letters, together in quaternions, or quadruplets, or parcels confifting of 
four lettere each, Then, fays the author, thefe quadruplets may be either 
fo reftrained that they hall not contain either of the three letters a, b, and c 
oftener than it is contained in the original enumeration of them, to wit, 
@, a, b, b, b, c, that is, that no quadruplet fhall contain the letter e oftener 
than twice, or the letter & oftener than three times, or the letter c aftener 
than once ; as is the cafe with the quadruplets abc, aabc, aabb, abb B, 
bbc; or the faid quadruplets may be formed without this reftri@ion, fo 
as to admit the letter a to be repeated more than twice, and the letter & to 
be repeated more than three times, and the letter c tp be repeated more 
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different queftions confequently may be propofed, concern- 
ing the manner in which the quantities are combined toge- 
ther. For it may either be required to find the number of 
all the poffible combinations ol a given number of things, 
by taking them firft fingly, then in couplets or parcels of 
two, and then in triplets or parcels of three, and then in 
quadruplets or parcels of four, and fo on according to all 
the exponents they will admit of ; or it may be required only 
to find the number of all the combinations that may be 
made of the fame given number of things according to one, 
or more, of their exponents, feparately; as, for inftance, 
by difpofing them in parcels of two things,. or in parcels of 
three things, or in parcels of four things, each. In each of 
thefe ways of combining the things under confideration, a 
great variety of queftions and problems may be propofed 
concerning them, the full difcuffion of which would lead us 
into a very ample field of {peculation. But of thefe we thall 
only fele& a few of the moft curious and importaat, wliich 
we conceive to be neceffary to the folution of the queftions 
concerning the doctrine of chances, or the art of forming 
reafonable conje&ures concerning future events depending 
on chance, which will be confidered in the fubfequent part 
of this treatife, E 

28. Let it then be required, in the firft place, to find the 
number of all the poffible combinations that can be formed 
of a given number of things according to all the exponents 
they will admit of, upon a fuppofition that all the things 
tbat are to be combined together, are unlike to, and clearly 
diftinguifhable from, each other, and confequently are de- 
noted by different letters. 


Let the things that are to be thus combined be denoted 
by the feveral ímall letters a, 4, e, d, e, &c. Let thefe 


than once; as is the cafe in the quadruplets aaa, aaac, aaaa, bbb, 
face, acce, &c. 

This is the only meaning that I can find for the foregoing paffage ; but 
I canaot help entertaining fome doubt whether it is the true one, Jded 
gure, 


I . letters 
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letters be fet down in feparate lines, or rows, one under an- 
other, in the manner following. 

In the firft line we muft place the firft letter a, by itfelf. 

In the fecond line we muft place the letter 4; firft, by it. 
felf ; and then in conjunction with a, fo as to form the com- 
bination, or couplet, 22, or da, For a? and da are, in 
this do&rine of combinations, to be confidered as only one 
combination, becaufe in this do&trine no regard is to be had 
to the order in which the letters are placed, as there was in 
the do&rine of permutations, R 

In the third line we muft place the third letter c; firft, by 
itfelf; and then in conjunction with the preceeding letters a 
and 2, fo as to form the binions, or couplets, 2c, 2c; and, 
laftly, with the preceeding couplet 44, fo as ta form the 
triplet 22 e. 

! a. 





b, ab, 





€, ac, be, abc. 





————— 
d, ad, bd, cd, abd, acd, bed, abcd. 


———— > en 
¢,46, be, ce, de, abe, ace, bce, ade, bde, cde, abse, abde,acde,bede,abcde. 








In the fourth line we muft place the fourth letter d; firft, 
by itfelf; and, 2dly, in conjunction with each of the three pre- 
ceeding letters a, 2, and c, fo as to form the three pairs or 
couplets of letters, ad, 5d, and c 4 and, 3dly, in con- 
jun&ion with each of the three foregoing couplets, a 2, a c, 
4c, fo asto form the three triplets add, acd, and bcd; 
and, 4thly, in conjun&ion with the foregoing triplet, ad¢, 
fo as to form the quadruplet, 254. 


And in like manner the fifth letter e muft be placed in 
the beginning of the fifth line; firft, by itfelf; and, adly, in 
conjun&ion with each of the four preceeding letters a, 2, e, 
d, fo as to form the four pairs, or couplets, ae, be, ce, and 
d^; and, 3dly, in conjunction with each of the fix foregoing 

i couplets, ' 


. 
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couplets, 25, ac, bc, ad, bd, cd, fo as to form the fix 
triplets abe, ace, bce, ade, bde, and cde; and, 4thly, 
in conjunétion with each of the foregoing triplets, a 2v, 
abd, acd, bcd, fo as to form the four quadruplets ace, 
abde, acde, and bc de; and, sthly, in conjunction with 
» foregoing quadruplet a 4c, fo as to form the quintuplet, 
abcde. 

And in the fame manner muft every following letter, f; 
§ 4, &c, be combined with each of the preceeding letters, 
and with every preceeding combination of them, if the num- 
cor things, or letters, to be combined together, was more 

five. 


29. And from this manner of combining any given num. 
ber of things, or letters, together, it is plain that we fhall 
thereby obtain all the poffible combinations of them, fo that 
no combination of them whatfoever can be formed, or con- 
ceived, that will not be contained in one or other of the 
fucceffive lines, or rows, of quantities fo generated from each 
other: and likewife it is plain that each of the combinations 
fo obtained will be different from every other, or that no 
combination will occur in the faid lines more than once. 
And confequently the fum-total of all the combinations fet 
down in the lines, or rows, of quantities fo formed out of 
any given number of quantities, will be the number of all 
the poffible combinations which the faid given number of 
quantities will admit of. We muft therefore endeavour to 
find the number of all the combinations of a given number of 
quantities that will be contained in an equal number of lines, 
or rows, of quantities formed, or generated, from each other 
inthe manner above defcribed. 


30. Now, in order to difcover the number of the combi- 
nations contained in a given number of the foregoing lines, 
orrows, of quantities, it will be proper to obferve, ‘ that 
every new line, or row, muft contain as many combinations 
asall the preceeding lines, or rows, added together, and one 
Combination over ;" and for this reafon, to wit, becaufe the 
ktter which is at the beginning of evéry new line, is placed 

la 2, there, 
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"there, firft, by itfelf, and afterwards in conjunétion with all 
the letters and their feveral combinations in all the preceed- 
ing lines. Thus, for example, the letter e is placed in the 
beginning of the fifth line, firft by itfelf, and afterwards in 
conjun&ion with each of the foregoing letters 2, 2, c, d, and 
with every combination of them in couplets, triplets, and 
quadruplets, contained in dill the four foregoing lines; and 
confequently the number of combinations contained in this 
fifth line (reckoning the letter e by itfelf for one of them) 
will be equal to the number of all the combinations con- 
tained in all the four preceeding lines, beginning with the 
letters a, 5, c, and d, and one combination over. This ob- 
fervation is of great ufe. For from it we may deduce the 
whole number of combinations contained in any given num- 
ber of thefe lines, or which may be made with any given 
number of letters, by reafoning in the manner following. 


re 


A Lemma, 


31. If in the increafing geometrical progreffion 1 + 2 4- 
4 +8 + 16 + 32 + 64 +128 + &c, of which the firft 
term is 1, and the common ratio is that of 1 to 2, we take 
any number of terms whatever, as, for example, » terms, 
and call the fum of the faid terms S, and afterwards add 
another term to the faid feries, the faid new term will be 
equal to S + 1, or to the fum of all the former s terms to- 
gether with an unit. 





DemonsTRaTION. 


Since the terms in the feries 1 +2 +4+4-+4+8 + 16 4- 
32 + 64 -- 128 +4 &c, increafe continually in the propor- 
tion of 1 to 2, it is evident that all the terms of it after the 
firft term 1 will be the feveral powers of 2 in their natural 

2 order, 
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order, to wit, 2, 21*, 2, 24, 28, 2¥, zy, &c, and confe- 

uently that the sth, or laft, term of it will bez| ^". If 
therefore to thefe » terms we add another term, the faid new 
term will be = 2 x 2\"~', or zl. We are therefore to 
thew that 2| is = S +1. 

Now, fince S is — 1 4-2 c4 4-8 + 164 32+ 644 
128 + &c 2/75, 2 S will be = à 44-8 4-16 4-32 
+ 64 + 128 + 256 + &c +21"; which feries confits of » 
terms as well as the feries 1 + 2+ 4 -- 8 + 16 + 32 + 64 
+1284 &c +2)", orS. Therefore (adding 1 to both 
fides) 2 S + 1 will be equal to the feries 1 4-2 -- 4 4-8 4- 
16 + 32 + 64 + 128 + 256+ &c +2)", that is, to the 
feries 1 +2444 B +16 + 32 + 64 b 128 + 256 + 
&c + 3" ' together with the new term 2)", or to S + zr. 
Therefore (fubtra&ing the feries S from both fides) the new 


term zl" will be equal to S + 1, or to the fam of all the x 
terms of the feries 1 4- 2-4 -- 8 + 16 4-32 + 64 4- 128. 


+ &c RGO*"U, together with 1. Q. E. D. 


Corott. 1. It follows therefore that the fecond and third 
and other following terms of the increafing geometrical pro- 
grefion 1+2+4+8 + 16 + 32 + 64 + 128 + &c, 
may be generated, or derived, from the firft term 1, not 
only by doubling it continually, but by the application of 
the property that has juft now been fhewn to belong to the 
terms of fuch a feries, to wit, by adding together all the 
preceeding terms, and increafing their fum by an unit. Thus, 
1 +1 will be = 2, which is the fecond term; and 1 4-2 
+1, will be (= 3 4- 1) = 4, which is the third term; and 
14244 +41, will be(—=3+4+1=>7+41)=8, 
which is the fourth term; and t + 2 4- 4 4- 8 +1 will 
be (— 7 +8 +1 — 15 +1) — 16, which is the fifth 
tem; and x + 24-4 4-8 + 16-+1 will be (= 15 + 16 
+1 = 31 + 1) 32, which is the fixth term; and 1 + 

2+4 
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2+448 + 16 + 32 +1 will be (= 31 + 32 -+ 1 = 63 
+1) = 64, which is the feventh term; and 1 +24+4+ 
8+ 16 + 32+ 64 4- 1 will be (— 63 + 64+ 1— 127 + 
1) = 128, which is the eighth jerm. And in the fame 
manner may all the following terms of this progreffion, how- 
ever numerous, be generated from thofe that preceed them 
by means of the aforefaid property. 


ConoLrL. 2. And hence it follows, 2 conver/o, that, if there 
be a feries of terms beginning. from 1, the terms of which 
are generated one from the other by means of the foregoing 
property, or by adding together all the preceeding terms, 
and increafing their fum by an unit, the faid feries will be 
the geometrical progreffion 1 - 2 -F 4 4- 8 4- 16 4p 32 4- 
64 + 128 + &c. ^ 


32. Now it has been fhewn above in art. 28, that the 
numbers of quantities, or combinations, contained in the 
above-mentioned lines, or rows, beginning with the letters 
4, b, c, d, e, &c, are generated from the firft quantity a, and 
from each other in the manner juft now deícribed, or that 
the number of quantities in every new line is equal to the 
fum of the numbers of all the quantities in all the preceed- 
ing lines, together with an unit. It follows therefore, from 
coroll. 2, of the foregoing lemma, that the numbers of 
quantities contained in the faid feveral lines muft conftitute 
the geometrical progreffion 1 + 2 4-4 4- 8 -F 16 + 32 4 
64 + 128 + &c, or 1 + DY, + 2, +O, + OM, + 2b, + 
2, +2, + &c + al", fuppofing the number of lines 
to be z. Therefore the fum of the numbers of quantities 
contained in all the # lines beginning with the letters 2, 4, 
€, d, e, &c, will be equal to the fum of the firt » terms of 
the increafing geometrical progreffion 1 + 2 4- 4 4- 8 4- 16 
+ 32 + 64 + 128 + &c, or to the feries 1 -- 2 -- 44-8 
+ 16+ 32 4-64 +128 + &c + 2] v or ZU, + 21, 
+2, + 2h, + 2p, + alt, + a), + &e + al", Bot, by 
the foregoing lemma, this feries together with an unit is 

equa’ 
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equal to 2\". Therefore this feries alone is equal to z/'—1:. 
And confequently the number of all the quantities contained 
in all the faid » lines, or the number of all the poffible com- 
binations of the # letters a, 4, c, d, e, &c, (reckoning the 
faid letters, when taken fingly, among the faid combinations) 


will be = z|' — 1. And hence arifes the following 








Rule for finding the number of all. the poffble different combina 
tions of a given number of things according to all their different 
exponents. 





53. Raife the number 2 to the power of which » or the 
given number of things, that are to be combined together, 
is the index; and fübtra& 1 from the faid power. The re- 


mainder 2\*—1 will be the number of combinations that 
was required, 


34. Corott. 1. From this rule it follows, in the firft 
place, that, if we confider the total omiffion of all the » 
letters as one way of combining them, the number of all the 
poffible combinations will be greater than it was before by 


an unit, and therefore will be = 2" 3 and it follows, in the 
fecond place, that, if we exclude this cafe of the omiffion of 
all the letters (which may be called the sullion, or the 
combination of them by »owé), and likewife exclude the 
feveral letters when taken fingly, or feparately, (which are 
not in ftri&nefs combinations of them), the number of the re- 
maining combinations of » different things, or letters, in bi- 
nions and ternions and quaternions, or in couplets, and 
triplets, and quadruplets, and in parcels of more than four 


letters in each, will be 2| =" 2, orz| <2 — :. 
Thus, 


» 


64 44 Tranflation of the foregoing Extra 


Thus, for example, the number of all the different con- 
junctions, or combinations, that may be made of the feven 
planets, to wit, Saturn, Jupiter, Mars, Venus, Mercury, the 
Earth, and the Moon, (taking the word combinations in the ex- 
tent given to it in the foregoing rule) will be = 2\’—1 (= 2x 
2X2X2X2X2X2-—1- 128—1) = 127; from which 
if we fubtra& 7, which is the number of the planets taken 
fingly, or feparately, (in which cafes there are not properly 
any conjunétions of them), the remaining number 2l — 1 
— 7, or 127 — 7, or 120, will be the number of all the 

flible conjunctions, or combinations, of them by conjoin- 
Ing two together, or three together, or four together, or five 
together, or fix together, or all the feven together ; or, it 
will be the number of all the poffible conjunctions of them 
properly fo called. And the twelve regifters, as they are 
called, or rows of pipes in a mufical organ, by means of 
which the found of it is made to change fo remarkably from 
2 foft and gentle found to a very loud and folemn one, may 


be made to undergo 2)" — 1, or 4096 — 1, or 4095 com. 
bínations, or variations, 


35. ConRoLt. 2. If we examine the number of combi- 
nations of the letters a, 5, c, d, and e, in the feveral lines, 
or rows of quantities, fet down above in art. 28, we fhall 
find that the number of combinations that have even num- 
bers for their exponents contained in each of the (aid lines 
after the firft line (which contains only the fingle quantity 2) 
is equal to the number of combinations that have odd. num- 
bers for their exponents contained in the fame line. Thus, 
in the fecond line, which begins with the letter 4, there is 
oné quantity, namely 4, with an odd number, to wit, 1, for 
its exponent, and one quantity, namely, 22, with an even 
number, to wit, 2, for its exponent. And in the third line 
beginning with the letter c, there are two quantities, name- 
ly, c and ac, with odd numbers, to wit, 1 and 3, for their 
exponents, and two quantities, namely, ac and 4v, with 
an even number, to wit, 2, for their exponent, And in the 
fourth line beginning with the letter d, there are four quan- 
tities, namely, d, abd, acd, and bcd, which have the odd 

numbers, 
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numbers 1 and 3 for their exponents; and there are four 
other quantities, namely, ad, bd, cd, and acd, which 
bave the even numbers 2 and 4 for ‘their exponents. And 
in the fifth line, beginning with the letter e, there are eight 
quantities, namely, e, ade, ace, bce, ade, bde, cde, and 
a@bede, which have the odd numbers 1, 3, and 5 for their 
exponents ; and eight other quantities, namely, ae, be, ce, 
de, and abce, abde, acde, bcde, which have the even 
numbers 2 and 4 for their exponents. And the fame thing 
muft happen in the fixth line of quantities beginning with 
the letter f, and in every following line, becaufe every new 
line is formed by fetting down the new letter firt by itfelf, 
and then combining it with the firft letter a, and afterwards 
with all the quantities contained in the fecond, third, and 
other following lines that preceed the new ‘line. Now the 
combination of the new letter with each of the quantities in 
the fecond, third, and other following lines, will turn all the 
quantities that have odd numbers for their exponents into 
quantities that have even numbers for their exponents, and 
all the quantities that have even numbers for their exponents 
into quantities that have odd numbers for their exponents. 
And therefore, as the number of quantities with odd num- 
bers for their exponents in each of the faid fecond, third, 
and other following lines, was equal to the number of quan- 
tities with even numbers for their exponents, it follows that 
of the new quantities in the new line arifing from the com- 
bination of the new letter with all the quantities contained in 
the fecond, third, and other following lines, there will be as 
many that have odd numbers for their exponents as there 
will be that have even numbers for their exponents. And, 
if we add to thefe quantities the new letter itfelf, which is to | 
be placed in the beginning of the new line, and of which 
the exponent is 1, and the combination of the new letter 
with the firft letter 2, of which combination the exponent is 
the even number 2, whereby we {hall obtain all the quanti- 
ties fet down in the new line, it is evident that the addition 
of thefe two quantities (of which the firft has the odd num- 
ber 1, and the fecond has the even number 2, for its ex- 
ponent) will not alter the equality of the numbers of com- 
. K binations, 
" 





66 A Tranflation of the foregoing Extract 


binations, or quantities, of each kind, but that the number 
of quantiies in the new line that have odd numbers for 
their exponents will ftill be equal to the number of quan- * 
tities in the fame line that have even numbers for their ex- 
ponents. 


36. CokoLL.3. If therefore we add all the quantities 
contained in all the lines except the firít line (which con- 
tains only the fingle quantity 2) together, it is evident that 
‘the number of quantities in fuch fom that will have odd 
numbers for their exponents will be equal to the number of 
quantities that will have even numbers for their exponents. 


37. CoRoLr. 4. And, if we add together all the quanti- 
ties contained in all the lines, including the firft line, which 
contains the fingle quantity a (the exponent of which is the 
odd number 1), the number of quantities in fuch fum that 
will have odd numbers for their exponents will exceed by 
an unit the number of quantities that will have even num- 
bers for their exponents. 


- 38. Corot. 5. And, if to all the quantities contained 
in all the lines together we add, as another combination, the 
cafe denoted by a cypher o, or the cafe of the omiffion of 
all the letters, which we have above in art. 34, called the 
combination by ones, or the nullion, and contider o, or the 
exponent of this combination as an even number, the num- 
ber of quantities in the faid fum that will have odd num- 
bers for their exponents will be exa&ly equal to the number 
of quantities that will have even numbers for their expo- 
nents. 


39. Corott. 6. It has been fhewn in Coroll. 1, that the 
number of all the quantities in all the s lines taken together, 
and the cafe of the nullion is equal to'z]. It follows there- 
fore from Coroll. 5, that the number of quantities in this 
fum that will have odd numbers for their exponents will be 

= 
equal to half of 2)", or to x, or a\*~*, and the number of 
quantities 
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quantities in the fame fum that will have even numbers for 
their exponents, including the nullion, will likewife be 


37' ; and confequently the number of quantities in the 
faid fum that will have even numbers for their exponents, 


without including the nullion, will be 2”~"—1. The fame 
thing will be demonftrated in another manner here below in 
the 6th Corollary of Chapter 4. 


—_—_—_—_————— 


CHAPTER III, 


Of the numbers of combinations that may be made of a giver 
mumber of things in parcels confifting of two things, or of three 
things, or of four thiugs, or of any otber particular number of 
things, each ; and of the numbers known by the name of the 
figurate numbers, and their properties, with which the inve/- 
tigation of the faid combinations is conneZted. 


— EEE 


40. ROM an attentive confideration of the five lines, or. 
F rows, of quantities in art. 28, of the foregoing 
chapter, beginning with the letters a, 4, ¢, d, and e, and 
which exhibit all the different combinations that can be 
formed out of thofe five letters, it will be evident, that the 
liens, or couplets, or parcels confifting of two letters, in 
every new line of quantities, are formed by combining the 
fingle letter which 1s placed in the beginning of fuch new 
line, with each of the fingle letters contained in all the fore- 
going lines of quantities; and that the sernions or triplets, or 
parcels confifting of three letters, in fuch new line, are 
formed by combining the fingle letter which is placed in 
the beginning of fuch new line, with each of the dinions o 
couplets, contained in all the foregoing lines; and the qua- 
lernions, oy quadruplets, or P confifting of four letters, 
2 > in 
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in fuch new line, are formed by combining the fingle let- 
ter which is placed in the beginning of fuch new line, with 
each of the Zernions, or triplets, contained in all the forego- 
ing lines; and, in like manner, in all higher combinations 
than guaternions, the combinations denoted by any exponent 
s» in {uch new line, are formed by combining the faid fingle 
letter which is placed in the beginning of fuch new line, 
with all the combinations denoted by the next lower expo- 
nent 5 — ; contained in all the foregoing lines, It follows 
therefore that the number of binions, or couplets, of letters in 
every new line will be equal to the number of all the fingle 
letters in’ all the foregoing lines taken together ; and that the 
number of ternions, or triplets, of letters in fuch new line, 
will be equal to the number of all the binions, or couplets, 
of letters in all the foregoing lines taken together; and the 
number of quaternions, or quadruplets, of letters in fuch 
new line; will be equal to the number of all the ternions, 
or triplets, of letters in all the foregoing lines taken toge- 
ther; and in like manner, that the number of combinations 
of any higher order than quaternions, denoted by the expo- 
nent #, in {uch new line, will be equal to the number of 
combinations of the next lower order, which is denoted by 
the exponent #—1, in all the foregoing lines taken tos 
gether, From thefe obfervations we may derive the follaw- 
ing conclufions ; 


_ 40. Firft Conclufon. As there is only one fingle letter in 
each of the faid lines, or rows, of quantities, to wit, the 
letter in the beginning of the line, the fingle letters in all 
the lines fucceffively will exhibit a fet of units, to wit, 
1, 1, Ij T, I, I, I, 1, &c, which are the figurate numbers 
of the firft order, . 


42. Second Conclufion. As there is no binion, or couplet, 
of letters in. the firit line (which contains only the letter a), 
and there is only one binion in the fecond line, to wit, 45; 
and two bipions in the third line, to wit, ac, 2c; and 
three binions in the fourth line, to wit, ad, bd, cd; and, 
jn general, as the number of binions in every new line is 

- ü * equal 


from "James Bernoulli's Treatife De Arte Conje&andi. 69 


equal to the number of the fingle letters in all the preceeds 
ing lines taken together ; it follows that the numbers of bi- 
nions, or couplets, of letters in the firft, fecond, third, and 
fourth, and other following lines, willbe o, 1, 1 4- 1, 1 4- 
I+, 2b pH Gp LOIR D-bicbüid g, &c oro, :, 
2, 3, 4, 5, Bc, or the feries of numbers 1, 2, 3, 4, 5, &c, 
in their natural order, with a cypher, o, prefixed to them. 

Thefe numbers form an arithmetical progreffion, in which 
the common difference of the terms is 1; and they are of- 
ten called the natural numbers, or a feries of lateral num- 
bers, or the figurate numbers of the fecond order. 


43. Third Conclufion, As there are no ternions, or triplets, 
of letters in the two firft lines; and there is one ternion, or 
uiplet, to wit, ac, in the third line; and 1 + 2, or 3 ter- 
nions, to wit, 44d, acd, and bcd, in the fourth line; and 
1-+42-+3, or 6 ternions, to wit, abe, aee, bce, ade, bde, 
ede, in the fifth line; and, in general, there are as many 
ternions in every new line as there are binions in all the 
foregoing lines together; it follows that the numbers of ter- 
nions, or triplets, of letters in the firít, fecond, third, 
fourth, fifth, and other following lines, of rows, of quan- 
tities, will be o, o, 1, 3, 6, 10, 15, 21, 28, &c, which 
are formed by the continual addition of the numbers of the 
binions contained in the faid lines, or of the terms of the 
feries o, 1, 2, 35 4, 5, 6, 7, &c, with a new cypher, o, pre- 
fixed to them. 

Thefe numbers o, o, 1, 3, 6, 10, 15, 21, 28, &c, are 
often called the srigonal, or triangular, numbers, or the figu- 
rate numbers of the third order. 


44. Fourth Comclefion. As there are no quaternions, or 
quadruplets, in the thrée firft lines; and there is one quater- 
nion, or quadruplet, to wit, acd, in the fourth line ; and 
14-3, Or 4, quaternions, to wit, 42ce, abde, acde, and . 
Sede, in the fifth line; and as, in general, there are as 
many quaternions in every new line as there are ternions in 
all the foregoing lines together; it follows that the number 
of quaternions, or quadruplets, of letters in the firft, n 

third, 


» 
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third, fourth, fifth, and other following lines, or rows, of 
quantities, will be o, o, o, 1, 4, 10, 20, 35, 56, 84, &c, 
refpe&ively ; which numbers are formed by the continual 
addition of the ternions, or triplets, contained in the faid 
lines, or of the terms of the lat preceeding feries o, o, 1, 
3, 6, 10, 15, 21, 28, &c, with a new cypher, o, prefixed 
to them. 

Thefe numbers o, o, o, T, 4, 1o, 20, 35, 56, 84, &c, 
are often called the pyramidal numbers, or the figurate num- 
bers of the fourth order. 


45. Fifth Conclufion. In like manner the numbers of the 
quinions, or quintuplets, of letters contained in the feveral 
fucceffive lines, or rows, of quantities beginning with the 
letters a, b, c, d, e, &c, will be 0, 0, 0, 0, 1, 5, 15, 35» 
70, 126, 210, &c, refpectively; which are formed by the 
continual addition of the quaternions, or quadruplets, con- 
tained in the faid lines, or of the terms of the laft preceeding 
feries 0, 0, 0, 1, 4, 10, 20, 35, 56, 84, &c, with a new 
cypher, o, prefixed to them. 

Thefe numbers o, 0, 0, 0, 1, 5, 15, 35, 70, 126, 210, 
&c, are often called the triangulo-pyramidal, or trigone-pyra-. 
midal, numbers, or the figurate numbers of the fifth order. 
And they are alfo fometimes called the triangulo-triangular, 
or trigono-trigonal, numbers. 


46. Sixth Conclufion. And, in like manner, the numbers 
of the fenions, or /extuplets, of letters contained in the faid 
feveral fucceffive lines, or rows, of quantities beginning with 
the letters a, 2, c, d, ¢, f, g, b, &c, will beo, 0,0, 0, 0, I, 
6, 21, 56, 126, 252, 462, &c, refpectively; which are 
formed by the continual addition of the quinions, or quin- 
tuplets, contained in the faid lines, or of the terms of the laft 
preceeding feries o, 0, 0, o, 1, 5, 15, 35, 70, 126, 210, &c, _ 
with a new cypher, o, prefixed to them. 

Thefe numbers 0, 0, 0, 0, 0, 1, 6, 21, 56, 126, 252, 
462, &c, are often called the pyramido-pyramidal numbers, 
and fometimes the /riangulo-pyramidal, or trigone-pyramidal, 
numbers, or the figurate numbers of the fixth order. 

47. And 


* 
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47. And in the fame manner the numbers of the /eptena- 
ries, or feptuplets, and offonaries, or offuplets, and other 
higher combinations of the letters a, 2, c, d, e, f, g, b, &c, 
contained in the faid feveral fucceffive lines, or rows, of 

wantities beginning with the faid letters refpe&ively, will 
form the feventh and. eighth and other following higher on 
ders of the figurate numbers refpectively. 


48. And thus we have unexpectedly been led by the con- 
fideration of the nature of combinations to the contempla- 
tion of the fgurate numbers, or of the numbers that are 
formed from a feries of equal numbers, or units, to wit, 
1,3, 1, 1, 1, 1,1, 1, I, I, &c, by the continual addition 
of all the terms, and by the like addition of all the terms of 
every following feries fo obtained. For thefe are the num- 
bers to which arithmeticians have given the name of tho 
figurate numbers. | 


49. Ia order to reprefent the feveral orders, or feriefes, 
of thefe figurate numbers in one view, and thereby to ren- 
der what I have further to obferve concerning them more. 
eafy to be apprehended, I have fubjoined the followin 
table of them, containing the firft twelve terms of the firf 
twelve orders, or feriefes, of the faid numbers; which the 
reader, if he choofes it, may eafily continue to a greater ex- 
tent, both downwards, or towards the bottom of the page, 
and fideways towards the right hand. In this table the In- 
dian, or Arabian, figures 1, 2, 3, 4, £ 6, 7, 8 9, 10, 11, 
12 (that are placed on the left fide of the table in a direction 
parallel to the fide of the page, and feparated from the table 
by a double black line) exprefs the places, or numbers, of 
the feveral horizontal rows of numbers to which they are ad- 
jacent refpectively, and alfo the numbers of letters, or things 
that are to be combined together. And the capital Roman 
figures I, II, III, IV, V, VI, VII, VIII, IX, X, XI, and 
XLI, (that are placed dire&ly over the table, parallel to 
the top of the page) exprefs the places, or numbers, of the 
feveral vertical columns, and are likewife the exponents of 
the combinations of the letters 2, 4, c, 2, e, f, g, b, Mi 

which 
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which are reprefented by the faid vertical columns refpec- 
tively. And the faid vertical columns themfelves are the fe- 
veral orders, or feriefes, of figurate numbers, or of the feve- 
ral combinations of the firft, fecond, third, and other fol- 
lowing orders, as far as the twelfth order, of which the Ro- 
man numerals I, II, III, IV, V, VI, VII, VIII, IX, X, XI, 
and XII, at the top of the table, are the exponents, with 
the proper number of cyphers, o, prefixed.to them. Thus, 
the Fit vertical column on the left-hand fide of the table, 
under the Roman numeral I, is a feries of units, to wit, 
1, 1, I, I, 1, 1, I, I; 1, I; 1, I, or the firft order of figurate 
numbers, which Dr. Wallis calls Monadicks, and reprefents 
the numbers of the letters a, 4, c, d, e, f, g, 5, i, & ], and 
m, that occur fingly, or without being joined with any 
other letter, in the feveral lines, or rows, of quantities that 
are fet down in chap. 2, art. 28, and which are fuppofed 
to be continued to the twelfth line; and the fecond vertical 
column on the left-hand fide of the table, under the Ro- 
man numeral II, is the feries o, 1, 2, 3, 4 5, 6, 7, 8, 9, 10, 
11, or the fecond order of figurate numbers called she na- 
tural, or Jateral, numbers *, with a cypher, o, prefixed to 
them, and reprefents the numbers of binions, or couplets, of 
the letters 2, 2, e, d, e, f, g, b, i, k, 1, and m, or combi- 
* nations of them by two in a parcel, that occur in the laid 
twelve fucceffive lines, or rows, of quantities; and the third 
vertical column, under the Roman numeral III, is the feries 
©, ©, 1, 3, 6, 10, 15, 21, 28, 36, 45, 55, or the third order 
of figurate numbers, called the trigonal, or triangular, num- 
bers, with two cyphers prefixed to them, and reprefents the 
numbers of ternions, or triplets, of the letters a, 4, e, d, e, 
Sy g b, i, k, J, and m, or combinations of them by three in 
a parcel, that occur in the faid twelve fucceffive lines: and 
the fourth vertical column, under the Roman numeral IV, 
is the feries o, o, 0, 1, 4, 10, 20, 35, 56, 84, 120, 165, or 
the fourth order of figurate numbers (called the pyramidal 
numbers) with three cyphers prefixed to them, and repre- 


* See Dr, John Wallit's Difcourfe of Combinations, sbitoranions, and Ali-. 
geet Ports, bound up with i Aigo, page 109. , 
! fents 
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fents the numbers of quaternions, or quadruplets, of the let- 
ters a, b, ¢, d, e, f, g, b, i, b, l, and m, or combinations of 
them by four in a parcel, that occur in the faid twelve fuc- 
ceffive lines: and the fifth vertical column, under the Ro- 
man numeral V, is the feries 0,0, 0, 0, 1, 5, 15, 35 70» 
126, H » or the fifth order of figurate numbers 
(called the triangulo-pyramidal, or trigono-pyramidal, numbers) 
with four cyphers prefixed to them, and reprefents the num+ 
bers of quintuplets, or quinions, of the letters a, 4, c, d, e, 
f, & b, i, ky 1, and m, or combinations of them by five in 
a parcel, that occur in the faid twelve fucceffive lines: and 
the fixth vertical column, under the Roman numeral VI, is 
the feries 0,0, 0,0, 0, 1, 6, 21, 56, 126, 252, 462, or 
the fixth order of figurate numbers (called the pyramido- 
pyramidal numbers) with five cyphers prefixed to them, and 
reprefents the numbers of fextuplets, or fenions, of the let- 
ters a, b, c, d, e, f, g, b, i, k, I, and m, or combinations 
of them by fix in a parcel, that occur in the faid twelve 
facceffive linés *. And, in like manner, the fix following 
vertical columns, under the Roman numerals VH, VIII, IX, 
X, XI, and XII, contain the feventh, eighth, ninth, tenth, 
eleventh, and twelfth orders of figurate numbers, with fix, 
feven, eight, nine, ten, and eleven, cyphers prefixed ta; 
them refpe&tively, and reprefent the numbers of feptuplets, 


* Dr. John Wallis, in his Difcourfe of Combinations, Alternations, and 
Aliquot Parts, bound up with his Algebra, page 109, and Mr. Nicholas 
Mercator, in his Logarithmetechnia, publithed in the firft volume of this col- 
Uc&tion of tra&s, called Scriptores Logarithmici, page 178, call the 5th order 
of figurate numbers, to wit, 0, 0,0, 0, 1, 5, 15, 36» 70, 126, 210, 330, 
&c, the triangule-triangular, or trigono-trigonal, numbers, and the 6th order 
of figurate numbers, to wit, 0,0, 0) 0, O, 1, 6, 21, 56, 126, 252, 462, Kc, 
the friangulecpyramidal, or trigono-pyramidal, numbers, inftead of calling the 
former the Irianguledyranidai, or trigono-fyramidal, numbers, and the latter 
the fyramido-pyramidal numbers, as our author calls them. So that there 
appears to be a variation amongft different writers on this fubjc& with refpect 
to the names to be given to the figurate numbers of the sth and 6th, and 
other hi, “ orders, And therefore, to avoid ambiguity, it feems to be 
moft converíient to denote the figurate numbers of the sth and 6th, and all 
higher, orders, only by the numbers or exponents, of their orders, ealling 
them the figurate numbers of the fifth, and the 6th, and the 7th, and the 
Sth, and other following higher orders. 


L o&uplets, 


B 
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* o&uplets, noncuplets, decuplets, undecuplets, and duode- 
| cuplets, or of feptenions, octonions, novenions, denions, 
1 undenions, and duodenions, of the letters e, 5, c, d, e, f, 
| £j b i, k, i, and m, re(pectively, or combinations of. them 
| by feven in a parcel, and by eight in a parcel, and by nino 
; in a parcel, and by ten in a parcel, and by eleven in a par- 
cel, and by twelve in a parcel, that occur in the faid twelve 
fucceffive lines. 





u—————— er 


A Table of tbe firft twelve orders, or feriefes, of figurate numbers, 
or of all the different combinations that may be made of twelve 
diferent letters a, b, c, d, e, f, g, hy i, k, l, and m, by 
taking them, firft, finely, and then ‘combining "bem witb each 
otker in parcels confifting of two letters, of three letters, of four 

. etters, of Jive letters, of fix letters, of feven letters, of eight 
letters, of nine letters, of ten letters, of eleven letters, and of 
twelve letters. 


—— € —À 


Tbe Roman numerals at the top of tbe table are tbe expenents of 
the combinations of the letters a, b,c, d, e, f, g, hy 2 k,l m, 
exbibited by the feveral vertical columns in it. 
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The firft vertical column on the left hand contains the 
letters that are to be combined together. 

The fecond column expreffes the numbers of letters that 
arc to be combined together. 


50. Fhe properties of the numbers exhibited in the fore- 
going table are truly curious and furprifing. For it not. 
only contains in it (as we have feen in the foregoing pages) 
the clue to the myfterious doctrine of combinations, but it 
is alfo the ground, or-foundation, of moft of the important 
and abftrule difcoveries that have been made in the other 
branches of the mathematicks, as is, well known to thofe 
perfons who are fkilled in the higher parts of geometry. We 
fhall bere give a flight-fketch, and but a flight one, of fome 
of the faid properties, without a formal demonftration of any 


of them except the twelfth and laft, which is that which is - 


moft immediately connected with the fubje& of combina- 
tions which we are here inquiring into; the other eleven 
properties being either eafy confequences of the faid 12th 
property, or being fufficiently evident from the manner in 
which the foregoing table was conftructed, or the feveral or- 
ders of figurate numbers were generated from each other. 


Some wonderful properties of tbe foregoing table cf combinations, 





51. The firft property. The fecond of the vertical co- 
lumns of numbers in the faid table, or that which is placed 
ander the exponent II, begins with one cypher; the third 
.olumn begins with two cyphers; the fourth column with 
three cyphers; and, in general, every column with as many 
cyphers, wanting one, as there are units in the exponent of 


the combinations reprefented by it, fo that, if the exponent ~ 
La 


of 
" 
' 
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af the column is c, the number of cyphers in the beginning, 
of the column will be c—1. 

‘This property is too evident to need, or, perhaps, to ad- 
mit of, any proof. 


52. The fecond property. The firft fignificant terms of 
the feveral vertical columns, taken in their order in a flant- 
ing line downwards from the top of the table on the left 
hand to the bottom of it-on the right hand, are the fame 
with the fignificant terms of the firft vertical column; and 
the fecond fignificant terms of the feveral vertical columns, 
taken in the fame manner, are the fame with the fignificant 
terms of the fecond vertical column ; and the third fignificant 
terms of the feveral vertical columns, taken in the fame 
manner, are the fame with the fignificant terms of the third 

- vertical column; and, in like manner, the fourth, fifth, 
fixth, and other following, fignificant terms of the feveral 
vertical columns are the fame with the fignificant terms of 
the fourth, fifth, fixth, and other following, vertical columns, 
refpe&ively : fo that the firft of thofe oblique lines of terms 
conftitutes a feries of units, or 1, 1, 1, 1, 1) 1, 1, 1, 1, 1, 1, 
1, or the fir(t order of figurate numbers; and the fecond of 
thofe oblique lines of terms conftitutes a feries of the natural, 
or lateral, numbers, or 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, OF 
she fecond order of figirate numbers; and the third of thofe 
oblique lines of terms conftitutes a feries of the trigonal or 
triangular numbers, to wit, 1, 3, 6, 10, 15, 21, 28, 36, 455 
55. Or the third order of figurate numbers; and, in like 
1nanner, the fourth, fifth, fixth, and other following oblique 
lines of terms, conftitute the fourth, fifth, fixth, and other 
following orders of figurate numbers refpectively. 


53. The third property. The fecond term in every ver- 
tical column, beginning from 1, is the fame number as the 
exponent of the combinations exhibited by the faid column, 
or as the number denoted by a Roman numeral at the top 
of the column, which denotes its place or order in the table, 
Thus, the fecond term of the fourth vertical column 1, 4, 
39, 20, 35, 56, 84, 120, 165, reckoning from 1, is +i 

aR 
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and the fecond term ‘of the fifth vertical column is 5, and 
the fecond term .of the fixth vertical column is 6 ; and the. 
fame thing may be obferved in all the following columns. 


This property is too evident to need a proof. 


z4. The fourth property. Every term in the foregoing 
ile is equal to the fum of all the terms that ftand above it 
-' tLe next preceeding vertical column. Thus, for example, 
ic (which is the fixth fignificant term in the fourth vertical 
Ctm? is equal to the fum of 1, 3, 6, 10, 15, and 21, 
which ave the firft fix fignificant terms of the next preceed- 
ing, or third, vertical column, and which all ftand above 
the faid term 56, or above the term 28 in the third vertical 
column, which ftands even with the faid term 56 in the 
fourth column. 

This property is manifeft from art. 40, 41, 42, &c. — 
— 48. 


5. The fifth property. Every term in the table, after the 
n. term 1 in each horizontal row of terms, is equal to the 
fum of the two terms that ftand immediately above it in 
the fame vertical column and in the next preceeding vertical 
column. Thus, for example, 56 (which is the oth term in 
the fourth vertical column, including the cyphers, or the 


fixth term exclufive of the cyphers) is equal to the fum of^ 


35» which is the term next above 56 in the fame vertical 
column, and 21, which is thé term next above 56 in the 
next preceeding or third vertical column. And, from the 
manner in which the table is formed, the fame thing is evi- 
dent of every other term in the table. 


56. The fixth property. The terms of every tranfverfe, 


or horizontal, column increafe gradually from 1 to a certain 
magnitude, and then decreafe again by the fame degrees to 
1, €o as to make the terms that are equidiítant from the 
beginning and the end of the column be equal to each other. 
Thus, for example, the terms of the 7th tranfverfe, or ho- 
rizontal column are 1, 6, 15, 20, 15, 6, 1, in which the 
firft and she laft term are, both of them, 1, the fecond 

term 
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term and the laft term but one, are, both of them, 6, the 
third term and the la(t term but two are, both of them, - 
15, and the middle term is 20, which is greater than any of 
the others. , And the fame thing may be obferved in all the 
other tranfverfe or horizontal columns. 


57. This property may be fhewn to be general or to ex- 
tend to all the tranfverfe, or horizontal columns, how nu- 
merous foever, to which we may fuppofe the table to be 
continued, as well as to the twelve columns fet down in the 
foregoing table, by proving that, if it is true in any one 
horizontal column, (as we have feen that it is in all the ho- 
rizontal columns fet- down in the foregoing table), it will 
alfo be true in the next following horizontal column. Now 
this may be proved in the manner following. . 

It appears from the fifth property already mentioned, that 
the fecond and other following terms of every new tranf- 
verfe, or horizontal, column are equal to the fums of the 
two terms that ftand immediately above them in the fame 
vertical column, and in the next preceeding vertical column, 
refpectivelg, or to the fucceffive fums of the terms of the 
next preceeding horizontal column, taken. two. by two. 
"Thus, for example, the fecond, third, and other following 
terms of the 8th horizontal column are 7, 21. 35, 35; 21, 
7, and 1; of which 7 is = 1 +4 6, or the fum of the firft 
and fecond term of the next preceeding, or 7th horizontal 
column 1, 6, 15, 20, 15, 6, 1; and 24 is = 6 +15, or 
the fum of the tecond and third terms of the faid feventh 
horizontal column; and 35 is = 15 + 20, or the fum of 
the third and fourth terms of the laid feventh horizontal 
column; and the fecond 35 is — 20 4- 15, or the fum of 
the fourth and fifth terms of the faid feventh horizontal ¢o- 
lumn ; and the fecond 21 ‘is = 15 + 6, or the fum of the 
fifth and fixth terms of the faid feventh horizontal column ; 
and the fecond 7 is = 6 + 1, or the fum of the fixth and 
feventh terms of the faid feventh horizontal column; and 
the fecond 1 is = 1 + o, or the fum of the feventh and 
eighth terms of the faid 7th horizontal column. So that 
the terms of the faid 8th horizontal column, 1, 7, 21, 55; 

353 


* 
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35> 21, 7, 1, may be derived from the terms of the next 
preceeding, or 7th, horizontal column, t, 6, 15, 20, 15, 
6, 1, by fetting down the latter terms twice following in 
two parallel horizontal rows, with the terms in the lower 
row advanced one ftep to the right hand beyond thofe in the 
upper row, fo that the firft term of the fecond row fhall be 
immediately under the fecond term of the firft row, and the 
fecond term of the fecond row under the third term of the 
firft row, and the third term of the fecond row under the 
fourth term of the firft row, and every following term of the 
fecond row under the next higher term of the firlt row, and 
then adding the correfpondent terms, or the terms which 
ftand in the fame vertical lines, together, in thc manner 
following. ! 
1, 6, 15, 20, 15, 6, 1 
1, 6, 15, 20, 15, 6, 1 


' 





J, 7» 21, 35, 35, 205, 7, Y 
Now from this manner of deriving the terms of the 8th ho- 
rizontal row of numbers from the 7th horizontal row of 
numbers, it is manife(t that, fince the terms of the feventh 
row that are equidiftint from the two extreme terms 1 and 1, 
are equal to each other, the terms of the 8th row which are 
equidiftant from the two extreme terms 1 and 1, muft like- 
vife be equal to each other, being the fums of equal num- 
bers that are added together in an oppofite order, to wit, 
6+ 1 and 1+6, 15 +6 and 6 E 15, and 20° +15 and 
15 + 20. And this method of reafoning will prove in like 
manner that, fince the terms of t;e 8th horizontal row of 
numbers that are equidiftant from the two extreme terms 1 
and x are equal to each other, the terms of the oth hori- 
zontal row of numbers that are equidiftant from the two ex- 
treme terms 1 and 1 will alfo be equal to cach other; and, 
confequently thar, to whatever extent the table be fuppofed 
to be continued, the terms of every following horizontal 
tow of numbers that are equidiftant from the two extreme 
terms 1 and x. will be equal to each other. M 
Q, X. D. 


158. The” 


" 
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58. The feventh property. If we take a certain number 
of vertical columns of numbers in the foregoing table, and 
continue the terms in each column till they are as many as 
there are columns, and then add up the feveral numbers in 
each column, and place the fums thereby obtained in a new 
horizontal line, or row, at the bottom of the faid columns, 
the firft of thefe fums will be equal to the laft but one, the 
fecond of them to the laft but two, the third of them to the 
laft but three, and in general, the mth term to the laft but 
m. Thus, for example, if we take the firft eight vertical 
columns, and continue them to eight terms each (including 
the cyphers in the beginning of all but the firft column), 
and then add the numbers in each feparate column into one 
fum, the fums thereby obtained will be 8, 28, 56, 70, 56, 
28, 8, and 1 ; of which the firft fum 8 is equal to the lait 
but one, the fecond fum 29 is equal to the lait but two, and 
the third fum 56 is equal to the laft but three, and the fourth 
term 70 is itfelf the laft term but four. 


I o o o o o o o 
1 1 o o o o o o 
I 2 1 o o o o o 
I 3 3 1 o o o o 
1 4 6 4 1 o o o 
I 5 |10 |10 5 I o o 
1 6 |15 } 20 | 15 6 1 o 
Y 7 |21 35 [35 J 21 7 I 
8 |28 156 |]7o | 56 | 28 8 1 


. 59. This property follows from the fourth property, which. 
is mentioned above in art. 54. For, by that property, each 
of the faid fums is equal to the next following term of the 
next horizontal row of numbers, that is, in the example 
here given, of the ninth horizontal row of numbers in the 
foregoing table, which is 1, 8, 28, 56, 70, 56, 28, 8, and. 
1; to wit, the fum of the units in the firft vertical column 
is equal to the fecond term 8 of the faid ninth horizontal 
row of numbers, and the fum of the numbers 1, 2, 3, 4, 
5, 6, 7, in the fecond vertical column is equal to the third 

. 8 terza 
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term 28 of the faid ninth horizontal row of numbers ; and the 
fam of the numbers 1, 3, 6, 10, 15, 21, in the third vertical 
column is equal to the fourth term 56 of the faid ninth hori- 
zontal row of numbers; and in like manner, the fums of the 
numbers 1, 4, 10, 20, 35, in the fourth vertical column, and 
of the numbers 1, 5, 15, 35, in the fifth vertical column, 
and of the numbers in the fixth, feventh, and eighth verti- 
cal columns, are refpe&tively equal to the numbers 70, 56, 
28, 8, and 1, or the fifth, fixth, feventh, eighth, and ninth, 
terms of the faid ninth horizontal row of numbers. But, by 
the fixth property (which has been mentioned above in art. 
56, and demonftrated infert. 57) the terms of the faid ninth 
horizontal row of numbers, 1, 8, 28, 56, 70, 56, 28, 8, 
and 1, that are equidiftant from the two extreme terms 1 and 
1, are equal to each other, and muft be fo from the man- 
ner in which they are generated. Therefore the faid fums 
of the numbers contained in the faid eight vertical columns, 
being equal to the fecond, third, fourth, and other follow- 
ing terms of the faid ninth horizontal row of numbers, muft 
be fuch that, if an unit be prefixed to them (whereby their 
number will be increafed to nine terms), the terms that 
are equidiftant from the two extreme terms 1 and 1 will be 
equal to each other. And confequently, if an unit be not 
prefixed to them, the firft of thofe fums will be equal to 
the laft of them but one, and the fecond of them will be 
equal to the laft but two, and the third of them will. be 
equal to the laft but three, and the mth of them will be 
equal to the laft but m. And this, it is evident, will be true, 
if inftead of eight vertical columns continued to eight terms 
each, we were to take any other number of vertical co- 
lumns, how great foever, and continue them till the num- 
ber of the terms in each column (including the cyphers) was 
equal to the number of the columns. And therefore it is 
true univerfally. — Q, E. D. 


60. The eighth property. The horizontal rows of num- 
bers in the foregoing table of combinations, beginning with 
the fecond row, exhibit the co-efficients of the feveral fuc- 
ceffive powers of a binomial quantity, as a -- 4, Thus, the 

M numbers 


^ 
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numbers in the fecond horizontal row, to wit, -1 and 1, are 
the co-efficients of the two members a and 2 of the aid bi- 
nomial quantity a + 2 itfélf, or (as it is fometimes called) 
of the firft, or fimple, power of the faid binomial quantity. 
The numbers i in the third horizontal row, to wit, 1, 2, 
and 1, are the co-efficients of the feveral terms aa, 2a5, 
and B, of the compound quantity aa + 2a) + 22, which is 
the fquare, ‘or fécónd power, of the faid binomial quantity. 
‘The numbers in the 4th horizontal row, to wit, I, 3, 3, 
and 1, are the co-efficients of the feveral terms of the com- 
pound quantity a! + 3*5 + 3ab* + 43, which is the cube, 
or third power, of the faid binomjal quantity. The num- 
bers in’ "de “5th horizontal row, to wit, 1, 4, 6, 4, and 1, 
are the co-efficients of the feveral terms of the compound 
quantity a4 +, 443b + 6a*d* 4 4ab* + 4, which is the 4th 
power of the faid binomial quantity. "And, in like man- 
ner, the numbers in the 6th, 7th, 8th, oth, and every fol- 
_ owing horizontal row to the sth row (x being any whole 
,number whatfoever) will be the co-efficients of the terms 
of the sth, 6th, 7th, 8th, and every following power of 
the faid binomial quantity ¢-+4, to the »—1)th power, 
refpe&ively; and the numbers in the # + 1}th horizontal 
row of terms in the faid table will be the co-efficients of 
the terms of the #th power of the faid binomial quantity. 


61. This property will appear from the manner in which 


the powers of the binomial quantity a -- are generated 
from each other by multiplication, which is as follows : 


oth 
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ats 
a+b 
aa+ab 
Tab +4) 
aa+2ab +bb = ad 
44-5 
9! + 24°} 4- abb 
+ ab +2abb +33 
a+ 30°F 434% P = ath 
| a+b 





4* + 34!b + 34^ a 
+ @b 43a + 3aP IS 


at «b 44b -- 627^ -- 4aP +34 = ax. 
Or, if, for brevity’s fake, we fubfticute 1 +1 inftead of 
4 t 2, the multiplication will be as follows : 
I+! 
I+1 


I+1 
+141 


If-2+1 = iul 


I4I 


14-24F1 
Ticri4ai 


1434341 = pil 
rd 


I+34+341 
+1434+3-+419 


144464441 = 1431/4, 
Mz Here 
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Here we fee that every new power of the binomial quan- 
tity 1+1 is formed by adding together the terms of the 
next preceeding power of it by two at a time, or in fetting 
down the terms of the preceeding power twice following in 
two parallel horizontal rows, with the terms in the lower 
row advanced ore ftep to the right band beyond thofe in 
the upper row; which is the manner in which the feveral 
horizontal rows of numbers in the foregoing table of combi- 
nations are, or may be, derived from each other, as appears 
from the sth and 6th properties above-mentioned in art. 55, 
56, and 57. Therefore, fince thefe co-efficients of the terms 
of the powers of the binomial quantity 1--1 are generated 
from 1+1, in the fame manner as the 3d, 4th, sth, and 
other following rows of numbers in the foregoing table of 
combinations are generated from the fame numbers 1 and 1 
in the fecond horizontal row, it follows that the numbers 
contained in the 3d, 4th, sth, and other fubfequent hori- 
zontal rows muft coincide with, or be the fame with, the 
co-efficients of the terms of the fquare, cube, fourth power, 
and ather following correfpondent powers of the faid bino. 
mal quantity. — Q, E. D. 


62. The ninth property. The fums of the numbers 
contained' in the feveral fucceffive horizontal rows in the 
foregoing table of combinations increafe continually in the 
proportion of 1 to 2; or the fum of the numbers in every 
new horizontal row is double of the fum of the numbers in 
the next preceeding horizontal row. Thefe fums are as 
follows : 


In the 1ft horizontal row rz 4-o4-0 &c are = 1. 

In the 2d horizontal row 1+1+0+0 &c are = 2. 

In the 3d row 1 2 1 4-04-0 &c are = 4. 

In the 4th row 1--3-- 3-F 1-- 04-0 &c are = 8. 

Jn the sth row 14+-.446+4+1+0+0 &care = 16. 

In the 6th row 1 4- 5-F 104-104: 5-1 &c are = 32. 

In the 7th row 1--64-15--204-15-- 64-1 are = 64. 

In the 8th row 14-7 21 -354-35-- 214-7 1 are = 128. 


Fach 
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Fach of thefe fums is double of the fum immediately 
preceeding it. And the fame thing is true of the fums of 
the terms of the four following horizontal rows in the fore- 
going table, and of tbe (ums of the terms of all the follow- 
ing horizontal rows that would belong to it, if it were con- 
tinued to any greater number of vertical columns and hori- 
zontal rows whatfoeéver. . 


63. This property follows from what has been fhewn 
above in art. 57, to wit, that every new horizontal row of 
numbers in the faid table may he derived from the next 
preceeding horizontal row of numbers by fetting down the 
numbers of the faid preceeding row twice following in two 
parallel horizontal rows, with the terms in the lower row 
advanced one ftep further to the right hand than the terms. 
in the upper row, and then adding the terms of the two rows 
that ftand in the fame vertical lines together. For the fum 
of the numbers contained in the new horizontal line arif- 
ing from the addition of the faid two lines together, muft 
evidently be double of the fum of the numbers in only one 
of the lines fo added. Thus, if we fet down the numbers 
of the 7th horizontal row of numbers, to wit, 1, 6, 15, 20, 
15, 6, 1, twice following in two parallel rows one under 
the other, as follows, 

1, 6, 15, 20, 15, 6, t 
1, 6, 15, 20, 15, 6, 1, 
and then add the two rows together, fo as to make a new 
line of numbers, to wit, . 
1, Js 21, 35) 35» 215 79 D, 
. it is evident that the fum of the numbers contained in this 
new line muft be double of the fum of the numbers con- 
tained in either of the two former lines. Q E. D. 


64. This property may alfo be derived from the laft or 
8th property, fet forth and proved in art. 6o and 61. For, 
fince every new power of the binomial quantity 1 + 1 muft 
be greater than the next preceeding power of it in the pro- 
portion of 1 + 1, or 2, to 1; and it has been fhewn in art. 
61, that the feveral horizontal rows of numbers in the forc- 

5 going 
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going table exhibit the members of the feveral fucceffive 

wers of the binomial quantity 1 + 1 ; it follows that the 

faid horizontal rows of numbers muft be greater, one than 
the other, in the fame proportion of r+1, or 2, tor. ~ 
QE. D. 


65. The tenth property. If the fums of the numbers 
contained in the vea horizontal rows of the foregoing 
table of combinations be continually added to each other, 
the new fums thence arifing, or the fums of the former fums, 
will form a feries of numbers, which will be equal to the 
feveral powers of 2, with an unit fubtra&ed from them, or to 
2—1, 2h— 1,2] — 1, 2*— 1, 25— 1, 26 — 12] — i» 
&c, orto 2 —1, 4—1, 8— 1, 16— 1, 32— 1, 64 —1» 
128 — 1, &c, or 1, 3, 7, 15, 31, 63, 127, &c. 

Thus, for example, the fums of the eight firft horizontal 
rows of numbers are 1, 2, 4, 8, 16, 32, 64, and 128, re- 
fpe&ively, as we have feen in art. 62. Now, if thefe fums 
are added together, we fball have 


1=1=2—1 
1+2=3=4—1 2p—1, 
14+244=7= 8— 
1-244 4-8—15z16— 1=24—1, 

124 448-16231—32—1—2|— 1, 

I4d24448-416- 32—63—64 —1, 
14244484164 32 647 127—128—1-2/'—1, and 
14-24. 44-8 4 16 4-32 64 4-1287255—256—1—2|'—1. 
And univerfally, if the number of the horizontal rows be »» 
the fum of the fums of all the numbers contained in them 
will be 2)" — 1. 













66. This is evident from art. 33. For the fum of all thefe 
fums is the number of all the poffible comibinations of » 


letters ; which is fhewn in art. 33 to be = 2] —1. There- 
fore the fucceflive fums of the fums of all the numbers con- 
tained 
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tained in the'faid horizontal rows will form the feries #, 
2—1, Wr, 2u— i, ho ns —1, d —:, W—1, 
W—1, &e... Oo V 

67. Theeleventh property. If we divide the terms of 
the fecond, or any other of the vertical columns of the fore- 
going table of combinations by the correfponding terms (or 
terms fituated in the fame horizontal line) of the next pre- 
ceeding vertical column, the feveral quotients thence arifing 
will be equal to the terms of an arithmetical progreffion con- 
fifting of actions, of which the common difference is a frac- 
tion of which an unit is the numerator, and the number 
which is the exponent of the firft of the-faid vertical columns 
(by the terms of which the terms of the other vertical column 
are divided) is the denominator. 


Thus, for example, if we divide each of the terms of the 
fecond vertical column o, 1, 2, 3, 4, 55 6, 7, 8, «, 10, 11 
(omitting the firft term, which is a cypher, or o), by the 
Correfponding term of the firft vertical column 1, 1, 1, 15 

. : nr 1 2 3 4 
I, 1, P, 1j 1, 3, H, I, the quotients will be ob? 
4, 4, Es 3, 4, E: +, which differ from each other by 
the common difference I 


And, if we divide each of the terms ofthe third vertical 
column o, o, 1, 3, 6; 10, 15, 21, 28, 36, 45; 55 (omit- 
ting the two cyphers) by the correfponding term of the fe- 
cond vertical column, o, 1, 2, 3; 4, 5; 6, 7, 8, 9, 10, 11, 

. | 6 8 36 
the quotients will be +, i, Y P $ EE v x, 45, and 
=, which are refpe&tively equal to T 3, 4, 4, 4, 4, 


4 2, 4, and 2, which differ from each by the fra&ion 
—, of which 1 is the numerator, and 2, or the exponent of 
the fecond vertical column 0, 1, 2, 3; 4, 5, 6; 75 85 9» 

10, 
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10, 11, (by the terms of which the terms of the third verti- 
cal column are divided), is the denominator. : 


If we divide the terms of the fourth vertical oy 
(omitting the cyphers at the beginning) by the correfpond- 
ing terms of the third column, the quotients will be as fol- 
lows ; to wit, 


het 
3 3 
4.2 
ry 
1 _ 3 
39 77$ 
LPS 
13 3 
3$ l5 
ar 3 
56 _ 6 
38 73 
0-1 
367 3 
3o. 8 
45 83 
and 16$ — 9. 


7 >? which differ from each other 


by the fraction +, of which 1 is the numerator, and 3, or 


the exponent of the third vertical column (by the terms of 
which the terms of the fourth vertical column are divided), 
is the denominator. 

In like manner the quotients that arife by dividing the 
terms of the fifth vertical column by the correfponding 
terms of the fourth vertical column are the following, to wit, 

6 - : : 
T i. z B E e E and E which are refpe&ively 
6 8 
equal to P 4 £ 4, 4, v 4, and 7. 

And the quotients that arife by dividing the terms of the 
fixth vertical column by the correfponding terms of the 

fifth 
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: 1 6 cr 56 3126 262 463. 
fifth. vertical colamn are j'y Gy m n ns d S 
which are refpe&ively equal to T T ^ H i$ 
and 2, 

 § 

The quotients that arife by dividing the terms of the fe- 
venth vertical column by the correfponding terms of the 


1 7 28 84 210 42 . 
fixth column are 7, ai? 56? n 353° and do which are 
refpectively equal to = $ 4, 4, 4, and & 


The quotients that arife by dividing the terms of the 
eighth vertical column by the correfpondent terms of the fc- 


1 8 36 120 410 . 
venth column ar, 38° By? jo and i which are re- 


fpectively equal to > EZ i, 4, and EE 

The quotients that arife by dividing the terms of the ninth 
vertical column by the correfponding terms of the eighth 
column are m FI 4, and m which are refpe&ively 
equal to y * 4, and i ! 


The quotients that arife by dividing the terms of the tent 


vertical column by the correfpondent terms of the. ninth 
column are $ Ez E which are refpectively equal a " 


2. and 4 
[M 9^ 

And the quotients that arife by dividing the terms of the 
eleventh vertical column by the correfpondent terms of the 
tenth column-are — and a which are refpectively equal to 
1 2 t 


68. This property of thefe nunibers might, if it were rie- 
ceflary to the main obje& of this Treatife, be derived. m ' 
U N 


^ 
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the following, or 12th, property of the faid numbers, which 
we will now proceed to fet forth and to demonftrate. 


' 69. The twelfth property. The fun of all the numbers 
contained in any one of the vertical columns of the forego- 
ing table of combinations, is to the fum of the like number 
of terms that fhould be all equal to the laft term of the 
column, in the fame proportion as 1 to the exponent of the 
column, or tbe number which denotes the place of the co- 
lumn, and which is marked by a Roman numeral figure at 
the top of it. 

Thus, in colamn 1ft, which confits entirely of units, the 
fum of all the twelve terms is 12, which is to the fum of 
twelve terms all equal to the laft term as 1 to 1, or the ex- 
ponent of the firft column. This propofition is felf-evident. 


In the 2d column the twelve terms are o, 1, 2, 39 4» 
5» 6, 7, 8, 9, 10, and t1; the fum of which is 66. And 
the fum of twelve terms equal to the laft, or greateft, term 
i1, is 132, Now 66 is to 132 as 1 is to 2, or the exponent 
of this fecond column. 

In the 3d column the twelve terms are o, o, 1, 3, 6, 10, 
15, 21, 28, 36, 45, and 55; the fum of which is 220. And 
the fum of twelve terms equal to the lat, or greateft, term 
$5, is 660. Now 220 is tq 660 as 1 is to 3, or the expo- 
nent of the third column. 

In the 4th colummeshe twelve terms are o, 0, 0, 1, 45 
10, 20, 35, 56, 84, 130, and 165 ; the fum of which is 49% 
And the fum of twelve terms equal to the laft, or greateft, 
term 165, is 1980. Now 495 isto 1980 as 1 is to 4, or the 
exponent of the fourth column. 

In the sth column the twelve terms are o, 0, 0, 6, 1, 5» 
15, 35, 70, 126, 210, and 339; the fum of which is 792. 
And the fum of twelve terms equal to the laft, or greateft, 
term 330, is 3960. Now 792 is to 3960 as 1 is to 5, or the 
exponent of the fifth column. 

In the 6th column the twelve terms are o, 0,0, 0, 0, 1; 
G at, 56, 126, 252, and 462; the fum of which is Pen 

8 nd 


es 


* 
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And the fum of twelve terms equal to the laft, or greateft, 
term 462, is 5544. Now 924 is to 5544 as 1 is to 6, or thé 
exponent of thc fixth column. 

In the 7th column the twelve terms are 0, 0, 0, 0, 0, o, 
1, 7, 28, 84, 210, and 462; the fum of whichis 792. And 
the fum of twelve terms equal to the laft, or greateft, term 
462, is 5544. Now 792 isto 5544 as 1 is to 7, or the expo- 
nent of the feventh column. 

In the 8th column the twelve terms are o, 0, 0, 0, 0, 0, 
©, 1, 8, 36, 120, and 330; the fum of which is 495. And 
the fum of twelve terms equal to the laft, or greateít, term 
330, is 3960. Now 495 is to 3960 as 1 is to 8, or the expo- 
nent of the eighth column. . 

In the gth column the twelve terms are 9, 0, 0, 0, 0, 0, 
©, 0, 1, 9, 45, and 165; the fum of which is 220. And 
the fum of twelve terms equal to the Jaft, or greateít, term, 
165, is 1980. Now 220 is to 1980 as 1 isto 9, or the expo- 
nent of the faid ninth column. 

In the roth column the twelve terms are o, 0, 0, 0, 0,0, 
©, O, O, 1, 10, and 55; the fum of which is,66. And the 
fum of twelve terms all equal to the laft, or greateft, term 55, 
is 660. Now 66 is to 660 as 1 is to 10, or the exponent 
of the faid tenth column. 

In the 11th column the twelve terms are o, o, 0, 0, 0, 0, 
©, 0,0, 0, I, and i1; the fum of which is 12. And the 
fum of twelve terms all equal to the laft, or greateft, term 
11,15 132. Now 12 is to 132 as 1 is to 11, or the exponent 
of the Bia eleventh column. 


In the 12th column the twelve terms are o, o, 0, 0, 0, 0, 
0, 0, 0, 0, 0, and 1; the fum of which is 1. And the fum 
of twelve terms all equal to the lat, or greateft, term 1, is 
12. Now 1 is to 12 as 1 is to the exponent of the faid 
twelfth column, that exponent being 12. 


And the fame thing will be found to be true, if, inftead 
of taking twelve terms in each of the faid vertical columns, 
we were to take any leffer number, as five, or fix, or feven, 
terms, or any greater pombe of terms whatfoever, as fif- 

2 teen 
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teen, or twenty, or a hundred terms, continuing -the table 
both downwards and fideways for that purpofe, namely, that, 
if the exponent of any one of the vertical columns be called 
f£» the fum of all the terms in the faid column, continued 
to any number of terms whatfoever, will be to the fum of as 
many terms all. equal to the laft, or greateit, term of the 
faid column, as 1 is to c *. . 
70. This 


* The attentive reader may perhaps have obferved, in reading the foregoing 
tranflation of the twelve furpubeg properties of the numbers contained in the 
table of combinations, exhibited in page 74, (which properties are fet forth in 
pages 75; 76, 77, 78, 79, 8o, 81, 82, 83, 84, 85, 86, 87, 88, 89, go, and 
91) that the 7th property (which is ict forth in art. 58, page 80) is not the 
fame with the 7th property in the author’s original, (which is contained in 
page 19), but anfwers to the 8th property fet forth in the aid original; and 
that there is no property in the tranflation that exa&iy anfwers to the faid 
7th property in the original, The reafon of this omiffion is, that the 
‘th property fet forth in the author's original, feemcd to me to be the 
fame with the next preceeding, or 6th, property, and therefore to be an un- 
neceffary repetition, But, whether it is fo, or not, mutt be referred to the 
readers judgment. And therefore I will here fet down both the 6th and 
the 7th property, as they are exprefled. in the original. 

‘The fixth property is expreffed in thefe words. Columne cujufeis tranf- 
erfee termini ab unitate aliquoufque crefcunt, deinde per cofdem gradus rursum 
decrefeunt, dem iniellige de fummis. columnarum. wrticalum e qui-altarum, 
ceu terminis fequentis cclumna tranfverfa, per quartam proprictatim. 

And the feventh property is expreffed in thefe words, | Columzarum ver- 
dicalium equd-altarums bafes, fio: termini colunina tranfocr{ee cujuflibet, primus 
quidem et ultiaus fignificativus perpetuo inter fe aquaniur, ut et fecundu» et pew 
nultimus, terius et antepenaltinus, atque. ita porrà, fi culumna pluribus termi- 
nis fignificativis conftet. 

Now this 7th property feems to me to be a mere repetition of the foregoing 
6th property, and particularly of the firlt fentence of it, to wit, Columaz 
eyjufvis trafu.rfa termini ab unitate aliqu:u'que. crefeunt, deiude per eofdem 
gradus rarsitm decrefeunt. Thefe words, “ a^ unitate crefcunt, deinde per at 
dem gradus rursim deerofeuxt” fecm only to be paraphrafed, or more fully 
explained, by the words of the 7th property, to Wit, primus quidem et uli- 
gnus perpetud inter fe eequantur, ut et fecundus. et peuultimus, terfius et ante- 
penultinu:, atque iia porrd. Therefore, as I could find no new meaning to 
the words of the 7th property, whereby it could be diftinguithed from the 
6th property, I thought it better to gmit it. 

Yet we may obferye that there are twelve properties of the figurate numbers, 
or numbers contained in the foregoing table of combinatiuns, fet down in 
the tranflation as well as in the author’s original. This is owing to my hav- 
ing divided the 1cth property of thefe numbers mentioned in the authors 

see origin 
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70. This is the moft important pri belonging to the 
figurate numbers, and that which Wilt be of mot Ue to us 
in treating of the doctrine of chances, or the art of forming 
probable conjectures concerning events that depend on 
chance, which is the fubje& of this treatife. I. fhall there- 
fore now endeavour to demonftrate this property of the faid 
numbers in a fcientific and fatisfactory manner, and fo as to 
convince my readers that it muft be true in a]l cafes whatfo- 
ever (however great the number of vertical columns, and 
that of the terms in each vertical column, may be fuppofed 
to be taken) as well as in the fmall number of cafes exhibited 
in the foregoing table of combinations. And in order to this 
1 fhall proceed to lay down the four following preliminary 
propofitions, or lemmas, as the ground-work of the follow- 
ing demonttration. 


rr 
Leama I. 


71. The fum of any number of terms whatfoever in the 
firít vertical column in the foregoing table of combinations, is 
equal to the fum of an equal number of terms that are all 
equal to the laft term, 


original (which tonfifts of two branches) into two feparate ies, call- 
per the on branch of the faid roth property in the brigindl (hich is exe 
prefled in thefe words, *€ Summa ferierum tranfverfarum progrediuntur im 
continud ratione dupld”) the oth property in the tranflation; and the fecond 
branch of it (which is exprefled in thefe words, ** Summarum verd fumma, 
ab isitio colledta, terminos conflituunt prcgreffonis duple unitate multatos”) 
tbe 10th property in the tranflaton. . 
The differences therefore between the properties of thefe numbers, as ex- 
fled in the tranflation, and as exprefled in the original, are as follows, 
Fhe fix Brit properties of thefe numbers jn the tranflation anfwer to the fix 
firi properties of them in the original refpettively ; the 7th property in 
the tranflation anfwers to the 8th property in the original : the 8th pro- 
perty in the tranflation anfwers to the gth property in the original : the oth 
and roth properties is the tranflation anfwer to the firft and fecond branches 
of the 10th property in the original : and the 11th and 12th properties in 
the tranflatioa aníwes to the 11th and 12th properties in the original, re- 
SpeGiively, 
DeMon- 
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DeMonstRaTIoN. 


This is evident, becaufe all the terms in the firft column 
are units, or equal to the laft term. Therefore the fum of 
all the faid terms is the fum of the fame number of terms 
equal to the laftterm. — o, E. p. 


 ———— 


Lemma Il. 


72. If in any one,of the vertical columns of numbers in 
the foregoing table of combinations, after the firft column, 
we take as many terms (including the cyphers in the begin- 
ning of the column) as there are units in the exponent of 
the column, the fum of all the faid terms will be to the 
fom of the fame number of terms that are all equal to the 
laft of them jn the fame proportion as 1 is to the exponent 
of the faid column. 


DzMoNsrRATION. 


By the firít property of thefe figurate numbers, fet forth 
in art. 51, the number of cyphers at the beginning of each 
of the faid vertical columns is lefs by an unit than the ex- 
ponent of the faid column. And, by the fecond property of 
thefe numbers, fet forth in art. 52, the firft term in every 
column after the cyphers is an unit. Therefore the fum of 
all the terms of the vertical column that are fuppofed in this 
lemma to be taken (which are only as many as there are 
units in the exponent of the column) will be the fum of fome 
cyphers and an unit, and confequently will be equal only to 
an unit. And the fum of the fame number of terms all 
. equal to the laft will be equal to the fum of the fame num- 
ber of terms all equal to an unit, or will be equal to the ex- 
ponent of the column. Therefore the fum of all the terms 
in the faid vertical column will be to the fum of as many 

terms 
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terms ali equal to the laft term (which is an unit) in the fame 
proportion as 1 is to the exponent of the column. 
QED 


Thus, for example, in the 4th vertical column, if we take 
only the four firft terms o, o, o, 1, the fum of thefe terms 
will be = 1, and the fum of four terms all equal to the lat 
term, which is 1, will be( 1 4-1-- r-p:) = 4. And 
therefore the former fum is to the latter as t is to 4, which 
is the exponent of the faid column. And, in general, if 
the exponent of the column be c, and we take c terms in it, 
the c— 1 terms will be all cyphers, and the cth term will 
be 1. Therefore the fum of the faid ¢ terms will be 1. 
And the fum of ¢ terms all equal to the laft term (which is 
1) will bec. Therefore the dormer fum will be to the latter 
fum as 1 isto c. 

"This lemma is the fame with the general propofition here- 
after to be proved, or the 12th property of the figurate 
numbers, in the cafe of taking only the firft fignificant term 
in each of the vertical columns, which firft term is always 
an unit. 2M : 


———M Á———MMM MÀ 


Lemma Ill. 


73- If the above defcribed 12th property of the figurate 
numbers (which we are preparing to demonftrate the truth 
of) thould be found to be true im any one of the vertical 
columns of numbers contained in the foregoing table of 
combinations, or the fum of any number of terms taken in 
the faid column fhould be to the fum of dte fame number 
of terms all equal to the laft, or greateft, term, always in 
the fame conftant proportion, whatever be the number of 
terms fo taken; and this proportion be that of 1 to a cer- 
tain number denoted by r, fo that the fum of the terms fo 
taken fhall always be equal to the quotient that arifes by di- 
viding the latter fum {or the fum of the fame number of 
terms all equal to the lait term) by the number r ; the excefs 

H of 


. 
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of the number of the terms fo taken- above the number r 
will be to the excefs of the number of terms fo taken above 
1 in the fame proportion as the laft term but one of the terms 
fo taken to the laít term of all. 


‘DemonsTRation. 


Let the terms fuppofed to be taken in the faid vertical co- 
lumn be A, B, C, D, &c....-K, L, of which L is the 
Jaft, and K thela(t but one. And let the number of the 
terms fo taken be #. We are then to prove that »—r will 
be to »—1i as K is to L. 

Now, fince the fum of all the 2 terms A, B, C, D, &c 

-.* K, L is fuppofed to be to the fum of » terms all equal 
to the laft term L, or to # X L, in the Proportion « of 1,tors 
and the fum of all the terms ^, B, C, D, &c. .K, L, 
except the laft term Lb or the fum of all the » —1 terms 
A, B, C, D, &c.... K, is alfo fuppofed to be to the fum 
of n— 1 terms all equal to the laft term K, or to s —i| X 
K, in the fame proportion of 1 to r; it follows that the fum 
of all the s terms A, B, C, D, &c....K, L will be= 


T xm and the fum of all the z—1 terms A, B, C, D, &c, 


K, will be = ee But this latter fum, or A+ B+C 
+D-+ &c +K, is lefs than the former fom, | or A+B+ 


B—IXK. | *XL 


C-F D 4 &c K - L, by L.. Therefore ——— is z *X 


Lets zt and confeuently a—i|xK 


is = 2—7) xL Therefore 5 — riston—ras K is to L. 
Q, E. D. 


Lemma 
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Lemma IV. 


74. If in the foregoing table of combinations, or figurate 
numbers, we take two contiguous vertical columns; and 
the numbers in the firft of the two columns are found to 
have the twelfth property above-defcribed, or the fum of 
any number of terms of it js to the fum of as many terms 
all equal to the laft, or greateft, term, in the fame propor- 
tion as the fum of ‘any other number of its terms is to the 
fum of as many terms all equal to the laft, or greateft, of 
this latter number of terms ; and the faid proportion is that 
of 1 to the number r; and in the fecond of the faid two 
contiguous vertical columns it be found that for a certain 
number of terms 'the numbers in the faid column are like- 
wife poffeffed of the fame rath property, and that the fum 
of the faid number of terms is to the fum of as many terms 
all equal to the laft, or greateít, term in the proportion of 
1 to r- 1, and that the fum of any leffer number of its 
terms is to the fum of as many terms all equal to the laft, 
or greateft, of the faid leffer number of terms, in the fame 
proportion of 1 tor + 1; I fay, then, that, if we take an- 
other term in the faid fecond vertical column above the 
number before taken, and in which the faid 12th. property 
has been found to take place, the faid 12th property will 
take place likewife with refpe& to the numbers in the faid 
fecond column,. when increafed by the faid new term, and 
the fum of all the terms in the faid column, including the 
faid new term, will be to the fum of as many terms all equal 
to the faid new term, in the fame proportion of 1 tor-+1. 


DEMONSTRATION. 


Let 7 be the number of terms that are taken in the fecond 
of the.two vertical columns ; and let the fame number of 
terms be takén in the firft of them. Let the terms in the 
faid firft column be A, B, C, D, &c....K, L, and thofe 
in the fecond column be z, 2, c, d, &e...,k, 1. Then, 
by the fuppofition, the fam of the 2 terms A, B, C, D, &c 


eR, 


E 


9$ A Tranflation of tbe foregoing Extract from 


...+K, L, will be to the fum of » terms, all equal to the 
laft term L, or to 2 X L, in the proportion of 1 to r; and 
the fum of all the » terms e, 2, c, d, c....k 4 will be 
to the fum of » terms all equal to J, or to 2 x /, in the 
proportion of 1 to r-- 1. Now let another term m be added 
to the former terms a, 5, c, d, €9c ....k, J, of the fecond 
of the faid two vertical columns. We are then to prove 
that the fum of all the terms a, 4, e, d, €9c. . . . k, J, and 
m (the number of which is #+1) will be to the fum of as 
many terms all equal to the laft term m, or to n+ 1 x m, 
in the fame proportion of 1 to r4- 1. 

Now, by the 4th property of the figurate numbers above 
fet forth in art. 54, it is manifeft that /, or the sth term of 
the fecond of the two vertical columns, will be equal to the 
fum of all the terms in the preceeding vertical column ex- 
cept the laft term L, or to the fum of the » — 1 terms A, 
B,C, D, &c....K. But, by the füppofition, the fum of 
thefe terms is lefs than the fum of as many terms equal to 
the laft term K in the proportion of 1 to , or is equal to 


s-ü]xx axe 


Therefore 7 is = 

But, becaufe the above-defcribed 2th property is fup- 
pofed to belong to the numbers of the firít of the faid two 
vertical columns, to wit, A, B, C, D, &c....K,L, and 
the fum of any number of terms in the faid column is fup- 
pofed to be to the fui of as many terms all equal to its laft 
term in the conftant proportion of 1 to r, it follows from 
lemma 3d, art. 73, that s—r will be to »—1: as K is to L. 


Therefore »—1| x K will be = %—r|x L; and confequently 


*TÀXX db be = X ! 
s—1Xk. 


r 
Therefore / (which has been fhewn to be = ————) will 
si 





be — T 3 and confequently z— r will be to / as X is 


toL. t 
But, by the fuppofition, the fum of the terms A, B, C, 
D, &c... K, L, is to the fum of the fame number of terms 
. a 
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al equal to the laft term L, or to » X L, in the proportion 
€1tor. Therefore rx A+B+C+D+ &c KL 
is = 5» x L; and confequently r is to Las” is to A+ B+ 
C+D+ &c tK 4L. 

Therefore » — r will be to 2as nisto A+B+C+D+ 
&c- EK FL. 

But, by the 4th property of the figurate numbers above 
fet forth in art. 54, m (which is the » 4- 1th. term of the fe- 
cond vertical column) is equal to the fum of A, B, C, D, 
&c, K, L, or the z firft terms of the preceeding column. 
Therefore » — r will be to / as 7 is to m; and confequently 
z—r] x mwill be = 2 x /. 

But, by the fuppofition concerning the numbers in the 
fecond vértical column, the fum of the firft # terms of ir, 
to wit, 2+ o4e4+ d+ Se+k +4, is to the fum 
of as many terms all equal to the lift term /, or to s 
x J, in the proportion of 1 to r4- 1. Therefore r+1 
xatot+e+ad+t&+k+/ is = 2X1; and con- 
fequently *—r] X m (which is equal to » x/) will be = 
rrixapbo+e+atec+e- & Thereforen—r 
Irftinmatb+ectd+ &+k+/1:m. Therefore, 
componendo, we. fhall have (n —f -- 7 +1, or) 5p 1: r4- 
riatbteotdt &cd ke mim; and permu- 
fando, n 114b edd RC REF I7 EmurEI 
tm; and, imvertendo; a - b eda dpRCE EF IR n 
zRizmirrn Bus4idstosctidxmzrci 
irda)x ow. Therefore, ex equo, at b4+e4+d+&c 
TiàtiMminki]XmimirkibXxmulircer, 
that is, the fum of the fit # + 1 terms of the fecond verti- 
cal column will be to -++1 times the laft, or » 4 1|th, term, 
m, of the faid column in the fame proportion of 1 to rr in 
which the fum of the firft 2 terms of it was to # times the 
laft, or ath, term. Q E. D. 


Comorr. It follows from this lemma, that, if the num- 
ber of terms in the fecond of the two vertical columns be 
Qa increafed 


^ 
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increafed from s terms to any other number of terms what- 
Íoever denoted by » + p, it will be true with refpe& to the 
column, when fo increafed, that the fum of all its terms 
will be to » + p times the laft, or greateft, term of it in the 
fame proportion of 1 to r +1. For the lemma may be 
fucceflively extended from a column confifting of 7+ 1 
terms, to a column confifting of » + 2 terms, and to a co- 
lumn confifting of z 4- 3 terms, and to a column confifting, 
of » +-4 terms, and fo on till we come to the column o 
f + p terms; the reafonings being exa&ly the fame ia this 
extenfion of it to thefe feveral columns of »-4- 2 terms, 
5 4-3 terms, 5 -- 4 terms, &c, as in the lemma itfelf, in 
which, upon a fuppofition that the fum of s terms of the 
column is to # times the laft, or greateft, or mh, term of it 
in the proportion of 1 to 7 f 1, it is fhewn that the fum 
of n -- 1 terms of it will be to z - 1 times the laft, or 


greateft, or s 4- ilth, term of it in the fame proportion of 


1tordr. 








A demonftration of the 2d, 3d, and 4th foregoing Lemmas, con- 
tained in art. 72, 73, and 74, by Mr. Fobn Bernoylli, the 
author's brother. . 





75. Many years ago, when I communicated the foregoing 
propofitions concerning the figurate numbers to my brother, 
Mr. John Bernoulli, he obferved to me that the demonftra~ 
tions of them might be made thorter and more elegant by 
uniting the three laft of the four preceeding lemmas into 
one, in the manner following. uM 


A Lemma, 
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A Lemma. 


If in a table of the figurate numbers (fuch as the foregoing 
table of combinations, in page 7% art. 49), it be the pro- 
perty of the terms of any one of the vertical columns that, 
if we take, 1ft, any number of fucceffive terms in it, and, 
adly, the fame number of terms, all equal to the laft, or 

ateft, of the faid fucceffive terms, the fum of the faid 
ucceffive terms fhall be to the fum of the fame number of 
terms, all equal to their laft, or greateft, term, in the conftant 
proportion of 1 to a certain number denoted by the letter r ; 
then it will follow that, if in the next higher vertical column 
of the faid table of figurate numbers we take a number of 
fucceffive terms greater by an unit than the number of fuc- 
ceffive terms taken in the former vertical column, the fum 
of thefe fucceffive terms in this fecond column will be to the 
fum of the fame number of terms, all equal to the laft, or 
greateft, of the faid fücceffive terms, in the proportion of 1 
to r4 1. 


DzMoxsTRATION., 


Let the terms of the former of the two vertical columns 
be a, 5, c, d, e, and f,. of which the number is 6, or in 
general, » ; and let the terms of the next higher vertical co- 
lumn be o, g, 5, i, J, p, q, of which the number is # + 1. 

The upper term of this fecond column is a cypher, o, 
becaufe every new vertical column of terms muft have one 
more cypher preceeding its fignificant terms than the column 
immediately preceeding it. 

Thefe two vertical columns of terms will be as follows : 


att 


2 
Sa WES 
Hehe o9 eS O0 


RA 
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If thefe columns are the ind 2d columns of the table, 
the terms z, 2, c, d, ey an il; each of them, be equal 
to 1, and g, b, i, J, p, g, will be 1, 2, 3, 4, 5, 6 If 
thefe columns are the 2d and*&d columns, a will be o, and 
À, c, d, e, f will be 1, 2, 3fía, 5, and g, b i, 4, p, q will 
be o, 1, 3, 6, 10, 15. H¥Phefe columns are the 3d and 
4th columns, a will be o, MRL P will alfo be o, and e, d, 
e, f will be 1, 3, 6, 10, als, b, i, k, p, q will be 0, 0, 
1, 4, 10,20. And in likefif&nner more of the upper terms 
of both thefe vertical colts will be cyphers, or o, the 


farther the columns are taMffiBto the right hand in the table 
in page 7%- But, wher he columns are taken, the 
number of terms in them be fo great as to reach below 


the cyphers, and take in foifi£ of the fignificant terms. Thefe 
things being premifed, the detnonftration of this lemma will 
be as follows. » 


By the 4th property of tht gurate numbers fet forth above 
in art. 54, we fhall have g —a+d+etd+e+f, 

and p'7* a+b4c+d+e, 
and J $5 at b4-c4-d, 

and in atbte, 

and bSa+4é, 

and Y= e. 

And, by the fuppofition; the fum of the s terms a, 2, c, 
d, e, f will be to » times the laft, or greateft, term f, as 1 
isto r; and the fum of the » — 1 terms a, 4, c, d, e will 
be to s—1 times the laft, or greateft, term e, in the fame 
proportion of 1 tor; and the fum of the »—2 terms a, 4, 
¢, d will beto #—2 times the laft, or greateft, term d, in 
the fame proportion of 1 tor; and, in like manner, a + 2 
+c will be to 2 —3 times ¢ as 1 to r; and a +} will 
be to »—4 times 2 as 1 tor; and a will be to s—5 times a 
as I to r. 


Therefore 2 -- 2 -- c 4- d 4 e E f will be zt and 
aba cdd tewill box anda tote 
4 vill be = nx, and a +3 + c will be = Eze, 


and 
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and a + Swill be = zs) atd 4 will be = axe, 


Therefore 4 (which is equal toa +3 -- c pd+ m 
will be — %; and p (which is equal to a +b e -- d +e) 


will be = WA 3 and J (which is equal to a 4-2 + ¢+d) 
will be = LES, and i (which is equal to a + Z^ c) 
will be — ze. and b (which is equal to a + 4) will 


= =a, and g (which is equal to 2) will be = 
zie. 


—n 
Therefore gipetiiee: will be — Zi LM + 
Hae ye 2 xe ecdxb pack me 
micid y oie qo Gb—ib , mega s fone end ene nina 

La r + ul Ld m r — 
—e —ad —« —4b —$a _ aXfkekdtetbto 

"T Tor ror 7 r 
axg —e—1d4—3c —4b— ja xg 


—e— 2d geb fa 
T 








Ld Ld —7or 
meade ba —d—r—b—a cba —b-a —a ^ cx. 
Ld r r r Ld Ld 
i a a a i Ses ag a 
Ld T T r r r H r ts 


S -f-i-i-b-g 





Therefore (if we multiply both fides by r) we fhall have » 
xqtptl+ithty = = ng—p —l—i— b—g, or " Trx 
= nq—p—l~i—b—g. And confequentl 

fedding p 3 14e p i to both fides) we fhall have vee 

rxpeltitorgto ti titbts amy, orrgt 

Hil Xp titi bh + gy = ng; and'(fubea&ing rg from 
both fides) Til X p+l+ith+g=mq—ry. 

Therefore 


° 
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‘Therefore (dividing béth fides by r+1) we fhall have 
Ptl+itbeg= “251 ; and (adding q to both fides) 





£PRDRP Eb LUUD nS Dea 
o 4-79 rqtq 43 | «+1 xq 
LU -I- T —AD And confequently 


$4pkititbtgogtbLtiti«tpq oot 
gb icis will beto 2+1 x ast istor+1, 
or the fum of the #+1 fucceflive terms o, g, b, i, 1, p, g, 
of the fecond vertical column of terms will be to the fum of 
n-++1 times the laft term 4, or the fame number of terms, all 
equal to the laft, or greateft, term g, in the proportion of 1 
to r4 1 *. Q. E. D. 


——————— Á——ÀÓ 





The principal Propofition, or the 12th property. above-deferibed 
of the figurate numbers, or numbers contained in the foregoing 
table of combinations, is as follows. H 





76. The fum of any number of terms in any of the ver- 
tical columns contained in the foregoing table of combina- 
tions is to the fum of the fame number of terms all equal to 
the laft term of them, in the’ proportion of 1 to the expo- 
nent of the faid column, or to the number which denotes, or 
expreffes, its place in the faid table. 

Thus, in the firft column, of which the exponent is 1, 
the fum of any number of terms of it denoted by x will be 
to 7 times the laft term of it in the proportion of 1 to 1, or 
a proportion of equality. In the fecond column, of which 


* Sce upon this fübje& the works of Mr. John Bernoulli himfelf, pub~ 
lifüed at Laufanne, in Switzerland, in the year 1742, in four volumes, 
quarto, vol. iii. page 521, in the 47th le&ure on the do&rine of the In- 
tegration of infinitely {mall differences, or the Inverfe method of differences. 


the 
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the exponent is 2, the fum of a terms of it will be to the 
furn of s terms all equal to the laft or greateft term, in the 
proportion of 1 to 2. In the third colomn, of which the 
exponent is 3, the fum of a terms of it will be to the fum 
of » terms all equal to.the laft, or greateft, term, in the pro- 
portion of 1 to 3. In the fourth column, of which the ex- 
ponent is 4, the fum of » terms of it will be to the fum of 
n terms all equal to the laft, or greateft, term, in the pro^ 
portion of 1 to 4. And, in general, in the «th column, or 
that of which the exponent is ¢, the fum of # terms of it 
will be to the fum of z terms all equal to the laft, or greateft, 
or sth, term, in the proportion of 1 toc 


Demonstration, 


77. The truth of this propofition with refpe& to the rfe 
vertical column (which confifts wholly of units) is.fliewn 
above in lemma tr, art. 71, and indeed is almoft felf-evi- 
dent. And with refpect to the terms of the fecond vertical 
column, to wit, o, 1, 2, 3; 4, 5; 6, 7, 8, 9, 10, and rr, 
&c, it may be proved by nieans of the fecond and fourth 
of the foregoing lemmas in thé manner following. Since 
in the firft vertical column the fum of any number of terms 
1, I, 1, I, 1, &c. denoted by s, is to the fum of as many 
terms, all equal to the laft term 1, as 1 is to 1 ; afid in the 
fecond vertical column the fum of the two firft terms o and 
1 is to the fum of two terms, both equal to the laft term 1, 
45 I is to 1 -- 1, as is fhewn in lemma 2, art. 72 ; it follows 
from lemma 4, art. 74, that iri the fame fecond vertical co- 
lumn the fum of the three. firít terms o, 1, and 2, will be 
to the fum of three terms all equal to the'laft term 2, in 
the fame proportion of 1 to 14-1, or 2, and confequently 
that the fum of the four firft terms o, 1, 2, and 3, will be 
to the fum of four terms all equal to the laft term 3, and 
the fum of the five firít terms o, 1, 2, 3, and 4, will be 
to the fum of five terms all equal to the laft term 4, and, 
in general, the (um of any number of its terms ar 

! 1 Y 


. 
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by # will be to the fum of s terms all equal to the laft of 
them, in the fame proportion of 1 to t - 1, or 2. 
Q E. D. 


78. This may likewife be proved of the numbers con- 
tained in the faid fecond vertical column, independently of 
the foregoing lemmas, in the manner following. 

‘The numbers contained in the faid fecond vertical column 

"are 0, 1, 2, 3, 4 5,6, 7, 8, 9, 10, 11, &¢. Now, if we 
fet down thefe numbers twice over in two horizontal lines, 
one under the other, but in contrary orders, fo that in the 
fecond line the laft term of the firft line thall be placed firft, 
and the laft term but one of the firft line fhall be placed 
fecond, and fo on, as in thefe two lines, ! 


106, 1,2, 35 4 5 6, 7, 8, 9, 10, 11, 
15, 10, 9, 8, 7, 6, 55 49 3» 2, 1, Oy. 

- it is evident that the fum of every two numbers ftanding in 
the fame vertical line, will be equal to r1, or, in general, 
to the lat, or greateft, term of the feries, or (if the feries 
confit of # terms, and confequently the lat term be »—1) 
to 7-1. Therefore the fum of. both feriefes will be equal 
to a feries confifting of the fame number of terms, or » 
terms, all equal to the greateft term 7— : ; and confequently 
the upper feries 04-1 4-24-3 4546-74-84 
9 -- 10 +11 + &c..7— 1 alone will be equal to only 
half of the feries of # terms all equal to n—1, or will be to 
it in the proportion of rto2. — e, x. D. 


79. To demonftrate the faid 12th property with refpe& to 
the numbers contained in the third and fourth and other 
following vertical columns of the foregoing table of combi- 
nations, we ‘muft have recourfe to the fecond and fourth 
lemmas, as in the firt demonftration juít naw given of the faid 
property with refpe& to the numbers in the fecond vertical 
column. This may be done in the manner following. 

By lemma 2d it appears that this property takes place in 
alltne vertical columns, if we continue the terms of each 
column only till their number is equal to the exponent of 
the 


. 
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the column, or fo as to take in only the firft fignificang term 
of the column, which is always an unit. Therefore in the 
third vertical column, continued only to the three terms o, o, 
1, the fum of the faid three terms is to the fum of three 
terms all equal to the laft term 1, in the proportion of 1 to 
3, Or 1 to 24 1. But it has been fhewn that in the fecond 
vertical column o, 1, 2, 3, 4, 5,,6, 7, &c. it is true uni- 
veríally that, whatever be the number we take of its terms, 
the fum of the faid terms will be to the fum of as many 
terms all equal to the laít term in the proportion of 1 to 2. 
Here therefore we have the cafe of lemma 4, to wit, that 
of two contiguous vertical columns, the fecond and the 
third, in the former of which the fum of any number of 
terms denoted by » is to the fum of the fame number of 
terms all equal to the laft term in the proportion of 1 to a 
certain number, which we there denoted by r, and wbich 
here is 2, and in the latter of which the fum of the three 
firft terms 0,.0, 1, is to the fum of three terms aH equal to 
the laft term 1 as 1 isto r-- 1, or 2-4- 1. It follows there- 
fore from lemma 4th, that, if we take the next term 3 of 
the faid latter vertical column, or continue the faid column 
to four terms, the fum of the faid four terms o, o, 1, 3, 
will alfo be to the fum of- four terms all equal to the laft 
term 3 in the fame proportion of 1 to 24-1. And, for the 
fame reafon, the fum of the five firft terms of the {aid third 
vertical column will be to the fum of five terms all equal 
to the fifth term of it, and the fum of the fix firft terms e£ 
it will be to the fum of fix terms all equal to the fixth term 
of it, and, in general, the fum of any greater number of its 
terms, denoted by s, will be to the fum of s terms all 
equal to the sth term of it, in the fame proportion of 1 to 
2 4-1, or of 4 to 3. Q. E. D. 


In like manner we may prove that in the 4th vertical co- 
lumn the fum of any number 2 of its terms is to the fum of 
terms all equal to its mh term in the proportion of 1 to 
34-1, or 1 to 4, For, fince we have proved that the pro- 
portion of thefe two fums in the third column is that of 1 
to 3; and by lemma 3 it jp that, if we take only the 

2 four 
echt d 
J 
4 
\ 
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four firft terms of the 4th column, to. wit, o, o, o, 1, the 
proportion of thefe fums will be that of 1 to 341, or 43 it 
follows from lemma 4th and its corollary, that, if we take 
five terms of this fourth column, or fix terms of it, or feven 
terms of it, or, in general, » terms of it, the proportion of 
the fum of the terms fo taken to the fum of the fame number 
of terms all equal to the laft term will always be the fame 
proportion of 1 to 3+4, or of 1 to 4. Q. E. D. 


And by proceeding to apply lemma 2 and lemma 4 in 
the fame manner to the fifth, and fixth, and feventh, and 
other following vertical columns, it may be fhewn that the 
proportion of the fum of any number of terms denoted by 
» to the fum of » terms all equal to the Jaft, or greateft 
term, will be in the fifth column that of 1 to 4+ 1, or 5, 
and in the fixth column that of 1 to 5-4-1, or 6, and, in the 
feventh column that of 1 to 6 4-1, or 7, and, in general, in 
the eth column that of 1 to c. QED C 


80. Conorr. 1. In each of the aforefaid vertical columns 
of numbers the fum of any number of the terms beginning 
with 1, or the firft fignificant term of the column, and not 
reckoning the cyphers tha preceed it, as we have hitherto 
done, will be to the fum of the fame number of terms all 
equal to the next term in the faid column after the terms fo 
fummed, in the proportion of 1 to c, or «he exponent of 
the column. 


Let the terms in the propofed vertical column, whereof 
we are to fum up the fignificant terms be a, 2, c, d, &c, 
k, and /, including the cyphers, fo that fome of the firft 
letters a, 2, ¢, &c, (ball ftand for cyphers, agreeably to the 
notation in lemma 4; and let the whole number of thefe 
terms, including the cyphers, be s, agreeably to the fame 
notation. And let m be the term that comes immediately 
after / the laft term of the fet whofe.fum we are to examine 5 
or, in other words, let m be the z-Fi]th term of the pro- 
pofed vertical column, including the cyphers. — Alfo let c be 
“the exponent of the faid column, and r be = (— 1. Then 


by 
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by the firft property of the figuirate numbers fet forth above 
inan 515 r will be the number of cyphers in the begin- 
ning of the faid vertical column, and confequently » —f 
will be the number of fignificant terms in the faid co- 
lumn, without the cyphers. We are therefore to prove that 
the fum of all the »—r fignificant terms of the faid co- 
Jumn a, 4, c, d, &c, k and / is to the fum of » — r terms 
all equal to the next term s in 'the proportion of 1 to c or 
of 1 to r1. o 


Now the fum of all the » —7 fignificant terms of the faid 
vertical column is equal to the fum of all the z terms of 
the faid column, including the cyphers, becaufe the cyphers 
are all equal to nothing. And it is fhewn in the latter part 
of the demonftration of lemma 4, that the fum of the s» 
terms 2, 4, c, d, &c, kand / is to the next term s in the 
fame proportion as n—r is.to r4- 1. Therefore the fum 
of all the z — r fignificant terms of the faid column will be: 
to the next term m in the fame proportion of »—r to r 4-1. 


But m is to’ — 7| X m in the fame proportion as r + 1 is 
to z—rX r4 1. Therefore, ex equo, the fum of all the 
»—r fignificant terms of the faid column will be to 2——1 
X m, or to the fum of s — r terms all equal to the nexc 
term m, asn—r is t0 2—7] x rii, and confequently as 
P isto r-- 1, Or as J is to c. Q. E. D. 


81. Corotr. 2. By the help of the foregoing corollary 
we may find the fum of any given number of terms in any 
of the vertical columns of the foregoing table of combina- 
tions, without a&ually adding the terms together, by pro 
ceeding in the following manner. ' 


Let the number of terms to which the feveral vertical co- 
lumns are continued, be s». Then, as there is one cypher 
prefixed to the fignificant terms in the fecond column, and 
two cyphers in the third column, and three cyphers in the 
fourth column, and, in general, c — 1. cyphers in the ch. 
column; it is evident that the number of terms in the fe- 
€ond column, without the cyphers, will be z— 1 ; and that 


Pd 


\ 
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of the terms in the third column, without the cyphers, will 
be » — 2; and that of the terms in the fourth column, with- 
out the cyphers, will be » — 3 ; and, in general, that of the 
terms in the «th column, without the cyphers, will be z— 
[—i; or n—c+1. The fums of the terms in thefe fe- 
veral columns may therefore be thus determined. 


In the firft place, the fum of the # fignificant terms in 

the firft column, which are all units, will be » X 1, or s. 
2dly, The fum of the »— 1 fignificant terms in the fe- 
cond column will, by the foregoing corollary, be to » — t 
times the next following, or + 1|th, term of the fecond 
column as 1 isto 2. But, by the 4th property of the figu- 
rate numbers above fet forth in art. 54, the # + 1lth term of 
the fecond column is equal to the fum of the firft s terms of 
the firft column, that 15, tom. Therefore the fum of the 
3 —4 fignificant terms of the fecond column will be to »—1 
times », or to 5X 2 ' as t is to 2, and confequently 
axe 
Fy 








will be equal to 





QE. T. 7 


3dly, The fum of the 1 — 2 fignificant terms in the third 
column will, by the foregoing corollary, be to s» — 2 times 
the next following, or s + 1 th, term of the fame third co- 
lumn as 1 isto 3. Bat, by the ath property of the figurate 
numbers above fet forth, the m+ 1\th term of the third co- 
lumn is equal to the fum of the firft terms of the fecond 
column, including the cyphers, or (which comes to the fame 
thing) to the fum of the firt & — 1 fignificant terms of the 
faid fecond column; which has juft now been fhewn to be 
axa . 

2 


equal to Therefore the fum of the »— 2 figni- 


ficant terms in the 3d column will be to » —2 times 


pALE or to *X*—: X s—i 





» a5 1 is to 3, and confequently 





aX 1—1 X n—2 


will be equal to —a Q E P» 


4thly, 
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4thly, The fum of the »— 3 fignificant terms in the 
fourth column will, by the foregoing corollary, be to s» — 3 
times the next following, or » 4- 1]|th, term of the fame 
fourth column as r isto 4. But, by the fourth property of 
the figurate numbers, the # 4- 1|th term of the fourth co- 
lumn is equal to the fum of the firft » terms of the third 
column, including the cyphers, or of the firlt 3— 2 figni- 
ficant terms of the faid third column: which has juft now 


been fhewn to be equal to C 2, Therefore the 


fum of the »— 53 fignificant terms in the 4th column 
aX AUX RD 


will be to » — 3 times —31x3 ^" or to 





fX» xa LX7—3, as t is to 4, and confequently will 


aX n—-1 X 2-2 X 0-3 


be = 2X3X4 


Q, E. T. 

sthly, In like manner the fum of the z-—4 fignificant 
terms in the fifth column will, by the foregoing corollary, 
be to 5 — 4 times the next following, or m+ r|th, term of 
the fame column as 1 isto 5. But, by the 4th property of 
the figurate numbers above fet forth, the » + 1|th term of 
the fifth column is equal to the fum of the firft s terms of | 
ihe fourth column, including the cyphers, or to the fir 
7 — 3 fignificant terms of it; which has juft now been (hewn 


to be — Dp Therefore the fum of the 

1— 4 fignificant terms in the fifth column will be to #—4 

times LX STE ALEXIS op pq fX HIM BoE Xa- pu. 
. 2X3X4 . 2X3X4 

as 1 isto 5, and confequently will be = 

—-Xa—iXm—aXn—2a34Xn"—4 
« 2X3X4X$ . 

And in like manner it is evident. that the fum of the » 
firft terms of the ch column, including the c—1 cyphers in . 


the beginning of it, or the fum of the »—{c—1, or t " 
5 ri 





Q. E. I. 
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firft fignificant terms of the faid cth column, will be equal to 


So TX n—1Xa—2X a—3Xn—4Xx&cXn—cbti ; 
the fraction —  AXPRAXPXÉexe 0 0 in the 
numerator of which the laft factor is »—fc—1, or s —e 
+1, and in the denominator of which the laft factor is c. 


QE I 





82. Coroxt. 3. Since, by the 4th property of the figu- 
rate numbers above fet forth in art. 54, the » + 1)th terms 
of the fecond, third, fourth, and other following vertical 
calutns of numbers in the foregoing table of combina- 
tions, are refpectively equal to the fums of the # firft terms 
of the firft, fecond, third, and other following vertical co- 
lumns, which fums have been _fhewn to be, refpe&ively, 


aX n~t xXn—IxXxn—a 
equal to 2, ——7—, 








2x3 7 &c, it follows that the 
B + 1\th terms of the fecond, third, fourth, fifth, fixth, and 


other following vertical columns will be z, ~**—%, 
— — —— 2 
eX n-IXN—2 AXH—1 X 5—2X 2-3 


TIL, mer pa 1-1, and 


iX 2X3X4 
ie eee X*=4, &c ; and confequently, as every 
term in the firít vertical column is = 1, the z 4- 1|th terms 
ef the firft, fecond, third, fourth, fifth, fixth, and other fol- 


pac 

lowing vertical columns will be 1, z, "~2—, Xx a? 
— 272 2? 2X3 

aXn—QIXAh—2Xn—4 5sXn—IXa—a X 1—-3X rg . 

UMMGx& gay 0 0000 amd, in 

general, the z+ 1]th term of the cth column will be 
jera, the m v ith t 


XX14—I1Xn—2Xn—3X n—ax &c Xx n—c4-2 
—— 











aX3X4X5&c X cme 


83. Corot. 4 Since the # + ith terms of the firft, 
fecond, third, fourth, fifth, fixth, and other following ver- 
tical columns of the foregoing table of combinations are 1, 

"5 


MÀ 
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— — — —— — 
XXX—I sX4—1X5—2 4X25—I1X3—2X3—3 


mJ? 2X3 ^ 2X3X4 ? 





BXe—t Xn 3 Xa—3Xn—4 &c 
3X3X4X5 oo E 
axacixscixs-jxa—4x Re X*— Vi i Slows that the ath 
2X3X4X$X &c xc—1 
terms of the faid vertical columns will be fuch as arife by 
fubftiruting »—1 inftead of » in the foregoing values of the 
5 + 1kh terms, and confequently will be as follows, to wit, 1, 


A—IXAS—2 A—IXA—2X^—3 A—IXXA—2X2—3X"—A4 
aoi, ——, — IX iX» 3 
3 2X3X4 
A—IXS-ZXR-3 XB GX ES 
SSS oe, 
3X4X$ 
-s—1X2—2Xn—3X51—4X5n—5 X kcs—ctt 








2X3X4X5.X Kc Xe—1 





———————a€ 


4n Example of the truth of Coroll. 4, 





84, As an example of the truth of this corollary we wild 
derive in this manner. the numbers that form the loweft 
horizontal row of térms in the foregoing table of combina- 
tions, or the twelfth terms of the feveral vertical columna 
of the faid table. 


Now in this cafe #, or the number of terms in the feveral 
vertical columns, ‘is = 12. Therefore s—1, n—2, n— 3, 
3—4, n—5, n—6, n—7, n—8, n—9, n—10, and s—1i, 
are refpectively equal to 11, 10, 9, 8, 7, 6, 55 4, 3» 2, 
and1. Therefore »—1, or the twelfth term of the fecond 


vertical column will be —' 11; and LM or the 12th 


Q term 
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term of the third vertical column, will be (= &—1 x 
"—2 


-nxt"Üziuxlfyu 1X § = 55; and 





LS, or the 12th term of tlie fourth vertical co- 


wi me STKE? Mi 2-3 — 
lumn, will be ( 2 XG 55x 3 5% 
»—1X25—2X^—3Xn—À 
xix. ; or the 
12th term of the sth vertical column, will be: {= 
X—ixa-ixa-3 


2X3 


= 5$ X 3) = 165;'and 


x2 








= 165 x 2 = 165 


X 2) = 330; and* ETT Tae or the z2th 
term of the 6th vertical column, will be (= — 

—— a —— — . 
ELI x e = 330 x = 330 x is 
66 X 7) = 462; and, in like manner, the 12th term of the 
feventh vertical column will be (— 462 x 2-6 = 462 xi 





z 462 X 1) = 462; and the 12th term of the eighth ver- 
tical column will be (= 462 x ar 462 x i- 66 x 5) 
= 330; and the rath term of the ninth vertical column 
will be (== 330 X u- 330 X $7 330 x T) =165; 
and the rath term of the tenth vertical column will be (= 
165 x 29 = 165 x $ = 165 x Lm! = 55; and 
the 12th term of the deventh vertical column will be (= 
55% SpE SSX = 55xe= Ha 115 and the 
rath term of the twelfth, or laft, vertical column will be 
(21x = =X E ==1. Therefore the 12xh terms 
of the faid twelve vertical columns will be as follows, to 


wit, 1, 11, 55, 165, 330, 462, 462, 330, 165, 55, t1, 
and 1; which are the numbers fet down in the forégoing 
table. * À ] . 





85. Corot, 


{ 
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85. Cogorr. 5. It has been fhewn above in art. 60 and 
61, that the horizontal rows of numbers in the foregoing 
table of ‘combinations, beginning with the fecond row, ex- 
hibit the co-efficients of the terms of the feveral fucceffive 
powers of a binomial quantity, fuch as ¢+, every nth ho- 
rizontal row of numbers being the co-efficients of the terms 
of the » —1|th power of the faid binomial quantity ; whencé 
it follows that the numbers contained in every » + t|th ho- 
tizontal row of numbers in the faid table will be the co-effi- 
cients of the terms of the sth. power of the faid binomial 
quantity. But it is evident that the numbers contained int 
every #-++1\th horizontal row of terms in the faid table are 
the #4 rj terms of the firft, fecond, third, fourth, fifth; 
fixth, and other following vertical columns of terms in the 
faid table, reckoning the terms from the top of the faid ta- 
ble, and including the cyphers at che tops of all the feveral 
vertical columns, except the firft. ‘Therefore the z + ilth 
terms of the firlt, fecond, third, fourth, fifth, fixth, and 
other following vertical columns of terms in the faid table 
will be the co-efficients of the terms of the ath power of the 
faid binomial quantity. But it has been fhewn above in art 
82, coroll, 3, that the » + 1] th terms of the firít, fecond, 
third, fourth, fifth, and fixth, and other following vertical 
columns of terms in the faid table are 1, 2, » x > nx 
Ll d »-2 amt nen 2-3 nor s—2 
VRP XXX To and ax > x 
x 3 x n &c. Therefore the co-efficients of the 
terms of the ath power of the faid binomial quantity a + 3 


will allo be 1, », » X 25, p x S7 x 973, Ix 





3 57, a ^57. ^74 NS? 

confequently tlie quantity a +4)", or the faid mth power it- 

felf of the faid binomial quantity 4-2, will be equal to the 
. Q2 feries 
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HHT Amd ant nat 
> 4 P --LnrX : x 


aor x 








feries a” + na b ax 





2-3 amt ama ang eg 
s "4x z x x ae bt on xX z 


> x E x at at ip + &c, or (if we put A for 1, 


and B for s and C fors x 








=, and D fora + > x, 





aot 
2 








and E fors x LU x > x rar and F fors x 


x TF x £2 x *5*, and G, H, I, K, L, &c, forthe 

numeral co-efficients of the feventh, eighth, ninth, tenth, 

eleventh, and other following terms of the feries refpe&ively) 

to the feries a” + = Aa) + > Ba + > 
z ' 

C4 p p f pape e AES V TER. 








7 DS oats + Gln y + = 127? 
hp SOK AMM fU LU-UP p kei which | 
feries will continue till the numerator of the generating frac- 
tion becomes »—#, or o, and confequently the faid fraction 
itfelf becomes equal to o likewife, and therefore the term in 
which the faid fra&ion enters as a factor, will alfo be equal 
to o, as will alfo all-the following terms of the feries, which 
would be derived from the faid term by continual multi- 
plications. The feries therefore will break off, or end with 
‘the term next preceeding the faid term which is equal 
to o*. 
We will now proceed to illuftrate and confirm the truth 
of this corollary, by applying the foregoing feries to the 


* This is the famous binomial theorem invented by Sir Ifaac Newton, but 
of which he has no where given a demonftration. And the demonftration 
here given of it by Mr. James Bernoulli, is that to which I alluded in the, | 
firk volume of the Colle&ion of Tras, in two volumes, quarto, 
Scriptores Logarithmici, page 349, art. 4, and in the fecond volume of the | 
fame Colle&ion, page 157, art. 9 m. 

com- | 


—— | 
BN 1 


computation of the terms of fome of the loweft powers of 
the binomial quantity ¢+4, fo as to produce by means of ig 
all the numbers contained in the foregoing table of combi- 
nations, in page 74. 


" 
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Ss a 
Examples of the application of the foregoing feries to the compu 
tation - of the terms of the powers of the binomial quantity 
a+b, ' . 


—M MÀ 


"n $6. In the firft place let us füppofe » 4o be — 1, Then 
we fhall have the feries a" + I Az 4 0 Bsp 


2 








+S cde Re, (Sa tix xa 4 LL 


Bo! P + «cal + &c, = ak Fx ti 
x Ba! ^F + M x C x ae + Be, = at +1%5 
+040 + &c,) = 2+ 5; or the faid feries is in this 
cafe equal to the binomial quantity a 4 2 itfelf ; as it ought 
to be. . . 

87. Now let s be — 2. 

"Then we fhall have the feries a + = Aa" 5 + = 
Bot 7 + Tri Ca p &e, (=a xix 
271 LGB a Cé7P Lk = at 
adu) + — x2 x 0S t x C27» 4. &c, =e + 
wb+ex1 XP +04 &c) + a* + 24b + Pi or the 


Gid feries will in this cafe be equal to the trinomial quan- 
! tity 
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tity à* + 20d + D^; as it ought to be, becaufe that quantity 
és the fquare of the binomial quantity a + 5. 


88. If s is = 3, we fhall have the feries a" 4+ + A272 
ant a2 "—2 ams 2—3 ame 
+ Be a+ Co ? + = Ds PB 
. &e (=a b ixixdUb EE xix x dF 
+ C73». 323 Dab + kc, = a3 + 3a’ + 
Fxg KORE EC KAM +S Dx + kcla 
+ ye + gh RT XB XTX Pot Be) = at 
30° + 306" + P. Therefore a +2", or a 4 2|, or the 
cube of the binomial quantity 2+ 4, will be. equal to the 
quadrinomial quantity a* +4 34° -4- 340° + 3°; as it will be 
found to be upon trial. 
89. If nis == 4, we fhall have the feries a* + = Aa 772 
SBM Th CPT 4 23 Dat 4 tot 
+> Bs e+ Ce BP ot 7 De * 
Ea* Sh + &c(m at bL xai x at bt Batty 
‘+ HS cats EDDA + SEAS + 
&c mA pag E xax eL xCxsPE 
Dx x b+ 2 Ex df Shs + &e = at + 4a'b Gg 
FEXOK P+ EDX IXH 4 OF Be. lo 
“Meh 68 + PL AX Ot ke) tt 
49b + 6a*l* + gap? + P^. Therefore a + 2)", or a+ ds 
or the fourth power of the binomial quantity a 4- 4, will be 
eq 


" Lu 
~ 
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equal to the quinquinomial quantity ot + 443) + 620" + 
qa} + P^; as it will be found to be upon trial. 


go. If mis = 5, we thall have a 4 2 Ad’ 4258 
Ba* Ip. 2 Cup + 0-3 Dein + 7-* OE 
$ 74 4 ' 5 
at Sp 5E Be p p hee, (=o tL x RES 
+S BSW Ex Cas 4. zl Dép + ad 
Es P 4 3 Fos 4 &c Sa + seh t Bau 
+2 CAP + 2 Ded + SEG +E x Foé75/5 +. Seg 
zoe + og + a Ba + Cav Date 4 + EX 
1xXo4 EK) =o + 50%. + 10a" 4- 1047 fe 
ob+ -- D. Therefore a4", or 2-28, or the fifth power 
of the binomial quantity 2+-4, will be equal to the fexti- 
nomial quantity z* + a + 102'P* + 100°? 4 sabt + P5 
as, upon trial, it will be found to be. ! 


a1, 


91. If s is = 6, we hall have the feries a^ + Ad 
fT! gut o Hcp gp 223 Dey E24 
II BAe 4 tole a Deg E 


. Ea" 5p +. ESTA + Sot + &e(= of 


Foxe pe Spd e+ Sb et 


= Debts + Sted sy + Sci Fabs + 


, Gap Be = of + 60 + LBA + 2 cop € 


Dede 2 Bath + LR A LGW au) ot 


+ bath op 1508" + 2027 + 11287 + bab! + Y. Thee 
lore 


an 
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fore a4 X, or a +d}, or the fixth power of the binomial 
quantity ots, will be'equal to the feptinomial quantity 26 
+ 6264 15a + 208P + 150° + abs 4 FE. And 
fo, upen trial, it will. be found to be. . 


92. If mis = A we : fhall have the feries 2" +e s 
4 fci gay + cay + L DZ7*5 + 
ss gs + nes rato + to Gee + : xU 
H Jpg tee (Sa Lr a+ $ Baie 4S 
Cas + 4 Doe 4,4 Eat 2 Fat + — Gata 
Ha? ay + &e = 7 +4 70% ++ E + que 35a°bs 


+ 210% 4 7ab +1 x P J- o + &c) =a! + 70% + 
21457 + 3528P + 352394 + 212 + 7ab* P. There- 


fore atd)", or a4, gr "the feventh power of the binomial 
quantity a+ 4, will be equal to the o&inomial quantity a 
+°70° + aid + 3508 + 35408 + 21nP + 7a? + 

47, And fo, upon trial, it will be found to be. 


93. If 5i is = 8, we fhall have the feries a” £L LAUS ' 
RBS a fh cot oy a tni = Dent x4 
3 ^ 

75e 4. +e m LU "xl H 


E EI "Pe Be (= d tax rx dh 


Ed Wr DESEE 





lB "y I ER Dos +4 Ea i Faut z 
Go + Y Her +e Ta + &c — ab + dub + 
iSo 4- s6nP .p jos MERE + 1 
x», o. &c) = at + 84 + 284p + 5645? + 702524 
56a*5* 

t 
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goats 4+ 28aebe 4- 8267 4 3°; Therefore 24-3, or 42", - 
orthe eighth power of the binomial quantity 2 4-5, will be 

equal to the compound quantity a' 4- 82'2 -|- 2825? + 56052 

+ joa" + 560%! + 28a*2* + 8aP + 3°, And fo, upon 

trial, it will be found to be. - 


94- If wis = 9, we (hall have the feries o* + = A" "S 
+ Stl te + t cal 3e y £3 pj y 
2 

5—4 p 8-5 a- a-6 2-6 on, 2-7. 
> Es bo "iE P ; Ga + Ti 
Harp = Ig 4 f Kel? + fee (= at 
9 8 2 “6 $ 
*pXIX ob + > Bah + 5 Cab? + Da + = 
Eat + FS + i Ge? + 3 Ha? ty Iz + z 
Kado + &c = a + ga'b + 360% + Baa +! 
12647 + 1260S + 840° + 5627 + 9aP +1 x P+ 
O + &c) = o* + gad + 3607 + 84252 4 126258 + 
126a'b5 + 842'05 4 360%? +4 gab 4+ 4°. Therefore 


"a II, or a 4-5, or the ninth power of the binomial quan- 
tity @+4, will be equal to the compound quantity a* 4- 
9a*b + 36a1d* + 840°? + 126a'9^ + 126a*D5 4 842305 + 
36a°B7 -- gab* + P. And fo, upon trial, it will be found 
to be. ! 


95. If nis = 10, we thall have the feries a" +. I A275 

+ EB + SE CST à mipg47j y 
f Es’ Se + Air) + oat + A 
Ha* 797 4 = Iz7?» + t3 kay ae sate 
R . LU 
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La'7U Pp &e (= a 422 xci x aba 3 Bot + i 
Cop el Das +4 Boil! + £ Feet God + d- 
Heb + T loo + = Kath? + 2 La Up Rea 


+1009) + 45a'P + 1204'P 4+ 21005 4+ 2524: + 
2100 4 12027! 4 450% + toad? +1 x P? 404 
&c) = 4"? + 100% + 464'7 4 12007 + 2100 4 
252a8bs -- 21004 4+ 1200? + 454'7 + 1009 + P*. 
Therefore a + +2", or a -- 2|^, or the tenth power of the 
binomial quantity 4 -- à, will be equal to the compound 
quantity 2? -+ 100° + 45a'7 + 12007 + 2104*j* + 
2524555 -- 21Q0h + 12004’ + 4sa*b! + 1oaP* + P". 
And fo, upon trial, it will be found to be. 


96. Laftly, let; be = 11. Then will the feries 2" + I 
Ast) T Bat p + > C273 + = D 
athe et EZ 5p 4 tri Foto + = Gap 
ox Nine 4 = 14795 4 t9 Kat 
UID LZUUS OQ SE Mab 4E be (=a 
Sx rx a + T Bad 4 3 Capa i Deh + 2 
Eats + © Fatt 4 f Geb iHa Lie +3 
Kath? TLLAP S Ma! UPS 4 Kc = a 110% 
+55a0b*-+ 16 5a*P + 330a'9*4- 462a*P5 + 462230. 330427 
+ 165030" 4 55a*D* + rial? +1 X P" + 0 Kc) = a" 
Tia") + 550° + 165a'P + 33007 -+-4620°* + 4620°S* 


^F 3504" + 1650" + 55a'P + 119b? 4- P". There- 
. . . fore 
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fore 24-2" » or a 4-9], or the eleventh power of the bino- 
mial quantity 2+4, will be equal to the compound quan- 
tity &" -- 11272 + 550° + 165a'P + 3300 + 4620° 
462a*)* + 3304'! + 165a'P + 554 + 110d + P", 
And fo, upon trial, it will be found to be, 


97- It appears therefore that the feries a* + ES As*^! 


235, 7—3 (8-3 9-3 8-4 a—4 
T Bs e+ Ca e+ CDs bar ud 


Ea" pop "r5 RT °s* + &c, which has been obtained 
in the foregoing sth corollary for the value of the quantity 
a + I", or the ath power of the binomial quantity a + 4, 
does truly exhibit the value of the faid power when the in- 
dex s is equal to either 1, or 2, or 3, or 4, or 5, or 6, or 7, 
or 8, or 9, or 1o, or 11 ; in which cafes the co-efficients of 
the terms of the faid feries are equal to the numbers contained 
in the feveral fucceffive horizontal rows of terms in the fore- 


going table of combinations, in page 74, beginning with 
the fecond row, 


uM ÓÓ———————— M; 


Additional Corollaries, not contained in tbe origina] text of 
Mr. James Bernoulli. 





98. To thefe five corollaries, which are contained in Mr. 
James Bernoulli's original text, it may not be amifs to add 
the following corollaries, which are eafily deducible from 
Mr. Bernoulli's propofitions, and which will enable us to. 
$nd a genera] expreffion for the terms of any of the verti- 

2 cal 


a 
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"cal columns in the foregoing table of combinations, ‘or, in 
other words, for the figurate numbers of any propofed order. 


99. Coroll. 6. It has been thewn in art. 82, corol. 3, 
pe 112, that the z +1)th terms of the firft, fecond, third, 
fourth, fifth, fixth, and other following vertical columns of 
terms in the foregoing table of combinations are 1, s, » X 
x > x tx at, &c, But the #+1\th terms of the 
firít, fecond, third, fourth, fifth, fixth, and other following 
vertical columns of terms in the faid table are the firít, fe- 
cond, ,third, fourth, fitth, fixth, and other following terms 
of thé n4-ikh horizontal row of terms in the faid table. 
Therefore the firft, fecond, third, fourth, fitth, fixth, and 
ether following terms of the #+ i|th horizontal row of terms 
in the faid table are 1,5, 2 X 7, nx S7 x Sw x 
arly xm art Emi y $3 y 274 
u X Ux TU, anda xX XK TEX 

Ce 


100. Coroll. 7. Since the feveral terms of the #+ 1th 


i —T -1 - 
horizontal row are 1, 2, » X n nx = x =, ax 


st | 2 e023 23-3 *—4 


:—3 ast 3 y $24 
TKK Panda xT xs 7% $^ 
&c, it follows that, if p be any whole number greater than 
a, as, for example, m1, or 2-2, or 24-3, or» 4, &c, 


the feveial terms of the p 1|th horizontal row will be 1, 2, 
px pxtU xt px x x 3, and p 
x ex x = x ms x ra, &c, And confequently the 
third term of the pi^ horizontal row of terms, when A 
is equal to #+4, or the third germ of the s4-zlth — 


ee 
- 


| 
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row of terms, will be the quantity which arifes by fubfti- 
tuting #-+-1 inftead of p in the third term, p xt, of the 
ati-z 


laft-mentioned feries, that is, #--1 x 2 Or A+ X 
si 


4, orm x 7775 and the fourth term of the p-+i}th horizon- 





al row of terms when p is = » + 2, or the fourth term of 
the » + 3) th horizontal row of terms will be that which 
arifes by fubftituting #-+ 2 inftead of p in the fourth term, 


2x x xt, of the laft feries, that is, 4-2 ata x there 


x SEEDY, or wea x “Et x 4 tora x *2- 2: x 


And, in like manner, if we fubftitute »4-3 inftead of ? 
in the sth term p x 87* x "x ps 475 of the laft feries, we 
thall have» 4-3 5t3X x tht x tici yn EP oasis 
nH ona ncc, for the 


sth term of the » + 4lth horizontal row of terms; and, if 
we fubftitute + 4 inftead of p in the 6th term, p x 


fry rz x ze x x of the lat feries, we fhall have 


2 





FT HE x Se Hic et or" 4 
243 att a+r aha x 23 
x TES yx st? x orn X == X —— x—x 

E 3 T 3 


zz for the 6th term of the » + 5\th horizontal row of - 


terms, So that the 3d term of the #+ z]th horizontal row 
of terms, and the 4th term of the "-F3kh horizontal row, 
and the 5th term of the nahh’ horizontal row, and the 6th 


term of the s-r skh horizontal row, will bes x , 2X 


st 
Fy 
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ati sti att Lil at3 att sz 
Xp x KK 4» and» x X 3 
x tx ats, refpectively. 


tor. Coroll. 8. Thefe four terms » x n "X u x 


Lil "I sii 23 ati nbi t3 
— "X — x —3, ands X ——x-3 
3" 3 X73 +? rane mast 


x =, are derived from the number s by the continual 








multiplication of the fraétions ***, E 23, and 2*5, the 


numerators and denominators of which both increafe con- 
tinually by an unit. Therefore, if we put C for the firft, 
D for the fecond, E for the third, and F for the fourth of 


thefe terms, we fhall have C — An X 2, and D = > 
x C, and E IU x D, and F 74 x.E. 
And, from the manner in which thefe four terms were 
derived from the 3d, 4th, sth, and 6th terms of the feries 
bo! y bo BOT y Ri yx 
1, P, px PS, px De PK KEE KE, 
px -— xt x £3 x a, &c, in the laft corollary, 
to wit, by fubfticuting +1, +2, "1 4-3, and z 4- 4, in- 
ftead of p in the faid 3d, 4th, sth, and 6th terms, refpec- 
tively, it is eafy to fee that the i erm of the #-+6lth ho- 
rizontal row of terms, and the 8th term of the 24 qth ho- 
rizontal row, and the 9th term of the #4-3)th horizontal 


row, and the roth term of the #+ lth horizontal row, and 
the 11th, 12th, 13th, 14th, 15th, and other following terms 


of the 7-- to|th, 24-11]yt, 54- 12|ch, n+13\th, 5n d- 14th, 


and other following horizontal rows of terms in the faid table, 


refpectively, will be equal to sts x F, ae x G, stn 


— . 
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at8 at9 a+10 ai n4i2 
x H^ xL 7xK —— xL, xM, > x 


12 
N, cm x O, &c, in which the capital letters G, H, I, 


K, L, M,N, O, &c, denote the 7th, 8th, oth, toth, rith, 
12th, 13th, r4th, 1gth, and other next following terms, of 


the x 4- Olth, s 4- qth, 2 4- lth, s + lth, » + 10), and 
other following horizontal rows of terms, refpe&ively, as 
they arife, and the generating fractions “+5, E uL u 
stg stro etit ordi: fV!3 &c, are a continuation of 


yo? 11? 1a? 134? 14 
atl mtbk2 n3 C4 
TU, R3, 73 


the foregoing generating fra&ions m 
and are derived from them by the continua] addition of an 
unit to both their numerators and denominators. 





102, Coroll. g. It is fhewn above in the 6th property of 
the numbers contained in the foregoing table of combina- 
tions, art, 56 and 57, pages 77 and 78, that in every hori- 
zontal row of terms in the faid table of combinations, the 
firft and laft term are, each of them, an unit, and the terms 
that are equidiftant from the firft and laft terms are equal 
to gach other. It follows therefore that the 3d term of the 
a+ 2)th horizontal row, reckoned from the end of it, or 
from the right hand to the left, will be equal to the 3d term 
of it reckoned from the beginning, or from the left hand 
to the right; and that the 4th term of the m- 3h horizon- 
tal row, reckoned from the end of it, or from the right 
hand to the left, will be equal to the 4th term of it reckoned 
from the beginning, or from the left hand to the right ; and 
that the sth term of the. A-4-4Xh horizontal row, reckoned ° 
from the end of it, or from the right hand to the left, will 
be equal to the sth term of it, reckoned from the begin- 
ning, or from the left hand to the right; and that the 6th 
term of the # + ;|th horizontal row, reckoned from the end 
of it, or from the right hand to the left, will be equal to the 
6th term of it, reckoned from the beginning, or from 
the left hand to the right; and, in like manner, that the 

5 . 7, 
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qth, and 8th, and oth, and roth, and other following terms 
of the »4-C]th, z4-7kth, #+8\h, » + oth, and other fol- 
lowing horizontal rows of terms, refpe&ively, reckoned from 
the ends of the faid rows, or from the right hand to the left, 
will be equal to the 7th, and 8th, and 9th, and roth, and 
other following correfponding terms of the fame horizontal 
rows, refpectively, reckoned from the beginnings of the faid 
rows, or from the left hand to the right. But it was fhewn 
in corollary 7th, that the 3d term of thes + 2\th horizon- 
tal row of terms, reckoned from the beginning of it, or 
att 


from the left hand to the right, is & x TiO and that the 


4th term of the 2+3lth horizontal row of terms, reckoned 
from the beginning of it, or from the left hand to the right, 


isa x nl x ats. and that the sth term of the + 4h 
horizontal row of terms, reckoned from the-beginning of it, 


or from the left hand to the right, is » x 2 x I x 


Z2 and that the fixth term of the #+5\th horizontal 





row of terms, reckoned from the beginning of it, or from 
the left hand to the right, ism x er x = x A x 
ft. or that, if the faid third term of the s4-2lth hori- 
zontal row of terms, reckoned from the beginning of it, be 


called C, and the faid 4th term of the + 3|th horizontal 
row of terms, reckoned from the beginning of it, be called 


_D, and the faid sth term of the » + 4}th horizontal row 
of terms, reckoned from the beginning of it, be called E, 


and the faid 6th term of the + sth horizontal row of 
terms, reckoned from the beginning of it, be called F, we 


fhall have C =x e, and D = *3* x C, and E= t2 
x D, and FU X E. And itis obfecved in the laft, 


or 8th, corollary, that, if the 7th term of the # 4- €|.h ho- 
rizontal 
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rizontal row of terms be called G, and the 8th term of the 
34 jh horizontal row be called H, and the 9th term of 
the 5 4- B|th horizontal row, and the :oth term of the 
5^ g|th horizontal row, and the 11th term of the #4-10}th - 
horizontal row, and the 12th term of the s + 11):h hori- 
zontal row, and the next following terms of the next fol- 
lowing horizontal rows, all reckoned from the beginnings 
of thofe feveral horizontal rows, or from the left hand to 
the right, be called I, K, L, and M, &c, refpectively, we 


. fhall have G = "5$ x F, and H = "35 x G, and = 





X H, and K = 125 x 1, and L = 73x K, and M 


x L, and confequently that the 3d term of the 





$10 
TT 
” + 2)th horizontal row of terms, and the 4th term of the 
wt 3lh horizontal row of terms, and the sth, 6th, 7th, 8th, 
gth, 10th, 11th, and 12th, and other next following terms 
of the s 4-4Yb, a+ 5|th, 2+6kh, a+7 h, 2 9[h, g+c)h, 
a+ickh, and z4- rilth, and other next following horizontal 
tows of terms, reckoned from the beginnings of thofe fe- 
veral horizontal rows, or from the left hand to the right, 
vill be equal to # x hy, or C, and ~ x C, oH x D, 


8 
Six ETE x FLTI* x o, E x, HE x 1, 29 








8 10, 
x K, and ur X L, &c, refpe&tively. It follows there- 


fore, that. the 3d term of the at p 2h horizontal row: of 
terms, and the 4th term of the » + 3|th horizontal row of 
terms, and the sth, 6th, 7th, 8th, gth, 10th, 11th, and 12th, 
and other next following terms of the » + 4)th, a+ dh, 
st+O:h, m4-7 4h, 2th, afglth, 2-- 1c]th, and s 4- 11kb, 
and other next following horizontal rows of terms, reckoned 
from the ends of thofe feveral horizontal rows, or from the 

S right 
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right hand to the left, will alfo be refpe&tively equal ton x 
tH, or C, and E x C, “4 x D, + x E, "tS x r, 
at6 ze a+8 sto uias 

Ki xG, i xH, n X I, => x K, and uox L, 
c. 














Of tbe figurate numbers, or tbe fignificant terms of the vertical 
columns of terms in the foregoing table of combinations, page 
EZ" 





103. Coroll. 10. We come now to confider the vertical 
‘columns of terms in the foregoing table of combinations. 


Now it is evident, in the firft place, that the. firft fignifi- 
cant term in every vertical column of terms in the faid table 
is an unit, and that the fecond fignificant term is che num- 
‘ber which is the exponent of the column; as has been ob- 
ferved above in art. 53, page 76. So that, if the whole 
"number. z be the exponent of the column, the two firft fig- 
‘nificant terms of the faid column, immediately following the 
cyphers at the top of it, will be 1 and ». It remains that 
we find the values of the following terms in the faid co- 
lumn, after the terms 1 and 7. Now this may be done by 
means of the foregoing corollaries, in the manner following. 


In the foregoing table of combinatioms the number of 
cyphers at. the top of the vertical column of which the ex- 
ponent is s, is u—1; as is obferved above in art. 51, page 
75- And confequently the firft fignificant term in the faid 
vertical column, to wit, 1, will bethe zth term of it, and 
-confequently will be fituated in the sth horizontal row of 
terms in the faid table; and the fecond fignificant term in 

"tlie {aid vertical column of terms, to wit, 1, will be fituated 

‘ in 
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in the #+ ith horizontal row of terms; and the 3d fignifi- 
cant term in the faid vertical column will be fituated in the 
"zh horizontal row of terms; and the 4th fignificant 
figure in the faid vertical column will be fituated in the 
74-3kh horizontal row of terms'; and, in like manner, the 
5th, and 6th, and 7th, and 8th, and oth, and roth, and 
other following fignificant terms in the faid »th vertical co- 
jumn will be fituated in the s 4- 4kh, and s» 4- slth, and 
x4-6kh, and 24+7th, and #+8lth, and z4-9kh, and other 
following horizontal rows of terms refpe&ively. 


And, further, the firft fignificant term, to wit, r, in the 
faid sth vertical column of terms, is likewife the firft term, 
reckoned from the right hand to the left, of the horizontal 
row in which it is fituated ; and the fecond fignificant term 
in the faid mth vertical column of terms, to wit, #, is like- 
wife the fecond term, reckoned from the right hand to the 
left, of the horizontal row in which it is fituated ; and the 
3d fignificant term in the faid sth vertical column is like- 


wife the third term, reckoned from the right hand to the : 


left, of the horizontal row in which it is fituated ; and the 
4th fignificant term of the faid sth vertical column is like- 
wife the 4th term, reckoned from the right hand to the left, 
of the horizontal row in which it is fituated; and, in like 
manner, the sth, 6th, 7th, 8th, and other following figni- 
ficant terms of the faid mth vertical column of terms, are 
likewife the sth, 6th, 7th, 8th, and other following terms, 
reckoned from the right hand to the left, of the feveral ho- 
rizontal rows of terms in which they are fituated, re{pec- 
tively. 

But it has been fhewn that the 1ft, 2d, 3d, qth, sth, 6tb, 
and other following fignificant terms in the mth vertical co- 
lumn of terms are fituated in the mth, ntith, 232], 
n+ 3h, 2+ ath, s 4. sth, and other next following hori- 
zontal rows of terms, re{pectively. N 

Therefore the 1ft, 2d, 3d, 4th, sth, 6th, and other fol- 
lowing fignificant terms of the ath vertical column of terms 

$2 are 


D 
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are likewife the 1ft, 2d, 3d, 4th, sth, 6th, and other next 
following terms, reckoned from the right hand to the left, 


‘of the mh, s4- ith, n4-zkh, s» 4- 3lth, s J- Ath, 7+ 5h, 
and other next following horizontal rows of terms, refpec- 
tively. 

But it has been fhewn in coroll. 9, that the 3d term of 
the s-F2lh horizontal row of terms, reckoned from the 


right hand to the left, is equal to » x fL or oh xmor 


. 2 
Lr X B; and that the 4th term of the 24- 3th horizontal 


row of terms, reckoned from the right band to the left, is 
ax el x Ln, ott X C; and that the sth term of the 
n+ ath horizontal row of terms, and 'the 6th term of the 
fh horizontal row of terms, and the 7th, 8th, oth, 
1cth, and other next following terms of the s + é|h, 
24; lh, n4 8lth, "C lh, and other next following hori- 
zontal rows of terms, refpectively, all reckoned from the 
.tight band to the left, are equal to 233 x D, cá x E, 
ts x F,**xG, &c. ; 
Therefore the 3d fignificant, term of the sth vertical co- 


Jumn of terms will be equal to » x st or An x n,or 


a 
= X B; and the 4th fignificant term of the fame verti- 


cal column will be equal to” x uz x m, or Li xC; 
3 


and the sth, and 6th, and 7th, and £th, and gth, and 1oth, 
and other following fignificant terms of the tame vertical 


column will be equal to zs x p, +4 x F, “ts x p 


x G, tz x HU X I, &c.; and confequently the 


whole 
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whole of the faid sth vertical column of terms, including 
the two firft fignificant terms 1 and z, or, in other words, 
the whole feries of figurate numbers of the ath order, will 


i t. 2 cr ats p at +6 
be 1,2, or + A, TE B,C, T3 p, TP p, r$ p T 


G, 47, tty, te KL, tt te te 


y 





10 43 M 
0, T7* P, tec, ad infinitum, «ng 


ARA 


Examples of the application of the foregoing feries to the compu- 
tation of tbe figurate numbers of feveral fucceffive orders. 





104. In the firft place we will fuppofe the letter » to de- 
note t. 

Then we fhall have 5-- 1 (= 1 4-1) Z2, and 8 2 
(= 142) —3, and 5-3 (2 1--3) = 4, and 5 4 
(2i1*4)— 5, andns, nó, "+7, 59,09 
34-10, &c, = 6, 7, 8, 9, 10, 11, &c, refpe&ively. 


Therefore the feveral terms 1, = A, “t+ B, tic, nbi 

















E 3 4 
step *físpstÓGstRIy set. nrk9 gu to 
p,ttig tii titgnipgo ttg trag nim 


L, &c, will, in this cafe, be equal tor, 7 A, 5 B, £6 
6 

4D, iE $E, 1G, HI BK, EL, &e, repec- 
tively, orto 1, 1 A, 1B, 1C, 1D, 1E, 1 F, 1G, 1H, 
1L 1K, 1 L, &c, or to 1,1, 1, 5 15, 1, 1, 1, 1, 1, I, I, 
&c; and therefore the twelve firít terms in the firft ver- 
tical column in the foregoing table of combinations, or the 
twelve firft figurate numbers of the 1ít order, obtained by 

means 
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means of the foregoing feries, will be 1, 1, 1, 1, 1, s, Ty 
1, I, I, 1, and 1, ora fet of units; as they ought to be, 
and as they are in the foregoing table of combinations. 


105. In the next place we will fuppofe the exponent z to 
be equal to 2, in order to obtain, by means of the foregoing 
feries, the fignificant terms in the fecond vertical column in 
the foregoing table of combinations, or the figurate numbers 
of the fecond order, ' 


Now, if 2 is = 2, the terms of the feries 1, = at B, 


sic sip sk4qombSp 566 tT py et8, 49 
; 07. DU EUN REG Bb 


K, &c, will be refpe&ively equal to r, I A, + + * B, zz 








243 244 245 2+6 247 2-8, 249 
Cc, D,—— E, FT G, “BH, 9 L-—— 
2 6 8 9 

K, &, ori, A, TB LC D T BLE GG 


H, 21, EK, &e, or 1, 2, 4, 4 $ 6 7s 8 9, 16, 11 


&c. Therefore the firft eleven fignificant terms in the fe- 
cond vertical column of terms in the foregoing table of com- 
binations, or the firft eleven figurate numbers of the fecond 
order, obtained by means of the foregoing feries, will be 
the natural numbers 1, 2, 3, 4; 5, 6, 7, 8, 9, 10, and 11; 
as they ought to be. 


106. In the 3d place we will fuppofe the exponent s to 
be equal to 3, in order to obtain, by means of the foregoing 
feries, the fignificant terms in the 3d vertical column of terms 
in the foregoing table of combinations, or the figurate num- 
bers of the third. order, or (as they are often called) the 
triangular numbers. 
att 

B, 


Now, if 2 is = 3, the terms of the feries nl A,77 














atin at at at nth, at »4-8 
Lio thip, tite, tip, titg tlg, tit 1, 
&c, 
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&c, will be refpectively equal to 1, ES A, e B, itUc, 
iip itg 375 , 38, UIS ETT I, &e, or, 2 


LI 
6 
A, tB EC, DLE, $5216 FHS D &e or 
1, 3, 6, 10, 15, 21, 28, 36, 45, 55, &c. "Therefore the 
firft ten fignificant terms in the third: vertical column of 
terms in the foregoing table of combinations, or the firft 
ten figurate. numbers of the third order, or the firft ten 
triangular numbers, obtained by means of the foregoing — 
'! feries, are 1, 3, 6, 10, 15, 21, 28, 36, 45, and 55; whicl 
are the fame numbers with thofe fet down above in page 74, 
in the third vertical column of the foregoing table of com- 
binations. 


107. In the 4th place we will fuppofe the exponent 2 to 
“be = 4, in order to obtain, by means of the foregoing fe- 
ries, the fignificant terms in the 4th vertical column in the 
foregoing table of combinations, or the figurate numbers of 
the 4th order, or (as they are often called) the pyramidal - 
numbers. 
nee 


mE : " 
Now, if # is = 4, the terms of the feries 1, — A, — 


Li Li 6 
B, Lt c ip,tttg tii F, x1 G, 77 H, &e, 
will be refpe&ively equal to t, La, e B, zz C, £t 
6 6 
D, tte, 15 p, 75 G, 47 H, &c, or 1, $ A, $ B, + 


C, z D, t E, -F, E. G, FH, c, or 1, 4, 10, 20, 355 


56, 84, 120, 165, &c. Therefore the firft nine fignificant 
terms in the fourth vertical column of terms in the fore- 
going table of combinations, Ey the firft ine figurate num- 
bers of the 4th order, or the firft nine pyramidal numbers, 
obtained by means of the foregoing feries, are 1, 4, 10, 
20, 35, 56, 84, 120, and 165 ; which are the fame num 

7 IS 
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bers with thofe fet down above in page 74, in the, fourth 
veitical column of the foregoing table of combinations. 


108. Tn the sth place we will fuppofe the exponent s to 
|o be = 5, in order to obtain, by means of the foregoing fe- 
ries, the fignificant terms in the sth vertical column of terms 
in the foregoing table of combinations, or the figurate num- 
ber of the 5th order. 
si 


Now, if 2 is = 5, the terms of the feries 1, I A, “= B, 

2 C, zu D,*t# E, “SF, ut G, &c, will be refpec- 

; Sin ft!g 5t?206 5t3p St4p S545 

tively an tor, f A, > » > C, "DU E, br» 
8 

F, EE G, &c, or nA, PB lo 7D E, t F, 

7 G, &c, or 1, 5, 15, 35, 70, 126, 210, 330, &c. There- 


fore the firft eight fignificant terms in the sth vertical co- 
lumn of terms in the foregoing table of combinations, or 

* the firft eight figurate numbers of the sth order, are 1, 5, 
15, 35» 70, 126, 210, and 330; which are the fame num- 
bers with thofe fet down above in page 74 in the sth verti- 
'càl column of the foregoing table of combinations. 


109. In like manner, if the exponent z is — 6, the terms 
of the feries 14a, tht B, tic, tip, titers 
$ c3 

3% 

.D, I EZ F, &c, or 1, 6, 21, 56, 126, 252, 462, &c. 





F, &c, will be refpe&ively equal to 1, $a, i B, 


and confequently the-firft feven fignificant terms of the 6th 
vertical column of terms in the foregoing table, or the firft 
-feven figurate numbers of the 6th order, will be 1, 6, 21, 
56, 126,°252, and 462; which are the fame numbers with 
thofe fet down above in page 74 in the 6th vertical column 
of the foregoing table of combinations. 


110. And, 
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110. And, if the exponent * is = 7, the terms of the 
feries 1, + A, 3 p, 233 c, 153 D, E, &e, will be 


refpc&tively equal to 1, 2 A, © B, ?- C, 2D, E, &c, or 


1, 7, 28, 84, 210, 462, &c, and confequently the firft fix 
fignificant terms of the 7th vertical column of terms in the 
foregoing table of combinations, ot the firft fix figurate 
numbers of the 7th order, will be 1, 7, 28, 84, 210, and 
462 ; which are the fame numbers with thofe fet down above 
in page 74, in the 7th vertical column of the foregoing table 
of combinations. 


xir. And, if the exponent » is zz 8, the terms of the 
feries 1, A, T B, 3 C, “ED, &e, will be refpec- 
- 8 
tively equal to 1, — A, 2 B, Fc, =D, &c, or 1, 8, 36, 
120, 330, &c; and confequently the firlt five Significant 
terms of the 8th vertical column of terms in the foregoing 
table of combinations, or the firft five figurate numbers of 
the 8th order, will be 1, 8, 36, 120, and 330; which are 
the fame numbers with thofe fet down above in page 74, 
in the 8th vertical column of the foregoing table of combi- 
pations. 


112. And, if the exponent » is = 9, the terms of the 
feries 1, I A, Ln B, Lu C, &c, will be refpe&ively equal 


to 1, 2 A," B, n C, &c, or 1, 9, 45, 165, &c; and 


confequently the firft four fignificant terms in the oth ver- 
tical column of terms in the foregoing table of combinations, 
or the firft four figurate numbers of the gth order, will be 
1, 9, 45, and 165; which are the fame numbers with thofe 
fet down above in page 74, in the gth vertical column of the 
foregoing table of combinations, 


T 113. And, 
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113. And, if the exponent » is = 1o, the terms 1, =A, 





att B, &c, will be refpe&ively equal to 1, = A, ZB, &c, 


2 

Or 1, 10, 5$, &c; and confequently the three firft figni- 
ficant terms of the 1oth vertical column of terms in the 
foregoing table of combinations, or the three firít figurate 
numbers of the roth order, will be 1, 10, and 55; which 
are the fame numbers with thofe fet down above in page 
74, in the 10th vertical column of the faid table of com- 
binations. 


114. It appears, therefore, that all the numbers fet down 
above in page 74, in the ten firít vertical columns of the 
foregoing table of combinations, may be obtained by the ap-, 


plication of the general feries 1, A, n p,*tic, tts 








4 
+4 at +6 + a8. t at10 
D, t E, RG, T2 H, 77 1, SOK, TEPL, 


&c; which is a confirmation of the truth of the faid feries, 
and of the reafonings by which it was obtained. 


A general 
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A general exprefiion of tbe value of tbe fraftion = or the rea 
D at 
ciprocal of any integral power of the binomial quantity a 4- b, 
in an infinite feries. . 


115. Coroll. 11. From the foregoing corollary we 
derive a general exprefüon for the value of the, quantity 





a4, y in an infinite feries of terms, when the 
index s is any whole number whatfoever. 


1 
=r 
from the divifion of the numerator 1 by the binomial quan- 
lity 2 4- d as many times as there are units in the index s. 
And the quotients that arife from thefe divifions are a fet of 
infinite feriefes confifting of terms marked alternately with 
the fign — and the fign +, and of which the numeral co- 
efficients will be the figurate numbers of the feveral fucceffive 
orders. This will appear by making a few of thefe divi- 
fions ; which I fhall therefore now proceed to make: but, 
in order to render the operations fomewhat fhorter and eafier 
than they otherwife would be, I fhall fubftitute the binomial 
quantity 1 -- x inftead of the binomial quantity a + 4, 
which will make no change whatever in the numeral co- 
efficients of the terms of the feveral quotients that will re- 
fult from thefe divi&ons: and I fhall fuppofe the quantity 
x to be lefs than 1, to the end that the powers of x in the 
terms of the feveral quotients may be decreafing quantities. 


For the quantity 





is equal to the feries which refults 


T2 116. The 


. ! * . 
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116. The firft of thefe divifions will be as follows : 


Divifor. Quotient. 
rb) (raa pitas iA a pata af de ke. 
‘ Dividend. 
._ * # 


: 9 * # * 





By this divifion it appears that the fra&ion —— is equal 


ites 
. to the infinite feries 1— x  x* —x! 4 — xà eT a4 
x? "o — 5"! + &c, in which the fecond, fourth, fixth, 
eighth, tenth, and twelfth terms are marked with the fign 
—, or are to be fubtraéted from the firft term 1; and the 
third, fifth, feventh, ninth, and eleventh terms are marked 
with the fign" +, or are to be added to the firft term 1. 
And it is eafy to fee, from the manner of making this divi- 
fion, that, if the operation was to be continued to any 

. greater 
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greater number of terms whatfoever, the 14th, and 16th, 
and 18th terms, and all the following even terms in the quo- 
tient would alfo be marked with the figa — ; and that the 
13th, and 15th, and 17th terms, and all the following odd 
terms in the quotient would be marked with the fign +. 
And the numeral co-efficients of all the terms in this quo- 
tient are units, or are the terms of the firít vertical column 
of terms in the foregoing table of combinations, or the figu- 
rae numbers of the firft order; agreeably to what has been 
jut now afferted. 


117. The next divifion will be as follows : 


Divifor, Quotient. 
às) (1 aed 30° — a9 544605 4 72° — 881 + 9s? — 1029 priate 
123! + &c. 


Dividend. 
peapat—a4i pt a5. p af — 27-4 at a9 ato + &e, 





* usi 
tussi 
* iaa Kc. 
iss! c. 
L——— 





By 
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BED : P 

By this divifion it appears that the fraftion is equal 
to the infinite feries 1 — 2x + 3x* — 4x! 4- 5x*— 6x! + 72° 
— 8x7 4- gx! — 103? + 114? — 12x 4+ &c, in which, as 
in the former quotient, the fecond, fourth, fixth, eighth, 
tenth, twelfth, and other following even terms have the fign 
— prefixed to them, or are to be fubtraéted from the firft 
term 1; and the third, fifth, feventh, ninth, eleventh, and 
other following odd terms are marked with the fign +, or 
are to be added to the faid firft term. And the numeral co- 
efficients of the feveral terms of this quotient are the natural 
numbers 2, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, &c, or the 
terms of the fecond vertical column of terms in the forego- 
ing table of combinations, or the figurate numbers of the 
fecond order. 


118. The 
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118. The third divifion will be as follows : 
Divifor. Quotient. 
Lr) (1— 34+ 62% — 1089+ 154 — 2145 + 2845 — 3607 + 4st — 6525 4- 
66x! — Bel + Ecc. 


Dividend. 
TLS as E etc Get 78 = Bal get c os ris raat ee 
IM . 





+627 +623 





* ard +738 
—ainéoiu 
* i845 847 
EL 42807 N 
T Len oi 
Man 
* +b 45at— tox 
TA bap? 
MEINT 








* 3 6629 — 1249 
66419 4 6645 
T$ Bs + ic, 
— 78s" — &c. 
+ 
By this divifion it appears that the fraction = is equal 
E 
to the infinite feries 1 — 3x -+ 6x* — 10x? + 15x* —212* 4- 
282° — 362 4- 45x" — 55x? + 66x? — 78x" + &c, in which, 
às in the two former quotients, the fecond, fourth, fixth, 
‘ighth, tenth, twelfth, and other fallowing even terms have 
the fign — prefixed to them, or are to be fubtraéted from 
the firft term 1;:and the third, fifth, feventh, ninth, eleventh, 
ind other following odd terms have the fign + prefixed to: 
them, 
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them, or are to be added to the faid firft term. And the 
numeral co-efficients of the feveral terms of this quotient are 
the terms of the third vertical column in the aforefaid table 
of combinations, or the figurate numbers of the third order, 
or the friangular numbers. 


119. The fourth divifion will be as follows : 


Divifor. Quotient. 
fa) (1404 1023 — 1021 + 352*— 56583-18445 — 13047 4- 16548 — he, 
. Dividend. 
1— 33. 633—102 4 1524— 2143 + 1835 — 3631 + gga? — Bee 
tts 
Feta 
44a? 


* 4102 — 10%? 
+ 102* + 1023 
* —20x3 + 5x4 
— 2053 — 2044 
* Tintin 
t3gettast 
TU 568+ a8x8 
~ 56x5 — 562° 
TU gc gat 
8445 8447 
* i203! agat 
12087 — 12088 
Ss +16 508 — Kc. 
$165 x84 &c. 
* ke. 


By this divifion it appears that the fra&ion ——~, is equal 
y PP! "uj eq 





to the infinite feries 1 — 4x + 10x*— 202? + 353* — 56° 
+ 842° — 120%7 + 16 5x" — &c, dd infinitum, in which, as 
in the three former quotients, the fecond, fourth, fixth, and 
eighth, and other following even terms have the fign — pre- 
fixed to them, or are to be fuptra&ed from the firit term 1; 
and the third, fifth, feventh, ninth, and other following 
* odd terms have the fign + prefixed to them, or are cote 
adde 
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added to the faid firft term. And the numeral co-efüiciénts 
of the feveral terms of this quotient are the terms of the 
fourth vertical column in the aforefaid table of combina- 
tions, or the figurate numbers of the fourth order, or the 
pyramidal numbers. 


120. The fifth divifion will be as follows: 


Divifor. Quotient. 
Is) (1 —sa+ 159° — 3527  70x*— 12623 4- 21033 — &c. 
Dividend. 
142 4 1033 — 1033 +3544 — 6635-8449 — 120874 &c 
Ite 
Tre 1084 
-$x-— 5x* 
* 1528 — 2058 
tiger 
* = 358+ 359+ 
l3ed-39 
* 4 1025— 5655 
+ 7os*+ 7025 


#12654 8, 
BE 


7 S Firos5— kes 
t ir0x5- *c- 
*- —&c. 

1. 
r+) 
to the Infinite feries 1— 5x + 152° — 352° + 26x* — 12608 
+ 21035 — &c, ad: infinitum, in which, as in the four pre 
ceeding quotients, the fecond, fourth, fixth, and other fol- 
lowing even terms have the fign — prefixed to them, or are 
to be fubtracted from the firft term 1 ; and the third, fifth, 
feventh, and other following odd terms have the fign 4- pre- 
fixed to them, or are to be added to the faid firft term. 
And the numeral co-efficients of the feveral terms of this 

ient arc the terms of the fifth vertical column in the 
regoing table of combinations, or the figurate numbers of 

the order, I t 
U 121. 


By this divifion it appears that the fra&ion 





is équal 
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121. The fixth divifion will be as follows : 





Divifor. Quotient. 
i44) (16x42 10 — 5623 412624252054 &c. 
Dividend. 
1— Sat 1624 — 3523 + 7024— 12655-]- &c, 
per 
Lez 
—6x— 52 
* 42129-3527 
cMint-riu 
* —$624-70x* 
— 5623 —56x* 
* + 126x4— 12625 
12604412655 
* —252x54- Kc. 
—26215— &c. 
* o. 





del : : 1: 
By this divifion it appears that the fraction Fry is equal 
to the infinite feries 1 — 6% + 21x* — 56x* + 126x* — 
2523* + &c; in which, as in the five former quotients, the 
fecond, fourth, fixth, and other following even terms have 
the fign — prefixed to them, or are to be fubtra&ed from 
the firft term 1; and the third, and fifth, and other follow- 
ing odd terms have the fign + prefixed to them, or are to 
be added to the faid firft term. And the numeral co-efficients 
of the feveral terms of this quotient are the terms of the fixth 
vertical column in the foregoing table of combinations, or 
the figurate numbers of the fixth order. 


Conclufions 
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Conclufions from the foregoing Operations of Divifion. 





122, From the operations of the foregoing fix divifions with 
the fame divifor 1 + x, I prefume that it will be evident to 
the reader, that, if we were to continue each of the fore- 
going quotients to any number of terms, how great foever, 
the faid terms would continue to be marked with the figns 
+ and — alternately, and that the co-efficients of the fol- 
lowing terms after thofe that have been above computed, 
would be the following numbers of the fame order of figu- 
rate numbers to which the co-efficients of the terms above 
computed in the faid quotients, belonged, refpectively. And 
I likewife prefume that it will be evident to him, that, if 
we were to divide the laft, or fixth, quotient by 1 + x, 
and the next, or feventh, quotient, by the fame quantity 
1+ x, and the feveral rtext following, or the eighth, ninth, 
tenth, and eleventh, &c, quotients, continued to any num- 
ber whatfoever, by the fame quantity 1 + (whereby we 
fhould obtain feveral infinite feriefes that would be equal to 


H 1 Y 1 1 u 
the fra&ions fa’ Ta’ UG Te &c), and 
were to continue each of the faid divifions till we had ob- 
tained any number of terms in the quotient, how great fo- 
ever, the feveral even terms in every quotient would be 
marked with the fign —, or fubtracted from the firft term 
1; and the third, fifth, feventh, and other following odd 
terms in every quotient would be marked with the fign +, 
or added to the faid firft term ; and alfo, that the co-efficients 
of the terms of the faid 7th quotient (that would be equal 


H 1 
to the fraction Fe 
gth order, and the co-efficients of the terms of the faid 8th’ 

: Ua quotient 





; would be the figurate numbers of the 
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quotient (that would be equal to the fra&ion = ) would 


be the figurate numbers of the 8th order, and that the co- 
efficients of the terms of the oth, 10th, 11th, and other fol- 
lowing quotients (which would be equal to the fra&ions 


mue &c) would be the figurate numbers 


of the oth, roth, 11th, and other following orders, refpec- 
tively. 








Obfervations eu the foregoing Operations of Divifion, tending ta 
cfablifo the foregoing Conclufions. 





123. The foregoing conclufions may be derived from the 
following obfervations, which cannot but occur to every 
perfon who fhall go through the foregoing operations of 
algebraick divifion with attention, namely, 


ift, That in every feparate operation of divifion, by 
which a new term in the quotient is to be obtained, the di- 
vidend will always confit of two terms which will have dif- 
ferent figns + and — prefixed to them ; fo that, when the, 
firft of the two has the fign + prefixed to it, the fecond 
will be marked with the fign — ; and when the firft has 
the fign — prefixed to it, the fecond will be marked with 
the fign +. 


2dly, That the fubtrahend, or quantity which is to be 
fubtracted from the faid dividend, will always confift of two 
terms, which will be both marked with the fame fign + or. 
—, which fign will alfo be the fame with that of the firft of 
the two terms of the dividend from which the faid fubtra- 
hend is to be fubtracted; and therefore the fign which is 
mE prefixed 
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prefixed to the fecond term of the faid fubtrahend will be 
contrary to that which is prefixed to the fecond term of the 
faid dividend, from which it is to be fubtracted ; whence it 
follows that when, in order to fubtraét the faid fecond term 
of the fubtrahend from the fecond term of the dividend, 
which is placed juft above it, we hall (according to the rules 
of algebraick fubtraction) have changed its fign into the 
contrary fign, and have added it, with its fign fo changed, 
to the fecond term of the dividend, the refidue thence se- 
fulting (which will be the firft term of the next dividend) 
will have the fame fign prefixed to it as is prefixed to the 
fecond term of the former dividend, or the contrary fign to 
that which is prefixed to the firft term of the former divi- 
dend ; fo that the firft terms of every two contiguous divi- 
dends throughout the whole divifion will be marked with 
contrary figns, and confequently every two contiguous terms 
in the quoticnt (which have always the fame figns with the 
firft terms of the two dividends from which they are derived) 
will alfo be marked with contrary figns. 


3dly, Since the two terms of the divifor 1 + x, to wit, 
x and x, have the fame numeral co-efficient 1, and every 
mew fubtrahend is produced by multiplying the divifor 
4+ into the laft-found term of the quotient, it follows 
that the numeral co-efficient of the fecond term of every 
pew fubtrahend muft be the fame with the numeral co-effi- 
cient of the firft term of the fame fubtrahend. And con- 
fequently, when the fign of the fecond term of the fubtra- 
Bend is changed, and thereby become the fame with the 
fagn of the fecond term of the dividend, which is juft above 
it, and it is added, with its fign fo changed, to the faid {e- 
cond term of the dividend, the co-efficient of the quantity 
refulting from this addition, or algebraical fubtra&ion (which 
is evidently the fum of the co-efficient of the fecond term of 
the fubtrahend and of the co-efficient of the fecond term of * 
the dividend) will alfo be the fum of the co-efficient of the 
frt term of the fubgrahend and of the co-efficient of the . 
fecond term of the dividend, and confequently (becaufe 
Ue firft term of the fubtrahend is always equal to, or the 
en briberdiraantac : ame 
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fame with, the firft term of the dividend) will alfo be the 
fum of the co-efficient of the firft term of the dividend and 
the co-efficient of the fecond term of the dividend ; that is, 
the co-efficient of the firft term of every new dividend will 
be the fum of the co-efficients of the firít and fecond terms 
of the next preceeding dividend. And confequently the co- 
efficient of every new term in the quotient (which is the 
fame with the co-efficignt of the firft term of the dividend 
from which it is derived) will be the fum of the two co- 
efficients of the two terms of the next preceeding dividend. 
But the fecond term of the next preceeding dividend is a 
term of the laft preceeding feries, or quotient obtained by 
the divifion by 1 + x; and the co-efficient of the firft term 
of the faid next preceeding dividend is equal to the fum of 
the co-efficients of all the preceeding terms of the faid lat 
preceeding feries, or quotient obtained by the divifion by 
14x. Therefore the co-efficient of every new term in the 
quotient arifing from the prefent divifion by 1 + x will be 
equal to the fum of all the co-efficients of the terms in the 
foregoing feries, or quotient, as far as the correfponding 
term, or term involving the fame power of x, and includ- 
ing the faid term. Thus, if the former feries, or quotients 
be called A, and the prefent quotient, now arifing from the 
:divifion of the feries A by 1+, be called B, and m be 
2 whole number denoting the place of any term in the 
quotient B, the co-efficient of the mth term of the feries, 
or quotient, B, will be equal to the fum of the co-efficients 
of all the terms of the preceeding feries, or quotient, A, as 
far as the mth term of the faid feries, and including the faid 
mth term. ' 


And therefore, 4thly, that the co.efficients of the terms of 
the feveral feriefes, or quotients, arifing by the continual 
divifion of 1 by the binomial quantity 1 4- x will be the 
feveral orders of figurate numbers, or the terms of the feve- 
ral vertical columns of terms in the foregoing table of com- 
binations; fince both the faid co-effiorents of the terms of 
the faid feriefes, or quotients, and the faid figurate num- 


bers, or terms of the feveral vertical columns of terms in the 
! fai 


Mr. James Berneulli’s TreatifeDe Arte Conjectandi. 15% 


{aid table of combinations, arife in the fame manner from a 
feries of units, 1, 1, 1, 1, I, I, 1, 1, I, 1, 1, 1, &c, to wit, 
by the continual addition of them to each other, and by the 
like continual addition of the terms of every feries generated 
from them to each other. 





Application of tbe foregoing reafenings to the finding of a general 
expreffion of the value of the frattion Su in an infinite fe 
ries of fimple terms. 





124. It having been now proved that the terms of the fe- 
veral feriefes, or quotients, that are equal to the fractions 


Y 1 I 1 Li 1 B 5 
TES Ta’ Ta DES" oe Tuy &c, ad infinitum, 
(beginning with the fecond term in each feries), are to be 
marked with the fign — and the fign + alternately, and 
that the co-efficients of the terms of the faid feriefes will be 
the figurate numbers of the correfponding orders; and it 
having been proved above in coroll. 10, that the figurate 
numbers of the mth order, or the fignificant terms of the 
ath vertical column of terms in the foregoing table of com- 
binations (# being put for any whole number whatfoever) 
are equal to the terms of the following feries, to wit, 1, 


1 4 6c. at 


8 
at L at+9 K, a+10 
9 10 x 








L, &c, ad infinitum ; it follows that the 

fraQion TR will be equal to the infinite feries 1 — —- Ax 
its 

+, 
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mt gy _ (oe ripa gs. tH 
+ Be 3 Cx 4- * Da ; Es + 
pe- Foe true fie eti n 
fe Lx" + &c, ad infinitum. 


125. Now let 2 be fubftituted inftead of s, And the 


fra&ion — Tis ; vill then be — = and the feries 1 -* Ax 


fI 

+t pe Pe cap HED ot — E gs ei 
FS—PIGS  NiHe- zu D ti 
Kx? — [L7 Ls" &c, ad ifnitum, will be — 1 — 7A 
mn Ec E+ttipe -fHees 

BIS "un nr P ato 
ra ee eee 
kx E pte yo + &c, ad infinitum. mE the 


fra&ion sese. will be equal to the feries 1 — 2A 2 + 
1 d-| 
s 


DPHLMDULM A EL U 
4 


ra [ cae pte yoy tS 


10 @ 


Bay Lo + Ee; and cofequent mE both 


fides of this equation by 4") we thall have ( te 

1+— 

—À— 
a 


or 
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t Li * 
or » OF —— — —, ot) QmL—A 
iR xe m ot d 
3 stip a f L4 n a+3 LIN 
ett 2 ate 3 9t 4 "t4 


t. bs s be [sto a " +7 
feet Fop— lo gat “37H 
» T8 » ato po [zs wot 
2.97 I 25 wo ane 11 Lu 
+ &c, ad infinitum, or, according to Sir Ifaac Newton's 
notation with negative indexes of powers, we thall have 


AC = the feries a7 — A 27771) + TEE 


a2 we [22 I$ a43 aad pe [ate 
Bett p (E canti #4 HE pant fe 





p, B 4 Si gati p S auttm 4 tg 
Haá7*7* Pp -# 14777? P +. 2 Kanto 
TitLaUtU OY + Ee, ad infinitum, =, Bs 
126. This laft feries is the fame with that which would 
refult from Sir Iaac Newton’s original feries for expreffing 
the value of the quantity a-4-2|, or the mth powet of the 


binomial quantity 2+, to wit, the feries a^ + = tl b 


do tmi pp Eo fL 122 73 ri 
DX—4 PFtTXUXUS PIX 


fmt i. 4-3) 34 a emt end - 
Sixt xtd Behn xt x Sx 
Sai + &c, by fuppofing the index of the faid 


to be negative, or by fubftituting — s inftead of # 
be terms of the faid feri, "8 " 
er, 
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For, if this fubftitution. be made in the terms of the faid 
Am mm yy 


feries, it will become equal to 4 TX 
TEIG! p TE THEE Citat p ct 
a b x ;x 3 a LÀ Tr 
T y ct - POA Ek Tii cimi 
OX Re 0B x TX CS 


x ird x C x 4 7" 55 — &c, and confequently, 


(becaufe — x “is = "Tx TS, and SX 


TAD jg = THE x s, equal to a CI acp 


I x E aot tn x Hh x Cua 47773 B 
a x m x TX p Sh x x 


Wei tats y tQ gl &c, = a *— 
3 4 5 
a7» Ht x uw ag +t 





273) ppt x FE x ww x 36 

££ y tty c (eus = gn 
x T x x $a Bo Ke = a" 
Aa pa PEL gant p reus pati 


D a 774p -R +4 Eg~*—5 4 4 &c; which is the feries 

we juft now derived from Mr. James Bernoulli's do&rine of 

combinations for the value.of the quantity a + 2], or 
© . 

=: Q B.D, 


ate? 


A general 
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A general expreffion of the value of the fratHion —- >» or of the 
reciprocal of "any integral power of the refidual quantity a—b, 
in am infinite feries. 





127. Coroll. 12. The fraction 





will be equal to the 














2-5 
ns! 2475 TE oo TP 
fü IATER ; Bop ts Cant 
:t3 Ld at4 bs ats bs n+6 
4 Dont 5 ET 6 FI 201 
Popeye Bp ety Qi» oe 
2t 8 2t 79. lot 10 Kt 
dey, Lad + &c, ad infinitum, which confifts of the 





Hu Pa Ti 
very fame terms as the feries obtained in the foregoing co- 


1 . 
zuy but with the fign 


+ prefixed to all the terms after the firft term, inftead of 


rollary for the value of the fraction 





2 
being prefixed only to the 3d, sth, 7th, oth, and other fol- 
lowing odd terms of it, as in the former feries. 


128. This will appear by dividing 1 two, or three times 
following by the refidual quantity 1 — x inítead of the bi- 
nomia] quantity 1 4- x. For we íhall eafily perceive that all 
the terms, after the firt terms, in the quotients arifing from 
thofe divifions will be marked with the fign +, or muit be 
added to the firft terms, The three firft of thefe divifions 
vill be as follows : 


Xa The 
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Tbe felt Divi, 


Divifor, Quotient. 
Stee) (hater eda oa eaa ut qu 4 Kc. 


Dividend. 
g * 9 eee eee ov og 
1-—* 
“Fe © 
Te 
po 
$2—27 
“etn * 
Tü—. 
eye € 
nen 


Kara 
e 





* 
TH—3 
“aye # 
+x —a7 - 
vaso 
ats? . 
M TE 
TS-^ 
We * 
tee mae 
* a 
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The fecond Divifion. 
Divifor. . Quotient. 
14) (rir P n gi n 45 4-861 - 95 4 10294 Ke. 
Dividend. 


eet ie e tat pat pa eat tat &e, 
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The third Divifion. 


Divifor. Quotient. 
1—5) (I3x4-62*-F 102 4 1524214543605 4- &c. 


Dividend. 
toprdir(aj- 4st 504625 + 735 4827 toe + Kc. 
I—* 


+324+38° 
*3r—335 
NET TET 
625-63 
* 10x34 cx* 
+1023 — 1024 
ELECTIS) 
+h igat— 1595 
* oqnxFq 7x6 
inj—in$j. 
#28254 827 
. +28x5— 2847 
* A 36x! 


129. It is eafy to fee that, both in thefe three divifions, 
and in all the following divifions that may be made of the 
laft quotient hereby obtained, by the fame divifor 1—x, all 
the terms of the feveral quotients, after the fir ft terms, will 
be marked with the fign +, or be added to the firft terms, 
and that the co-efficients of the feveral terms will be the very 
fame numbers as the co-efficients of the correfponding terms 
in the former quotients which refulted from the divifions by 
the binomial quantity 1--x. Ic follows therefore that the 
fra&ion m will be equalto the infinite feries 1 + = 
Ast tt! ge tH coy E D tt Es 
ET 

9 


9K? + TUS Lit + &c, ad infinitum, and confe- 
t quently 


EFE + titGa y tae Ie? + 
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quently (fubttiruting 4 inftead of x in this equation) that 
the fra&ion —=— will be equal to the infinite feries 1 LES 


a 
AL M HERI XL ap 
ns ne a e at8 
Tu FÉ +—=Ga+H H2 £z + 14 T 
*t9 po m pu 
UBEKLCUTLE ; 
quently (dividing both fides of the lat equation by 4") that 


the fra&ion C 9 OF 
I= p a 


+ A infinitum, and confe- 


"i or) 
~ 3" 





= will be equal to the infinite feries LIT 2. 


mig 





spt optt6gG tig aO, tf 
t^g Fart G5 at Hz a3 t+ 


» at po pm au : 
Tu et n Lm + ke ad infni- 
fum. Q, E. D, 

130. If we make ufe of Sir Ifaac Newton’s notation with 
negative indexes of powers, the laít equation will be as fol- 
lows, to wit, a—À ^" = the infinite feries 2^* + = 

ct as eed p tH Cant pa t 
Aa b+ —Be PO. + Ca DA * 

me iy 4H gat oae SEE pact e i tis 
Da P +. "Ee bit v^ Fa i ar 

5 Ge 


x6o . 4 Trawlatlon of she foregoing Extrad from. 
man * —2—8 248, -2—9 t+ 
| Gan + He po Tante 12 


X a7*779 po eus Le"*—7'! bs 4 &c, ad infinitum. 


But the other way of exprefüng this equation feems to be 
Clearer and more natural than this way, and, for ordinary 
purpofes, preferable to it. 


131. This laft feries is the fame with that which would re- 
fale fram Sir Ifaac Newton's original feries for expreffing the 


value.of the quantity a—2\", or the sth. power of the re- 
fidual quantity a — 2, to wit, the feries a" — 1 za 


PIPELINE OB Bg By tot 
PX 4 1 PM SP SKS 


NEP EET ty Body ot 
RB PE KE RE RS 
a"~5 b + &c, by fuppofing the index » of the faid power 
to:be ive, or by fubftituting — s infead of » in the 
JAenms of the faid feries, 


For, if this fubfticution be made in the terms of the faid 
feries, it will become equal to a^" ts a!» = x 


wast te th Hy TT “Ex 





“= x “Sx 27754 e x “x “Sx 
“mt xt a" SP 4&eoe"* ey oe t 
xtti 2 T x Tx v a77*5 B ts 
tt x Hut x FREE Tent T x *til x 
i x Ts x Fete oes PERS =a +e 
. . 47 
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set, s REI 22, 2 n+ ats 

er exe PLTXTU- x 
-5—3 LA a+t aba at3 —2—4 LA 
Li P+ xX xXx ee bot © 


TIAGUU p SEE Bn 8 +t: Ca^ B 
Hip, d^ 4- zu Eao^7*^ 5!  &c; which is the 


feries we juft now derived in art. 130, from Mr. James Ber- 
noulli’s doctrine of combinations for the value of the quantity 


a)", or Q E. D. 


132. We have now feen how from Mr. James Bernoulli's 
doctrine of combinations, and his explanation of the pro- 
perties of the figurate numbers derived from it, may be de- 
duced juft and regular demonftrations of Sir Ifaac Newton’s . 
famous binomial and refidual theorems in the cafe of the 
integral and negative powers of a binomial and a refidual 
quantity, or of the reciprocals of their integral and affirma- 
tive powers, as well as in the cafe of their integral and af- 
firmative powers themfelves, in which Mr. Bernoulli him- 
felf has demonftrated them above in coroll. 5. And I doubt 
whether any other method of demonftrating thefe two famous 
theorems in the cafe of the integral and negative powers of 
z binomial and a refidual quantity has yet been found out, 
that is equally clear and fatisfa&ory. 


162  Tranflation of the foregoing Extrait from: 


A Difficulty that may occur concerning the foregoing Theorem 
relating to the integral and negative Powers of a refidual 
Quantity, asa—b, wim x. 


——Má— n Íii e —— 


133. Before we conclude this fubjett of the binomial and 
refidual theorems in the cafe of integral and negative powers, 
I will endeavour to clear up a difficulty which may, pers 
haps, occur to the reader’s mind concerning the latter of che 
faid theorems. ~ 


It has been fhewn in art. 129, that 1—x~", or : is 


ime! 
equal to the infinite feriés 1 + As a Br cu 


Co c0H p THEE V THE pur Howe 


"&c, ad infrínan, in which all the terms following the fir 
term 1 are marked with the fign +, or are to be added to 
the faid firft term. And the co-efficients of the terms in 
this feries continually increafe, when « is of any magnitude 





greater than 1. Thus, if 2 is = 2, we fhall have = (= +) 
- E MIT . 
za, and “tt (= =) = 3, and *1* (= >") = + 


znd fbi, 244 ats n6 $5 6 7 3 Ke, 


n $763 7 ; &c, equal to Pee 
refpectively ; in all which fractions the numerators exceed 
the denominators by an unit; and, if » is = 3, we (hall 

ws nti na at3 aty nts n6 





have —, ——, So? $3? &c, equal to 
4 6 7 8 n ] . 
2, T EE TPe * &c, refpe&ively; in all which 


fra&ions the numerators exceed the denominators by 2. 
Aid the like excefs of the numorators above the denomi- 
5 nators 
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nators will take place in a ftill higher degree in the faid ge- 
. : 6 
nerating fractions 4, nm, =, E. st, 25, oH &e, 
when the index # is equal to 4, or 5, or 6, or any higher 
number. And confequently she co-efficients B, C, D, E, 
F, G, &c, which are derived from the firft term 1, or A, 
by the continual multiplication of the faid generating frac- 
$i po Sec, muft con- 
tinually increafe in all thefe feriefes. And accordingly we 
find that the figurate numbers of every arder, or the feveral 
fignificant terms in «very vertical column of terms in the 
foregoing table of combinations, page 74, (which are equal 
to the co-efficients of the terms of the foregoing feries 


. s att " ata sts pui 
IBIÀAs UT BS + Cat Ee Dat + 5 
Es + “Fs! &c, ad infairum), increafe continually. 


And hence it may happen that, if x is but little lefs than 1, 
the whole terms at the beginning of the feries 1 4- z Ax4- 


Hp 4 tHcy 4 3 ttt easy tts 
gs tices De. thes IEEE 


+ &c, ad infinitum, may (by means of this increafe of 
their co-efficients) be increafing quantities, 


Now, from this circumftance it may, aps, be aj 
hended, that all the terms of this feries rra fome cafes 
diverge, or increafe, continually, to what number of terms 
foever the faid feries may be continued, and confequently 
that the faid feries (confifting of an infinite number of 
terms that are every one greater than that next before it) 
will be infinite in magnitude as well as in the number of its 
terms, and therefore cannot be equal to the finite quantity 

r 


= This is a difficulty that feems naturally to arife upon 
this fubje&. But it may be removed by the following con- 
fiderations. 

Ya Ld 
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An Explanation of the foregoing Difficulty. 





134. The proportion of the numerators of the feveral ge~ 
nerating fractions ~, th -, ats ste as nt, &c, 
to their denominators (though it is always a proportion of 
majority, when » is greater than 1) approaches continually 
nearer and nearer to a ratio of equality, as its limit; fo that, 
if s be ever fo great a number, we may, by continuing the 
feries of thefe generating fractions to a great number of 
terms, come to one in which the ratio of the numerator to 
the denominator fhall be lefs than any propofed ratio of ma- 
jority. Thus, for example, if # is = 1000, and the ratio 
of majority that is propofed, or given, and with which the 
ratios of the numerators of thefe generating fractions to their 
denominators is to be compared, is that of 1 to 0.99999, or 
of 100,000 to 99,999, it will be poffible, by continuing the 
feries of the faid generating fractions, to affign one in which 
the ratio of the numerator to the denominator thall be lefs 
than the ratio of 1 to 0.99999, or of 100,000 to 99,999. 
Thijs may be fhewn in the manner following. Let be the 
general reprefentative of the feveral numbers added to the 
index » in the numerators of thefe fucceflive generating frac- 
tions; fo that the faid numerators hall be equal to the fe. 
veral fucceffive values of 2+2, or, on the prefent fuppofi- 
tion that s is — 1000, to the feveral fucceffive values of 
1000 --z. Then will the denominators of the faid fuccef- 
five generating fractions be denoted by the fucceffive values 
of z+ 1, and the faid generating fraGtions themfelves will 
be equal to the feveral fucceffive values of the fraction 
jos ort. Now it is evident that, by continvally 
increafing the number z, the proportion of the numerator 
% + 1000 to the denominator z+ 1 may be made to ape 

proach 
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proach as near as we pleafe to the proportion of z to z, or 
the proportion of equality. The number z may therefore be 
increafed till the faid proportion of z + 1000 to z + t fhall 
be nearer to a proportion of equality, or fhall be a lefs ratio 
of majority, than the propofed ratio of 1 to 0.99999, or of 
100,000 to 99,999. And the fame thing might be done 
if the propoted ratio, inftead of being that of 1 to 0.99999, 
or of 100,000 to 99,999, had been that of 1 to 0.999,999, 
or of 1000,000 to 999,999, or that of 1 to 0.999,999.9, 
or of 10,000,000 to 9,999,999, or any other ratio of majo- 
rity, how {mall foever. "I herefore, however nearly the quan- 
tity x may approach to an equality with 1 (than which it is 
always fuppofed to be fomewhat lefs) it will always be poffi- 
ble to increafe the number z till the proportion of z 4- » to 
z 4-3, or of 5 -- z to z +1, becomes lefs than the pro- 


portion of 1 to x, or till the fra&ion 2 becomes lefsthanthe 
fraction I And, as the number z increafes with the num- 
ber of terms of the feries 1 + I Ax + nu Bat + Ez 
Cs + Dw + 3 Ens TEE +o Ga 


+ &c (being always lefs by 2 than the number of the terms 
from the beginning of the feries to the term in which it oc- 
curs, including the faid term), it is evident, that, by con- 
tinuipg the terms of the feries, we muft always come to 
aterm in which the generating fra&ion mt fhall belefs chan 
the fraction TI And when we are arrived at this term, the 


next term of the feries will be lefs increafed by being mul- 
tiplied into the next generating fraction (which will be lefs 


than the fraction) than it will be diminifhed by being mul- 
tiplied into the fra&ion +, or the reciprocal of the fraction 
I and confequently it will be lefs than the laft preceeding 


Term of che feries from which it is derived, And therefore, 
when 
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when we are come to this term, all the following terms of 
the taid feries (which have hitherto been increafing quanti- 
ties) will decreafe continually, and in a greater and greater 
proportion continually, as the feries advances. And confe- 
quently the faid feries will in all cafes be of a finite magni- 
tude, however nearly the quantity x may approach to an 
equality with 1. QB. b. 


End of tbe Additional Corallaries not contained in the original 
text of Mr. James Bernoulli, which began in page 123. 


—— M 
A SCHOLIUM. 


SS —M 


135. We may here take occafion to obferve, that, though 
many writers on mathematical fubje&s (as for example, 
Faulhaber and Remmelin of the city of Ulm in Germany, 
and Dr. John Wallis of Oxford, Mr. Nicholas Mercator in 
his Logarithmotechnia *, and Monfieur Preftet, a learned 
French mathematician) bave made the properties of the 
figurate numbers the fubje& of their confideration, yet no 
one has hitherto given the publick a general and fcientifick 
demonftration of the foregoing important 12th property of 
them. .Atleaft I may fay, that no fuch demonftration has 
ever come to my knowledge. Dr. Wallis, indeed, in that 
part of his learned treatife on the arithmetick of infinites, ia 
which he eftablithes the foundations of his method, has in- 
veftigated by arguments of inductian the proportions which 
a feries of the fquares of a given number of the natural 
numbers, 1, 2, 3, 4, 5, 6, 7, 8, 9, &c, and a feries of 
their cubes, and a feries of their fourth powers, and feriefes 


* See Vol. I. of the Colleftion of Tra&s, in quarto, intitled, Seriperes 
Logarithmici, pages 192, 193- . ' 
of 
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of their following higher powers, would bear to a feries con- 
fifting of the farhe number of terms all equal to the laft, or 
greateft, term. of the former feries ; and, after performing 
thefe inveftigations, has, in his 176th propofition, made a 
tranfition to the cohtemplation of the trigonal, er triangular, 
and the pyratnidal, and trigono-pyramidal, or triangulo- 
pyramidal, numbers, and other following orders of the figu- 
rate numbers, But l apprehend he would have acted more 
judicioufly and more agreeably to the nature of the fubje& 
he was confidering, if he had taken the contrary courfe, and 
begun with the inveftigation of the properties of the figurate 
numbers, and then, after having difcovered thofe proper- 
ties, and given a juft and general demonftration of them, 
had proceeded to inveftigate the fums of the powers of the 
natural numbers 1, 2, 3, 4, 5, 6, 7, 8, 9, &c. For, befides 
the objeCtions that may be juftly made to his method of 
making thefe inveftigations by indu&ions from particular 
examples, as being by no means {cientifick or fatisfactory 
to a mind accuftomed to more accurate modes of reafon- 
ing, and likewife gs being more prolix and tedious than 
need be, on account of the necefüty of having a feparate 
inveftigation for every new feries of powers ;—I fay, befides 
thefe objections to his method of treating this fubject, it may 
be confidered as inelegant and unnatural on another ac- 
count, namely, becaufe it treats of the more abftrufe parts 
of the fubject, to wit, the inveftigation of the fums of powers, 
before the more fimple and eafy parts of it, or the dodtrine 
of the figurate numbers, For thefe numbers may be juftly 
efteemed to be more fimple and eafy to be underftood than 
the powers of the natural numbers, partly, becaufe the fe- 
veral orders of them are generated one from another by the 
eafy operation of addition; whereas, the powers of num- 
bers are produced by the more complicated operation of 
multiplication ; and partly and efpecially, becaufe the fums 
of the feveral orders of figurate numbers (reckoning from 
the beginning of the foregoing table of them, or including 
the feveral cyphers prefixed to the fignificant terms of the 
feveral vertical columns of the faid table) are (as we have 
feen) exaét aliquot parts of the feriefes that confift * the 

fame 
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fame numbers of terms all equal to their laft, or greateft, 
terms, refpectively ; whereas the fums of the powers of the 
natural numbers 1, 2, 3, 4, 5, 6, 7, 8, 9, &c, never are 
exact aliquot parts of the fums of equal numbers of terms 
equal to the laft, or greateft, of them, refpe&tively, but al- 
ways exceed, or fall (hort of, fuch aliquot parts by fome fmall 
finite quantity, how great foever the number of the terms of 
fuch feriefes may be fuppofed to be, and what number of 
cyphers foever we may prefix to the faid feriefes confifting 
of the powers of the natural numbers. Nor can it be al- 
ledged, that it was neceffary for Dr. Wallis to begin by in- 
veftigating the fums of the powers of the natural numbers 
1, 2, 3, 4, 5, 6, 7, 8, 9, &c, on account of the difficulty 
of deducing the values of thofe fums from the do&rine of 
the fums of the figurate numbers, For, it is full as eafy to 
deduce the fums of the faid powers from the fums of the 
feveral orders of figurate numbers, as to deduce the latter 
from the fums of the powers of numbers in the manner 
adopted by Dr. Wallis: as I fhall now proceed to thew by 
deducing the fums of the faid powers from the fums of the 
feveral orders of figurate numbers, which we have already 
inveftigated. 


———M—— 





An imvefligation of the fum of tbe natural numbers 1, 2, 35 4 
5, 6, 7, 8, 9, 10, 11, Fc, continued to any given number 
of terms, and of the fums of their fquares, and of their cubes, 
and of their fourth powers, and other bigher powers, continued 
to the fame number of terms. 





136. If the letter x be made to denote the feveral fuccef- 
five terms of thre feries 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, &c, 
continued to the zth term, which, it is evident, will be z, 

the 
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the fucceffive values of the refidual quantities x — 1, x —1, 
K—1, X—1, € — 1, X —1, X — I, 4-— I, &—1, 4 — 0 
*—1, &c, continued to # terms, will be 1 — 1, 2— 1, 
3—1,4—1, 5—1, 6—1, 7—1, 8— 1, 9—1, 10—1, 
11 — 1, &c, continued to z terms, or o, 1, 2, 3, 4, $, 6, 
7,8, 9, 10, &c, continued to » terms. But, by coroll. 2, 
of the foregoing propofition, art. 81, the feries o, 1, 2, 35 
45 5» 6, 7, 8, 9, 10, &c, (which are the terms contained 
in the fecond vertical column of the foregoing table of com- 


el : H s" 
binations), continued to s terms, is = ~ x - 








2 7a 
— E. Therefore the fum of all the » fucceflive values of 


& —1 will be equal to 7 — =; and confequently, if we 
denote the faid fum by S.x—1, we fhall have S.x—1 = 
Su LÍ But the fum of the # fucceffive values of x — x 
fs equal to the excefs of the s» fucceffive valucs of x above 
the 5» fucceflive values of 1, or (making ufe of the fame 
kind of notation) to S. x — S.1. ‘Therefore S. — Sa will 


be = z — 4, and confequently (adding §.1 to both fides) 


S will be = = - £ + Sa. But the fum of the s» fuc- 
ceffive values of 1 is evidently the number s. Therefore 
S.x will bent +n 27-4 4, or the fum of all 


the » fucceflive values of x, to wit, 1+2+3+4+5 
T6748 9104 11 + &C+ wwill be = 
mac 

€T > Q, E. D. 

Thus, for example, if » is = 12, the fum of the twelve 
terms of the feries 1 -- 2 -- 3 - 4-5 6 3-7 484 
9 cb 10 bar 4p 12 will be = SE 4 Sia x6 +6 


Z =72 
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= 72-46 = 78. And fo we fhall find it to be by actually 
adding up the terms. 


O c An aw B 


10 


Of the fum of the fquares of the natural numbers, 1, 2, 5 4» 5» 
Je, continued to any given number n. 





137. Let it now be required to find the fum of the fquares 
of the natural numbers 1, 2, 3, 4, 5, 6, 7, &c, continued to 
n, or the fum of the numbers 1, 4, 9, 16, 25, 36, 49, &c, 
continued to the wth term, which will be as, This may be 
done in thé manner following. 


Let x be put, as before, for the feveral fücceffive terms 
of the feries 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, &c, s. Then, 
fince by coroll. 4, of the foregoing propofition, att. 83, 
the ath term of the third vertical column of the foregoing 
table of combinations is = IM = sort, it fol- 

lows, 


EU MÀ 
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‘lows, that every «th term of the fame vertical column will be, 


= ze, or that, if x be made fucceffively equal to 1, 


2, 3» 4, 5, 6, &c, the fucceflive values of the fraction 
S-PU will produce the firft, fecond, third, fourth, fifth,’ 


fixth, and other following terms of the fame vertical co- 

lama, which are o, o, 1, E 6, 1o, &c. Thus, for éx- 

ample, if x is = 1, we fhall have sz = Le =< 
3842 _ 46 +z 
E 7a 


o; and, if x is = 2, we fhall have = 


=< = 0; and, if xis = 3, we fhall have =— 3542 = 


rites te= 1; and, if s is = 4 we fhall have 


2 
zu.su-ic5 and, if «is = 5, we thall 
have Soot? = Bot Ig, and, if xis = 6, 


we fball have @—2et2 — soouhs — 2 = 10; which 


numbers o, 0, 1, 3, 6, and 10, are the firft fix terms of 
the faid third vertical column. And the fame thing will be 
found to be true in any greater number of its terms. But, 
by the fecond corollary of the foregoing propofition, art. 81, 
the fum of all the » —2 fi fignificant terms, or, including the 
two cyphers at the beginning of it, the fum of all the » 


terms, of the faid third vertical column is = exicixacs 





ax$ 
se Xmas = tmm, Therefore the fum of all the 


3X3 
x fucceffive values of the fra&tion ki will be = 
PISUE? Bor the fam of all the » fucceffive values of 


Soe i is evidently equal to the fum of all the z fucceffive 


Za values 
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values of “=, together with the fum. of all the s fucceffive 
values of E or 1, diminifhed by the fum of all the # fuc- 
ceffive values of ES or (according to our former notation) 
s PREP isos. f+ S. L—sÓw- s... S. 1— 
S. g = s. +2a— s. "Therefore S.= + s —s.£ 
will be — TU But S. E is evidently =i x Sin 


Therefore s. tn—4 x S. will be = S.T Fa— 


S. *, and confequently will he = Tem But it has 


been fhewn in art. 136, that S. x is = = + 4. Therefore 


2x S.x will be = 4 x rea ee Therefore 


xx mom ap, o U-3m-IR = 
8.5 Tn" " 4 will be 775, orS.- 


am "ow — 30 an xx — Qm , 3H. 
ni + Ud be =, orS.>— Arti, willbe 


o m o, 4n . | gee 5 
Ha-ntt Therefore (adding rud both fides) we 


x td 3 " 
fhall have S, 7*4 B= 77 4 38 4 E, and (fubtracting® 


from both fides) we thall have S, 2 = 24 294 = 


PES t + E and confequently S. xx (= 2x58. =) - 
+2455 that is, the fum of all the # fquares 1, 4, 9, 
16, 25, 36, 49, &c, of the s» firft natural numbers 1, 2» 
25^557 &c... om will bet Tt? or one- 
third of the cube of the greateft number z, together run 
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half the fquare of the faid number, and a fixth part of the 
faid number itfelf. Q; E. Ll. 


Thus, for example, if » is = 12, we fhall have sqm — 
144, and » = 1728, and = + F458 ++# + 
J = 576 + 72 + 2) = 650. Therefore the fam of the 


following twelve numbers, to wit, 1, 4, 9, 16, 25, 36, 49, 
64, 81, 100, 121, and 144, (which are the fquares of the 
twelve natural numbers 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 
and 12) will be equal to 650. And fo, upon adding them 
vp together, we íhall find them to be : 
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Of the um of the cubes of the natural numbers 1, 25 3, 44 54 
©, continaed to any given number n. 


I 
138. Let x be put, as before, for the feveral fucceffive 
terms of the feries 1, 2, 3, 4, $, 6, 7, 8, 9, 10, 11, &c, n. 
Then, fince by coroll. 4, of the foregoing propofition, art, 
83, the sth term of the fourth vertical column of the fore- 


az-])x»—2x3—3.. 


2X3 - 





going table of combinations is = 


mu-pr yang rimini rant 


2 3 ‘ 
; 3.6 - 
term of the fame fourth column will be = coors > 


3 it follows, that every ath 





or that, if x be made fucceffively equal to 1, 2, 3, 4, 5, 6, 
&c, the fucceffive values of the fraction Safest uet will 
produce the firft, fecond, third, fourth, fifth, fixth, and 
other following terms of the fame vertical column, which are 
©, 0,0, 1, 4, 10, 20, 35, &c. Burt, by the 2d corollary of 
the foregoing propofition, art, 81, the fum of all the terms 
of the faid fourth vertical column (the number of which, 
including the three cyphers at the beginning of it, is z) is 


T ILI. I mn - 
mm TRACE ma X 3 st—6x ium» fore the 
2X3XA 24 


fum of the s fucceffive values of the fraction gestu 


H Ls - " 
will be = “Otten be or, according to our former nota- 


24 
. - — —6n3 - 
tion, sf E will be Qe But S, 
5 T6. gH m T $6 
is=S SUSE +S. SHS. gas. 
i 2 xt 
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Sime t 2 x Six—S.1 = (by the two foregoing 





S 3 7 m om * I na 
articles 136 and 137) 8. — 7 — 7— S tg x 2:4 
£o ^om o omo 03 Q IUm y, 1I5 —oc # 
—-5-—S$,—1—1—$4* attr = 
** Gee 2m , tine) II — 128. Qo ond sas 
3 12 12 a tu 1579 oF ta 


B M a 3 ax! 
-IXl1sg 7.5. £f*.- T "Therefore sf—l 


=-4 will be =O ues ; nd confequently 


4 
(adding = ++ to both fides) S. 2422 will be = 
at —623 + 1122—62 a m o. n*—Ó6n) 11a —Ón 82? 6x 
24 tatty 4 tutu 
= m ; and (fübtra&ring $^* from both fides) S, = 
will be = wt 20 4- 1105 PE z n*- 20? - 128. NEL. 
- 24 1a 24 24 
z zeit Therefore S. x! will be = 6 x ae 
athe = zt = + rZ or the fam of the s faccef- 


five values of x?, or of the feveral cube numbers 1, 8, 27, 
64, 125, 216, 343, 512, 729, 1000, 1331, &c, continued 


: L9 ai oan 
tom’, will be= T+ TET Q, E. I. 

Thus, for example, if » is = 12, we thall havé n — 
144, and x = 1728, ahd s* = 20,736, and confequently 
a ,__ 20736, ad, 728) m, 
1 (= =) = 5184, and > (=) = 864, and * (= 


i ey 247 (= = 
4 36, and — THT (= 5184 + 864 + 36) = 


6084. Therefore the fum of the twelve numbers 1, 8, 27, 
64, 125, 216, 343, 512, 729, 1000, 1331, and 1728, 
(which are the cubes of the firft twelve natural numbers 1, 

i 2 


176 A. Lranflation of He foregoing Entra from. .— 
$, 35 4» 5» 65 7, 8, 9, 10, 11, and 12), will be = 6of4 


And fo we fhall find the faid fum to be, if we actually add 
Jap together the (aid twelve cube numbers. 


"Of the fum of the fourth powers of the xatural numbers 1,2, 3, 
4» 5, Se, continued to any given number n. 


— ae Re 


139. Let x be put, as before, for the feveral fucceffive 
terms of the feries 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, &c, zm. 


Then, fince by coroll. 4, of the foregoing propofition, 
art, 83, the sth term of the fifth vertical column of the 





a—t Xn— 3 X 2-3 X 3—4 
2X3X4 
= Sobatinn$ y te gei son $24 it follows 


that 


foregoing table of combinations is 
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that every sth term of the fame fifth column will-be = 
maps or that, if » be made fucceffively 
equal to 1, 2, 35 45 5; 6, 75 8, 9, 10, 11, &c, the fucceffive 


x*— 10x! +3520 — gOx 24. 
2 


values of the fra&ion —— will produce the 


fir, fecond, third, fourth, fifth, fixth, and other following 
terms of the fame vertical column, which are o, o, o, o, 
1, $, 1§> 35, 70, &c. But, by the fecond corollary of 
the foregoing propofition, art. 81, the fum of all the terms 
of the faid fifth vertical column (the number of which, 
including the four cyphers at the beginning of it, is s) is 
7 lax RTI X a—i X 3—3 X 3-24 _ si — 10 + 3523 — goss - 248 
TT. 2X3X4X5 ~ 120° . 
Therefore the fum of all the n fucceffive values of the fraction 
a*— 1023 + 354x — gx 4-24 will be — s5— tOn* + 3:55 — sone + 24" 
24 


120 








or, according to our former notation, 


[x4 — 1053 E 35x2—50x-+24 — 851084 + 3503 — porn 2 
sf SER EUM will be = Stereo emite, 


But S [eres is = S.2 ~S,2 4 
34 a4 24 


352% 2g. $o% alg Ml: 3 
ses. sts. 5 xS.2 4 3 
. 2 " =6.8—2 yy Pam 
XS. EXS e431 8.5 BXEtFt+¢E 

Pad 


Jof romd __ JOmv | 30M Q 3j" , 3$, foam gow 
s tutu tuc. mt 


' 
— at - LN jon 100a yout gon 36» — T9008 
HS.5 = Em tt ti 


ry 44) 96 96 
Lorem porem s t ee qom oe 
m tu TO RTT T tu 


aa Theres 
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Therefore S, = - ++ 29° will be = 
mika —somt 248 and confequently (adding 5 + 


St 
120 

E to both fides) we fhall have S. = + + = 

prio bise son tage y Se, dom oss at 7x 


s 
(= 120 48 * 96 ^ 120 13 24 


+= 5+ EE RES ‘and fübra&ing £9 
2, 297 er P" 
+ ia from both fides) S. 7 (2 5 EIL — 


font 19r o mh m fm y Im gow? gage s t 

144 — 144 ^ 120 4B 144 720 144 720 — 120 
at 22? s. on at as LÀ 

Tau ne =i tata; and confe- 


: a s 

quently S. x4 will be (= 24 x + 24x G+ 24 xa 
s.l osa, os 1. 

—24 X zx) = stat 3736 or tbe fum of the » 

fucceffive values of x^, or of the feveral fourth powers of 

the natural numbers 1, 2, 3, 4; 5» 6, 7, 8, 9, 10, 11, &c, 


. : 50 at onion 
tontinued to » will be — — 4. — T — 7. E. TJ. 
ntinued to s», $;*3 3 30 Qa. 


. Thus, for example, if # is = 12, we fhall have # = 
1728, and n* = 20,736, and »&* (= x»* x m= 20,736 X 
248,832 
12:8 5 


s a 
= 10,368, and = (= 97) 576, and 5 (= 3 


(zem + 10,368 + 


12) = 248,832, and confequently t= 


20,726 
(== 


xt 
, and — 
2 


fad yy Bat 
5 $5 a 3 3° 
576 — n" - ae + 10,368 + 576 — 49,766 + 10,368 
+ 576) = 60,710. Therefore the fum of the twelve nume 
ers 


Mr. Fames Bernoulli's Treatife De Arte ConjeQandi. 179 


bers 1, 16, 81, 256, 625, 1296, 2401, 4096, 6561, 10000, 
14641, and 20,736, (which are the fourth powers of the fiit 
twelve natural numbers 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 
and 12), will be = 60,710. And fo we fhall find the faid 
fum to be, if we actually add up together the faid twelve 
numbers, or fourth powers of the firít twelve natural num- 
bers ; which may be done as follows. 


1 
16 

81 

256 

625 

1,296 

2,408 

4,096 

n 6,561 
10,000 

. 14641 
20,736 


— 


60,710. 


a tt 


140. The forego'ng examples are, I prefume, fofficient: 
to thew how the fums of the feveral powers of the natural 
numbers 1, 2, 3; 4 $5 6, 7» 85 9, 10, 11, &c, continued to: 
any number 7, may be deduced from the fums of the feve- 
ral correíponding orders of figurate numbers contained in’ 
the foregoing table of combinations, I fhall not therefore 
add the inveítigations of the fums of any higher powers.of, 
the numbers 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, &c, than the 
foregoing ones, but fhall only fec down the refults of the like 
invelligations which [ have made for my own fatisfa&ion 
with refpeé to the fums of the fix next higher powers of 
thofe numbers, to wit, the fifth powers, the fixth powers, 
the feventh powers, the eighth powers, the ninth powers, 
and the tenth powers of them. Thefe refults are as follows. 

2AÀ2 e 
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The fum of all the fifth powers of the natural numbers 
1, 25 39 4/ 5 6, 75 8, 9, 10, 11, &c, continued to 7, 
Js — 


The füm of all the fixth powers of the farne numbers is = 
at af Ld at " 
T'vtvr—gvj ae 
The fum of all the feventh powers of the fame numbers is = 
at a? 7 nt LÀ 
Y tutu utu 
"The füm of all the eighth powers of the fame numbers is = 
eap maim mamas 
gta tsa ty tae 
The fum of all the ninth powers of the fame numbers is = 
sol m n, o gm 
tT zT + P3" 
And the fum of all the tenth powers ofthe fame numbers is = 


"— BP 
ntyt ere thot ge 


* N. B. In computing the laft term of this expreflion (which 1s equal to 
the fum of all the mnth powers of the natural numbers 1, 2, 3; 45 5» % 7» 
8, 9, &c, continued to s) the author has fallen into a miltake, having made 
the faid laf term to be 7^, intend of 2°, 1 have therefore fet down 277 
inthead of 77 in this tranfation, I had not difcovered this miftake when the 


-fheet containing it in the original text of the author, 3, was print- 
ing; or I Bou have fet it eight before. BEEN 


Examples 
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Examples of the fummation of the fib, fixtb, feventh, eighth, 
ninth, and tenth powers of the natural numbers 1, 2, 3, 45 
5» 6, 7, 8, 9, 10, 11, &e, continued 1o n, by means of 
she foregoing exprefions. 





Lets be = 12. 


Then for the fum of the fifth powers of the firft twelve 
natural numbers 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, and 12, 
(which are 1; 325° 2435 1,0245 3,125; 7,776; 16,807 ; 
32,768 ; 59,0493 100,000; 161,051 ; and 248,832;) we 


6 s gm on nta Iu sxia* 
fhall have = + l1TE-- or^ ua PT- 
Brian. 5 xX 128 12 waxy + 


1a 

Mas X 1728 — 12 = 2 X 248,832 + MES 8640 
— 12 = 497,664 + 124,416 + 8628) = 630,708. And 
fo we (hall find the faid fum to be, if we add up together 
the faid twelve numbers, or fifth powers of the firft twelve 
natural numbers 1,@, 3, 4, 5, 6, 7, 8, » 10, 18, and 12, 
This addition will be as follows. 


1 
32 

243 
1,024 
35125 
7,776 
16,807 
32,768 
59:049 
100,000 
161,051 
248,832 





630,708. 
3007 And 
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And for the fum of the fixth 
powers of the firft twelve natural numbers, 1, 2, 35 4, 5, 
6, 7, 8, 9, 10, 11, and 12, (which powers are 1; 64; 
7293 4,096; 15,6255 46,656; 117,649; 262,144; $31. 
441; 1,000,000; 1,771,561 ; and 2,985,984), we fhall 





al n? * IBU Tas 125 as 
have= + > ra or + +>— yt 
a2 ex 1a "I ivo mal 2985994 X 12 
wT 3) 2 6 7 7 


1718 2 45,831,808 
e t;7 7 


+ 124,416 — 288 + H = eue + 1,492,992 + 1245 


416 — 288 = 5,118,830 + 1,492,992 + 124,416 — 288 
= 5,118,830 + 1,492,992 + 124,128) = 6,735,950. And 
fo we fhall find the faid füm to be, if we add up together 
the faid twelve numbers, or fixth powers of the firt twelve 
natural numbers 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, and 12. 
"This addition will be as follows, 


198,98 8. 
oes aes + 1,492,993 


531,441 . 
1,000,000 ^ 

1,771,561 

2,985,984 


6,735,950 
And 
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And for the fum of the feventh 

powers of the firft twelve natural numbers 3, 2, 35 4, 55 6, 

7,8, 9, 10, 11, and 12, (which powers are 1; 1283 2,187; 

16,384; 78,125; 279,936 ; 823,543 3 2309721525 4,782, 

969; 10,000,000 ; 19,487,171 ; "t L3st 31,808), we fhall 
a! p on mW ix 

hve P+ HERE Sof Pe ty ear 


Em, as Vm Bey ney LB xL I, 12 
xus a Es 


IE. apxTR- xD gy = Baa 


ABLE A. 7 3 248850 — +12=3x 


17,915,904 “F 17,915,904 + 1,741,824 — 7 X 864 + 12 
= 4 X 17,915,904 + 1,741,824 — 6048 + 12 = 
71,663,616 + 1,741,824 — 6048 4+ 12 = 73,405,452 — 
6048) = 73,399,404. And fo we fhall find the laid fum 
to be, if we add up together the faid twelve numbers, or 
feventh powers of the firft twelve natural numbers 1, 2, 3, 
4» 3» 6, 7, 8, 9, 10, 11, and 12. This addition will be 
as follows. 

1 

128 

2,187 

16,384 

78,125 

279,936 

823,543 

2,097,152 

45782,9659 

10,090,005 

19,487,171 

55,831,203 


733399349 
And 
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And for the fum of the eighth 
powers of the firft twelve natural numbers 1, 2, 3, 4, 5,6, 
7, 8, 9, to, 11, and 12, (which powers are 1; 256; 6,561; 
65,536; 390,625; 1,679,616; 5,764,801; 16,777,216 5 
43,046,721; 100,000,000; 214,358,881; and 429,981,696) 
we fhall have” 4p S ae 2m on or it 

9 3 3 

aM | ax xias ,2xi3 ys, r2xaa oa 
yp HUM. a ee 1 


2 3 45 9 jo 
‘axial? axils 2x12 2 4x1 E axil? 
3 5 t7. TU; tates 


et + seit a = ax ern tot + 429,981696 + 
214,990,848 + peat - nantes + 384 -+ = 
573:398,928 + 214,990,843 + 23,887,872 Gee 4 


384 — T = 812,188,032 — iore 812,188,032 — 
“116,12 ) = 812,071,910. And fo we (hall find the faid 
Tum to be, if we add up together the (aid twelve numbers, 
or eighth powers of the firlt twelve natural numbers 1, 2, 
39 4) 5» 6, 75 8, 9, Lo, 11, and 12. This addition will 
be as: follows, 
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1 

256 

6,561 
65,536 
390,625 
1,679,616 
5,764,801 

1 6,7 71:216 
43,046,721 
100,000,000 
214,358,881 
429,981,696 


812,071,910 


— el 


And for the fum of the ninth 

powers of the firft twelve natural numbers 1, 2, 3, 4; 5, 6, 

7,8, 9, 10, 11 and 12, (which powers are 1; 512 ; 19,683; 

262,144 3 1,953,1255 10,077,696 ; 40,353,607 ; 134,217, 

7285 397,420,489 ;' 1,000,000,000; 2,357,947,691; and 
80,3523) we thall have - 4 «p 3° ore 

5,159,780,3523) we fhall have — + =F sats 


3m at? | LP axi; ——7xi5,. ral 3 x Ta 
+ RE gel ree a 


7e) us 2 4 10 aa 
(= 1axiae + pon axiA axis 4 me gre _ 
10 2 4 10 2 aQ 77 


12X $515)780,353 + &159,780,352. + 3% 429,981,695 
10 2 4 


7% 24985,984 , 20,736 3X144 __ 61,917,564,224. 
10 * a 7 aq — 10 + 235793890) 
1,:289,945,088 — 20,991,888 n — 3X74 
176 + ST + 10,368 tes 


rores 2,579,899,176 + 322,486,272 — 2090u888 


216 __ 61,98 7,364,224 20,902," 
T 10,368 — AL — Ete 209517. + 2,579,890, 


2B 176 
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176 + 322,486,272 + 10,368 = & Griffe + 2,902, 
386,816 = 6,189,646,212 + 2,902,386, 816) = 9,092, 
033,028. ‘And fo we fhall find the faid fum to be, if we 
add up together the faid twelve numbers, or ninth powers 
of the firft twelve natural numbers 1, 2, 3, 4, 5, 6, 7, 8, 9, 
10, 11, and 12. This addition will be as follows : 


1 
512 

19,683 EH 
262,144 
1,953,125 
10,077,696 
40,353,607 
134,217,728 
387,420,489 
1,000,000,000 
2,357:947.691 
5,159,780,352 


9:092,033,028, 


And for the fum of the tenth 
powers of the firft twelve natural numbers, 1, 2, 3, 4, 5, 6, 
7, 8, 9, 10, 11 and 12, (which powers are 1; 1,024; 
59,049 5 1,048,576; 9,765,625; 60,466,176; 282,475, 
2493 1,073,741,8243 3,486,784,401 5 10,009,000,000 ; 


25,937:424,601 5 and 61,917, nd we fhall have A 





Friant "efe + BR pem 
Lar. By per qnm y um 





= ye ho Era Du emat 


1 


61,919 61,91 7364,224 
^ . ; 
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Puoi ELSE mito — 35,831,808 + 248,852 


V. ins " 194 743,008,370,688 
a 1r 11 


+ 30,958,682,112 + 5 X 
859,963,392 — 35,831,808 -]- 248,832 — 864 12 = 
[Eid + 30,958,682,112 + 4,299,816,960 — 


35:831,808 + 248,832 — 864 = 67,546,215,518 + 
30,958,682,112 + 4,299,816,960 — 35,831,808 + 248, 
832 — 864 = 102,804,963,422 — 35,832,672) = 102, 
7693130,750. And fo we fhall find the faid fum to be, if. 
we add up together the faid twelve numbers, or tenth 
powers of the firft twelve natural numbers, 1, 2, 3, 4, 5, 
6, 7, 8, 9, 10, 11, and 12. This addition will be as fol- 
lows; . . 

1 

1,024 

59,049 

1,048,576 

99785625 

60,466,176 . 
282,475,249 7 

1,073,741,824 

3:486,784,401 

10,000,000,000 

25937,424,60t 

61,917,364,224. 





1025769,130,750+ 


—— I — ÀÀÀ 


141. If the foregoing expreflions of the values of the fums 
of thefe feveral fets of powers of the natural numbers 1, 2, 
3» 4, 5, 6, 7, 8, 9, 10, 11, &c, continued to z, be fet down 
one under the other in a regular table, the faid table will be 
as follows: 


2Bz2 - 4 Table 
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A Table of the values of the fums of the natural numbers 1, 25 
3+ 4» 55 6, 7, 8, 9, 10, 11, Ge, continued to n terms, and 
of the fquares, and the cubes, and the fourth powers, and. 
other following powers of the faid numbers, as far as the 
tenth powers, inclufrvely. 





The fum of the rft.» terms of the faid feries of natural 
numbers is equal to 


ms 
ata a : 
The fum of the fquares of the faid » terms is 
ELI moa n 
Satate 


The fum of the cubes of the faid » terms is 


=H 424% 
Hata + 4 
The fum of the fourth powers of the faid » terms is 
== + A + Ld PES 
5 2 3 3° 
The fum of the fifth powers of the faid # terms is 
nf 25 $a* an 
=— —+t+ eo 
6 2 12 12 . 
The fum of the fixth powers of the faid z terms is 
M47... ++ 
7 + 2 + 2 6 4a 
The fum of the feventh powers of the faid # terms is 
a? a 755 7 m 
mop Lem... 
8 2 12 24 Iz 
The fum of the eighth powers of the faid terms is 
a a za] Dp an! 
L2 .-—..m.—7e. i 
9 2 3 15 9 39 
The fum of the ninth powers of the faid » terms is 
Lg 5,52 pt nt gu 
matu kg tcuwtt itm 


And the fum of the tenth powers of the faid s terms is 
ait Af 


E ret ee Bet 
The 
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The law of the generation, or derivation, of the terms of the 
Several expreffions fet down in the foregoing table, one from the 
other. . . 





142. By an attentive confideration of the foregoing table 
we may difcover the law by which the terms of the feveral 
expreffions of which it confifts, may be derived one from 
the other ; after which we fhall be able to continue the faid 
table to the fums of the eleventh and twelfth and other 
higher powers of the numbers 1, 2, 3, 4, 5, 6, &c, without 
entering into the long trains of reafoning and making the 
laborious fubftitutions of the fums already known in the ex- 
preffion of the value of the new fum, which have been ufed 
in obtaining the foregoing fums. This law will be found to 
be as follows. 


Let the natural numbets 1, 2, 5, 4, 5, 6, 7; 8, 9; 10,11, 
&c, be fuppofed to be continued to any number s; and let 
it be required to find the fum of the «th. powers of the faid 


» terms, or the value of the feries 1] + 2° +3) + 4a 
+ + Of + FF tO + oF + rof + nf +&c,con- 
tinued to zf. — Let the capital letters A, B, C, D, &c, be 
pt for the co-efficients of the laít terms of the fums of the 
iquares, and the fourth powers, and the fixth powers, and 
the eighth powers, and the other following even powers of 
the numbers 1, 2, 35 4, 5, 6, 7, 8, 9, 10, it, &c, al- 
ready computed, with the fame figns + or — prefixed to 
them, as are prefixed to the faid laft terms, of which they 


are the co-effücients. Thus, becaufe the laft term of the 
fum of the fquares of the numbers t, 2, 3, 4, 5, 6, 7, &c, 


is+ Bort Ee X om Acl be = +4; and, becaufe 
the 
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the laft term of the fum of the fourth powers of the faid 
numbers is — =, or—3, x 5, B will be 2 — PL and, 
becaufe the laft term of the fum of the fixth powers of the 
faid numbers is + 2 ore Xm C will be = + a 
and, becaufe the laft term of the fum of the eighth powers 


3 
-$ and, becaufe the laft term of the fum of the tenth 


of the {aid numbers is — =, or—- 5 X » D will be = 


powers of the faid numbers is + i or 4- é x 5, E will 
be 4i. Thefe being the feveral values of the capital 


leters A, B, C, D, E, &c, the feries 1 4- 2f + 3l 
+a eH + Ot + 4 PT tid au 


&c, + nf will be equal to the feries — xxt'a T 


el 6 cmt , exce-ixe-a °-3 
XS IXAS +a x Bx 
"x 


4x Ca 5 . 


eXc—ixXce—axec3x 


* aX3X4X5x6 





e€Xc—I1XC-aXc—3Xc—4Xc—$ Xc—6 


bmi Lii: Lak tans. 13 (7? 
2X3X4X5Xx6x7x8 x De 


+ 





EXCH Xc-axc—34xé-4x6—$ Xc— x 8 e-9 
* 3.3.4-*546.2.8.9. 10 x En 


++ &c; in which the indexes of the powers of s, after the 
third term 2 Xx Ax'75, decreafe continually by 2, till we 











come at laft to » or am, and the co-efficients of Ax, 
Bs ?),' Ci 5, D7, En’9, &c, are formed by the 
continual 
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continual multiplication of 1 into the fra&ions 4, > x 





4—3 63 , 74 es x e—-6 c—1 eB emg em 10 
4? 5 x 7 eer) 10 ? "11 12 ? 
: c-r cme emett © cme 
&c, till we come to TOO Xue 8 Xap or 


mi «uv or Lm x E] which will be = o. And thus 
we fhall determine the powers of s in all the terms of the 
faid feries, and alfo the co-efficients of the faid powers of s 
in all the terms of the faid feries, except the laft term. And 
this laft co-effictent may be derived from the co-efficients of 
the preceeding terms, by an eafy addition or fubtra&ion, 
being always the quantity which is neceffary to be added to, 
or fubtra&ed from, the refult of all the preceeding co-effi- 
cients, in order to make fuch refult become equal to 1. 


Thus, in the firft fum in the foregoing table, to wit, TI 
_the co-efficient of the laft term I is T which is the quan- 
tity which muft be added to —, the co-efficient of the firft 
term = » in order to make it equal to 1 ; and, in the fecond 
fom, = + = As the co-efficient of the laft term $ is ? 
which is the quantity that muft be added to T t E or the 


fum of the co-efficients of the firft and fecond terms, = + 


4 in order to make it equal to 1; and in the third fum, 
z 
4 

is the quantity that mutt be added to T + > or the fum of 


+ 2 + > the co-efficient of the laft term is owhich 


the co-efficients of the firft and fecond terms, = + T in 


order 
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order to make it equal to 1 ; and in the fourth fum, = + 


at 2 a : noto laus 
Tte the co-efficient of the laft term is r3 which 


is the quantity which muft be fubtra&ed from ; + it» 


or the fum of the co-efficients of the three firft terms = + 
= + =, in order to make it equal tor. And the fame 
thing is true with refpe& to the co-efficients of the laft terms 
of all the following fums * ; and confequently the faid co- 
efficients, and the figns + or —, to be prefixed to them, 
may always be determined, by means of the co-efficients of 
the preceeding terms of the fums to which they belong. 


And thus all the terms of the feries — x ct! + i xv 
LN fora ty ty =? (734 xc 
+ 7x An +X ZR RBA *iX4 


* And hence it will appear that the co-efficient of the lat term of the 
expreffion that is equal to the fum of the ninth powers of the natural num« 
bers 1, 2, 3, 4 5, 6, 7» 8, 9, 10, 11, &c, continued to », mu& be — 


4 and not — i 3 agreeably to what was obferved above in the note at the 
bottom of page 180. Far, as the feveral terms of that expreffion preceeding 


wt n9 325 zn 


‘ 
the laft term are ^—4- 2 +5 of which the co-eflicients are 


To" 2 4 
tel ghia t, wh =i PU _ My 
10" 2 un iot a? Which are = oo + DD 20 yo t 1o or 


a2. 1 23 20 3 EN "EM 
2o tae’ " zo! “ao tae! t i5 (from which it is neceflary to 


fubtra& the fra&ion i in order to make it become equal to 1), it follows, 
according to the rule here laid down by the author, that the co-efficient of 
the laft term of the faid expreflon mut be — 5, and sonfequently that the 


laft term of the faid expreffion muft be — 2, 
. 20 Gram 


x 
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X x Ex ux CHS Lx x Ed 
x Gt x S$ x So x DAT +o x SxS x 
0-3 m4 6-5, 6-6 em 08 
5 MON X ERT KS 
may be determined, and confequently the value of the feries 
H+ a GG + + X o + + OF 


+ rf + Ti) + &c +7 (to which the faid feries is equal) 
may be affigned, without the help of the long reafonings 
and laborious fubfticutions that were employed for this pur- 
pofe in the foregoing articles, The method of doing this 
will appear more clearly from the following example, 





An example of the computation of the expreffion that is equal to 
the fum of certain powers of tbe natural numbers 1, 2,3, 4 
5:6, 7, Sc, continued ton, by means of the foregoing feries, 





143. As an example to the foregoing feries, let it be re- 
Mp 1 10 
quired to find the value of the feries 1) +7] +31 + 
10 1 10 10 10 x 10 
A e3- ew em 3 + +i’ +l + &e 


+ a, or the fum of the 1oth powers of the feveral na- 
tural numbers 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, &c, con- 
tinued to » terms; which fum, as fet down in the forego- 


ing table, is — PES 48-8 + nt + E. 
In this cafe the index c is = 10, and confequently c + 1 


is = 11, and c — 1 is = 9, and c—2, ¢-—3, £—4, c—5, 
2C . £—6, 
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€—6, c— 7, ¢— 8, c— 9, and ¢— ro are, refpettively, 
equal to 8, 7, 6, 5, 4, 3, 2, 1, ando, We fhall there- 
fore have - . 


ic» = 5s 


ado x S2(adx Sayxa sh. 

and x St -21x$-1 

and t=! x Sf zíixí-cixD-ch 

anda? x SB(S Ex SSP D=y 

and 2 x TM(a Ex Zee ‘ 
Therefore the feries mx 4l xe tix 

An 45x Sex Feed Se x0 
- - Tent Cent ey em 

xix er exu exui 

xix GE x DU. Lathx SE eS GE 

x £25 x 8 x E21 x HB x Es 79 will be = Tox a 
7 8 9 0 (y ri 


+ Ex 5 x Am + 5x6X Bat + 5x 6x2 
7 $ 2 
xCssx6xLxixDésx6xixix 
FED 
u* En= + +5 An (qoBrRarCs + 42 
xixDe tax Ex ExEoat + D+ saw 
4 goBy + 4, Ca ig Dii + Ee + 45x 


“be x a8 + 30 XZ Kot 42 x +a Kot tg 
x 
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1 Los" Qon? Q ge E 
x — pNP Ey + vtgy—ÜUut P—-— 
4+ Ex; of which expreffion all the terms, except the laft 
term E» are known quantities. And this laft term Es may 


be found in the following manner. The co-efficients of all 


the preceeding terms are E E i + i —-r:41:— 4, 


which are equal to = + i= & +8 = i to which it 
is neceffary to add & in order to make the refult equal to 1. 
Therefore E, or the co-efficient of the laft term Ez, will be 
FE i 3 and confequently the compleat value of the fore- 
going feries in this cafe of the roth powers of 1, 2, 3, 4, 55 


a 
6, 7, 8, 9, 10, 11, &c, continued to # terms, will be = + 
z T s which is the value fet 


down for the fum of the faid 10th powers in the foregoing 
table, 


M 


aCa A wamerical 
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‘dl numerical exámple of the computation of the fum of the tenth 
powers of tbe natural numbers 1, 2, 3, 4, 5, 6, 7, 8, 9, 

' 10, 11, Ge, continued to 1000, by means of the foregoing 
exprefions 


: N 


i44. If sis = 1000, we thall have 
n* (= 1oocl) 
= 1000,000,000, 
and nt (= Tooc|*) 
== 1,000,000,000,000;0005 
_ and n? (= 1000)") 
== _1000;000,000,000,000,000,0005 
and #° (= 1009) : 
= _1000,000,000,000,000,000,000,008,060, 
and 1" (= 10o9]*) 
= 1000,000,000,000,000,060,000,000,000,0005 
and z" (= 1000|") 
7: 1000,000,000,000,000,000,000,000,000,000,000, 
and confequently 
Bd (= 1C00,000,000,000,000,000,090,000,000,! 
It 1t 
90,909,099,909,090,909,090,909,090,909,090, 
and z (= 1222290200, oon en nonet 000,209 
500,000,000,000,000,000,000,000,000,000; 





and R= = x 1000,000,000,000,000,000,000,000,000; 
= $£00,000,000,008,000,000,000,000,000 y E 
m ——Ó9——————) X 
933:333:335:33352333:333533:033:0333:3323:333, Xe 


at 1000, 000 
and — z( == = 500,000,000 3 


and 
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and 2 (2 SSE = BP) = jsgsrgrs, Bees 


lU a m oy à os yis 
andz MR Faw +2 z t 56 
90,999,090,909,090,909,099,909,090,909,099.309,090, &e 
T $00,000,000,000;506,000,000,000,000,000.000,000, 
+ 83353333339333333333»335333:333-3333339 S&C 
3 1,000,000,000,000,000,000,000.000,000, . 
+f 14000,000,000,000,006.000,000, 
= $00,000,000.000,000, 
* 105575 Éc 
={ 91)409,914,242,424/243:424242,424,242,499-999,998) && 
— 1,000,000,000,006, $00,000,000.000,000, 
= 91,409,924,341,424:243)414,241,924/242,499-999,998» 

OF 91,499,924,241,424,243:414241,924,242,509« 
"Therefore the fum of all the tenth powers of the firft thous 
fand natural numbers 1; 2; 35 4, 5s 6, 7, 8, 9, FO, 11, &c, 
+ ++ I000, is 91,409,924,241,424)243,4245241,924,2429 
500, or more than gt quintillions, or 91 times the fifth 
power of a million. 


145. I cannot but obferve on this occafion, that the learn- 
ed Ifmael Bullialdus, or Bouillaud, has been rather unfortu- 
nate in his manner of treating this fubject, in his Treatife on 
the Arithmetick of Infinites *; fince the whole of the folio 
volume which he has written upon it does nothing more than 
enable us to find the fums of the firft fix powers of the na- 
tural numbers 1, 2, 3, 4, 5, 6, 7, &c, continued to any given 
number #; which is only a part of what we have here ac« 
complifhed in the compafs of a dozen pages. 


© Sce an account of this book of Monfieur Bouillaud in Dr. Wallis's Al- 
gebra, chapter lxxx. pages 310, 311, 


A come 
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A computation of all the otber expreffions given above in the Table 
Jet down in art. 141, page 188, for the values of the fums 
of the powers of tbe natural numbers 1, 2, 31 4» 55 6, 7, 85 
9; IO, 1I, 12, C9c, continued to the number t, by means of 
“ibe foregoing general feries T xit c Xap 

ix Ant7? + E x Bé 3 


SQ exe-ixe— 3Xc—4 


T 






x C245 





-$Xc—6 | e— 
2X3X4X5x6x7x8 x Ds 





+ TS x Ent? 


3X3X4X5XOxX7X8X9X10 
ct &e. 


—_—_—_—_—SSEEEE 


146. If the foregoing feries be applied in the fame man- 
ner to the computation of the fums of the preceeding powers 
of the natural numbers 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 
&c, continued to the number #, as it has here been applied 
to the computation of the fum of their tenth powers, it will 
be found to produce the feveral exprefüons fet down above 
in the table in art. 141, for the values of the fums of thofe 
powers; to wit, for the value of the fum of the firft, or 
fimple, powers of the faid natural numbers, continued to 
the number z, or for the fum of the faid natural numbers 
themfelves, continued to the number », the expreffion 


m.s 
Tti 


And for the fum of the fquares of the faid s terms the 
expreffion 


ab an a »" 
$3*3T$9) . 
And 
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And for the fum of the cubes of the faid s» terms the 
exprefion — 


Lai pho, s. 
tert 


And for the fum of the fourth powers of the faid » terms 
the expreffion . 


cd Ld Ld a 
stats gw 


And for the fum of the fifth powers of the faid s terms 
the expreffion 


a2 25 n^ "m 
etatit aa 


And forshe fum of the fixth powers of the faid » terms 
the expreffion 


at “nf " m 2. 
peat —et te 
eAnd for the fum of the feventh powers of the faid » terms 
the expreffion: , 
nt aft | ant m ma. 
ett ay ta 


-And for the fum of the eighth powers of the faid » terms 
the expreffion 


a *) at an? bi an 2 


ar er rr er eared 
And for the fum of the ninth powers of the faid » terms 
the expreffion 
ato Ld 3 a* Lud gan 
tee Reto F 


! This may be done in the manner following. 


In applying this feries to the firft cafe, or the fum of the 
firft, or fimple, powers of the natural numbers 1, 2, 35 45 
5, 6, 7, 8, 9, 10, 11, 12, &c, continued to #, or to the fum 
of the faid natural numbers themfelves, it is evident that we 
muft compute only the twq firft terms of the faid feries, 

to 
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to wit, the terms — x tt and x 2° 3 becaufe the 


following terms involve in them the numbers A, B, C, D, E, 
&c, which are derived from the values of the fums of the 
fquares, and the fourth powers, and the fixth powers, and 
the eighth powers, and the tenth powers, and the other fol- 
Jowing even powers of the faid natural numbers, with which 
feveral fums we have as yet nothing to do. 

Now, becaufe ¢ is in this cafe = 1, the two firft terms 
za xt H x nf of the foregoing feries will be = 

1 Ida r al 1 —moa os 
vei ** TixWws(mlx"yPMIixn-T 
"Therefore the fum of the firft, or fimple, powers of the na- 
tural numbers 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, &c, 
continued to z, or the fum of the faid natural numbers them, 

; Lm. 

felves, will be — 1 T T QE I, ; 

Secondly, When c is = 2, and the fum of the fquares of 
the faid natural numbers is to be inveftigated by means of 
the foregoing feries, we muft compute only the three firft 


terms of the faid feries, to wit, the terms a x a t! 


Tl xa I X Ax 7, becaufe the following terms 


involve in them the numbers B, C, D, E, &c, which re- 
Jate to the fums of the fourth, and the fixtb, and the eighth, 
and the tenth, and the other following even powers of the 
faid natural numbers, with which fums we have as yet no» 
thing to do. 

Now, when ¢ is = 2, the three terms mi x nett 
emt 


TIÍXX-.X An will be (e ic x att 


1 2 2-1 1l 1 . 
XP eet As mjXsS4lxctrxAr) 
= 
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=F x w+ z X «° + An; of which expreffion the two 


firt terms are known quantities, and only the third, or laft, 
term A s remains to be inveftigated. Now this laft term 
An» isto be found in the following manner. The co-effi- 


cients of the two preceeding terms are n + + which are 


equal to c + 3 = 4 5 to which it is neceffary to add —, in 


order to make the rofult equal tor. Therefore A, or the 
co-efficient.of the laft term A s, will be = + LL and con- 


fequently the compleat value of the three firft terms of the 
foregoing feries in this cafe of the fquares of the natural 
numbers 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, continued to 


the number s, will bel xP +s x?4i x Kore 
"EP 
PETRI Gan 


3dly, When c is = 3, and the fum of the cubes of the 
faid natural numbers is to be inveftigated by means of the 
foregoing feries, we muft (as in the laft cafe) compute only 
the three firft terms of the faid feries, to wit, the terms 
m x $c T + x w +5 X An‘~"; becaufe the fol- 
lowing terms involve in them the numbers B, C; D, F, 
&c, which relate to the fums of the fourth, and the fixth, 
and the eighth, and the tenth, and the other following evcn 
powers of the faid natural numbers, with which fums we 
have as yet nothing to do. : 


Now, when c is = 3, the three terms —L- x ntti 


nn 
1 c e £—E Loro 341 2 
TX?"CLTXAS will be = x ^ ca 
xm td x aw (Sixmel xg ix ant 
2D = 
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—-L 1 1 L1 1 
EPxtt ext ixtixwtsixess 


H -5U id -" 
Kee ix"-l-T-4- Therefore the fum 


of the cubes of the natural numbers 1, 2, 3, 45 5,6, 7, 8, 
9, 10, 11, 12, &c, continued to the number s, will be = 


—tL-Tt— QB I. 


4thly, When c is = 4, and the fum of the fourth powers 
of the faid natural numbers is to be inveftigated by means 
of the foregoing feries, we muft only compute the four firft 


terms of the faid feries, to wit, the terms Tn x ati 


1 c e emt) eXc-1xXxc—a c-3. 
+> Xe +5X% An + ae Be 3 be- 
caufe the following terms involve in them the numbers C, 
D, E, &c, which relate to the fums of the fixth, and the 
eighth, and the tenth, and the other following even powers 
of the faid natural numbers, with which fums we have 
hitherto nothing to do. 


Now, when ¢ is = 4, the four terms — x st! 
ae tt eee 
+ > Xet+lK As +x XB" will 
= tigate d x Agi 

be= 7 x* + eX ett x An + 
4X4—ix 4-2 


A-9(Llgyntgzilys. " 
TET x B» (Gp Xa p xa te x Aw 


4X3xX2 owt ^ RN 
Tig MBM SHE KI +e Xt bh 2x Ant 


Be=ix#tixm+2x + EX s, + Ba) = 
1 x at Ti x s x? + Bx; of which expreffion 


the aft term Bs is to be determined in the manner follow- 
ing. 
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ing. The co-efficients of the three firlt terms 7 x»? 

Pet yx tae tp tp bah eB Pa 
xX mt 3 X n*are ;*3t*3( 3*3 37 
2 E tx from which it is neceffary to fubtra& E in 
order to make the refult equal toy. Therefore B, or the 
co-efficient of the lait term Ba, will be = — > and con- 
fequently the compleat value of the four firft terms of the 
faid feries in this cafe will be ; xX w+ H xn pet 
El wh m ox 
ri +5+ 3^» Therefore the fum of 


the fourth powers of the natural numbers 1, 2, 3, 45 5, 6, 
3» 8, 9, 10, 11, 12, &c, continued to the number », wi 


1 
— X^ 


=e ty Ben, 2B. te 
bateety 3a Q. E. 1 


5thly, When c is = 5, and the fum of the fifth powers of 
the faid natural numbers is to be inveftigated by means of 
the foregoing feries, we muft, as in the lat cafe, compute 
only the four firft terms of the faid feries, to wit, the terms 


Li evi RS r3 £& Ld] eX cml X cme 
gree Fy RE tT KAR + 


x Bx73; becaufe the following terms involve in them ! 


the numbers C, D, E, &c, which relate to the fums of the 
fixth, and the eighth, and the tenth, and the other follow, 
ing even powers of the faid natural’ numbers, with which 
fums we have hitherto nothing to do. 


Now, when ¢ is = 5, the four terms E x gt? 


eX mr X cmd 


‘- 
aX3X4 x Bis 
i =x Sti lil EN sot 
will be = 5, X# +X tbe x An 


TIXGRLOX AsTU. 


2D2 E 
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SX GTX 5-3 S371 y peat ‘ 
+ yaxg X B^ ni en aie 


4 uL EXAX3 Pot gr gt ys & 
X An +. roxy BOS axe boxet ix 


1 6 1 5 J 
AP ixBhlRXxW tX"V-TXTTX 
5 1 FERE! 5 1 s Li 
Wo RiX—cgX"Um-qx"btjx"ecilxa 
—Lxse)j-t 4248-8. Therefore the fum 


of the fifth powers of the natural numbers 5, 2, 3, 4, 5, 
6, 7, 8, 9, 10, 11, 12, &c, continued to z, will be = 


we) aS Gat gus 
vetztatv uu Q. E. I. 


6thly, When cis = 6, and the fum of the fixth powers 
of the faid natural numbers is to be inveftigated by means, 
of the foregoing feries, we muít compute only the five firft 
eti 


terms of the faid feries, to wit, the terms T xn 


eXc—i X c—a 
aX3X4 








TIXÜÉTLTXAÉEU x Bat 


4 RL emt KK TH y C4 5; becaufe the fol- 
2X3X4X5x6 


lowing terms involve in them the numbers D, E, F, G, 
&c, which relate to the fums of the eighth, and the tenth, 
and the twelfth, and the fourteenth, and the other following 
even powers of the faid natural numbers, with which foms 
we have hitherto nothing to do. 








Now, when c is = 6, the five terms Tu xni 
1 € € £—Y €Xc—iIXc—2 t- 
+> xXatT xX An + axe x Ba 


6-5 - 1 
x C» ^? will be = rg 


q UE ST EG EG 
aX3X4X5x6 





x "ad 
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x MEER EC M 








2X3X4 
—3 6x*5-Ux bra x 6—3 x —4 -5 ES 
Br += TIX3XAXGPXÓ 000 x Cs (= T 
6x5x4 
pak a á a 
x mc PX 3 X AGI, X Bro 


éxcxAx pet 
áx3X4X5x6 


HSM BO + Coz xn t LX. x tx 


Xx CH xa Lxdaoa XxAM 


X" SHREK MECH) HS Mei xg 
TOXG—d x s + Ca; of which expreffion the la 
term C is to be determined in the manner followi-g. The 
co-efficients of the four firft terms of the expreffion ; x a 


TIxw EFC xt enm; Reig 


-PocL-E.R-1-$ mun 
Gz tate pret e nut! 

m . Y H 
- =r -Z 3 to which it is neceffary to add gp in or. 
der tq make the refult be equal tor. Therefore C, or the 


co-efficient of the laft term C », will be + - and confe- 


quently the whole expreffion 7 xm tt x nt tt xa 


—} x? + Cawill be = = Xa ox nt += Ix» 


1 I al Ld nS P" s 
TeX"ÜdqXmeoTtlTtbLt—gt'tía 


Therefore the fum of the fixth powers of the natural num- 
bers 1, 2, »^55 6, 7, 8, » 10, dh 12 &c, continued 


to the number 7, will be = $+ zo. Ae—vU 


Q, E. I. 
Tthly, 
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gthly, When e is = 7, and the fum of the feventh powers 
of the faid natural numbers is to be inveftigated by means 
of the foregoing feries, we muft, as in the laft cafe, compute 
only the‘five firt terms of the faid feries, to wit, the terms 

1 € € cmt €Xc—1Xc—2 
+ X + T X An t Taxa 

o-3 , exe It X c—2 XC—3 X 6—4 ors. 

x B» TOMMIXaxex;x6 00 X Cn ^?; becaufe 
the following terms involve the numbers D, E, F, G, &c, 
which relate to the fums of the eighth, and the tenth, and 
the twelfth, and the fourteenth, and the other following even 
powers of the faid natural numbers, with which fums we 
have hitherto nothing to do. 


* Now, when c is = 7, the faid five terms 5 xat! 
a eae ent Qexcé-ixce-a er3 
EIX"RIXAS + a4 x Ba 
eXc-ixe-axe-axe-a. mM ES 
——Óagxax;gxe 0 0X Cs will be = = xn 
. 


+ yee 


tyyad 2-1 4 2X37-1X]7—3 |; p47-5 
+> xX +> x An + “Sax? XB? 





JXIIIXT-3X7-3X]7—4 I-S (my aa 
+ 2X3X4X5X6 x Cn cS 8 x + 2 
oy 6 4 1X6x5 1X6x5$X4X35 
xv" ti x Arn + Ixixí x By ly sxaxixóX CO 


QI L 1 7 6 2x5 rae 
Srxv ts xwt sx At OK Be +s 

L1 eat |. 1 E EI 
XCrcIgxÉ4rlxw 4T LX 4uxs4t— 


—_t RA a zl tnl , 
x eX Mt TX + EX agate s xe 


2 2 1 ot at get 
+E XP HDX tex Ma Pt Tt Se 


ie +. Therefore the fum of the feventh powers of the 


natural 
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natural numbers 1, 2, 3) 4, 5, 6, 7, 8, 9, 10, 11, 12, &c, 
tontinued to the number x, will be = a + I + m. 


ont Li 
tu Qs. E. f. . 


Sthly, When c is = 8, and the fum of the eighth powere 
of the faid natural numbers is to be inveftigated by means 
of the foregoing feries, we muft compute only the fix firft 


terms of the faid feries, to wit, the terms — x a^** 
1 elc c peIpe-r e—-3 
+7 XRT KX An + 2X3X4 x Bs 
eXc—AXxc—aXc—3X€—4. cms ] 
+ 2X3X4X5x6 x Ca > 
"| exemixtmaxemgxe—4xe—gxe—o £-7 
* 2X3X4X5x6x7x8 x Dn 5 boeaufe 
the following terms involve in them the numbers E, F, G, 
&c, which relate to the fums of the tenth, and the twelfth, 
and the fourteenth, and the other following even powers of 
the faid natural numbers, with which fums we have hitherto 
nothing to do, 





Now, when ¢ is = 8, the fix terms A xcti c 


2X3X4 


—3 4 x CA^ 5 
2X3X4X5x6 


àxc—4Xc—$Xc—6 v DHT will be = 


xx £ X Ax 7! 4 EXCCIXE73 x gat75 








* 2X3X4X5X6x7x8 — 
"E 8 $—: , 8x8—1x Ba 
ee + EK aS x An +S 
$—3 , 8x B—1 x 8Ca x 8-5 x 8-4 $—s. 
x Ba *—ÁIÁX3KAXPXÓ 000 x Cn 
T1 x*$—i 8—4 x 8—; x 8-6 - 
+ hh 1X 8—2x 8-3 x 8—4 x 8 X$-6 x D 7 


aX3X4X5X0x2x8 
4 (z 
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— E: " Bot 8x2x6 
(2$ xP ty x wt 4 x An *ixx, X Bt 





, 8x5x6xsx4 xCa + 8x7X6X5X4X3X2 xDr- bor 


2X3X4».5x6 2X3X4X5X6x7x8 

IX a X As + 7X2 x Bot D x CH 

DAE Ex Mt TX tax tex ae 7X2x 
lox as p LES I Él aS 

— pe + 3 XrzX"9-Do)Ig X rr 

x? IX P—Lxwriíxwe De; of which 

expreffion the laft term D » is to be determined in the man- 


ner following. The co-efficients of the five firft terms of the 


1 1 a 1 2 

expreffion -- Xm + > xa B Kam Te Xe > 
1 1 2 2 H 

xe +Daae ot +o i p which are (= 


44 4 OO digni BH BS 


9o! 90° 907 99 " 907 9o ^ 967 go 99 * go 
RELIER FL from which it is neceffary to fubtract 
3 in order to make the refult be equal to1. Therefore 
D, or the co-efficient of the laft term D s, will bez — i, 
and confequently the whole expreffion — X »9 4- x a 4- 
i* vod e taxes Mr. ike 
EX SK HEX + KP Xa 
+5 +e I E Therefore the 


fum of the eighth powers of the natural numbers:z, 2, 3, 4, 
5; 6, 7, 9; 9, 10, 11, 12, &c, continued to the number x, 


ibe =p unm. om. ume 
willbe=-> + +> * "utt 5 ty Ge Be Te 


And, 
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And, gthly, When c is = 9, and the fum of the ninth 
. powers of the faid natural numbers is to be inveftigated by 
means of the foregoing feries, we muft, as in the laft cafe, 
compute: only the fix firft terms of the faid feries, to wit, 
oL cvi 1 LI Li =<} 

the terms — X v taxes nar 
(Xc— Xe <-3 
+ 3X3X4 B 


TTÁAXITAYPAXISI on ew 
op ea xem nerd x oP ied 


aX3XA4X5 
eXe—ixcCaXxc-3xc-4xc- 5 Xxc—b ‘-7 

+ TIXGXAXgXÓ 0o x Ds '; becaufe 
the following terms involve tlie numbers E, F, G, &c, 
which relate to the fums of the.tenth, ahd the twelfth, and 
the fourteénth, and the other following even powers of the 
faid natural numbers, with which fums we have hitherto 
nothing to dq. : 


Now, when c is = 9, the faid fix terms 7 x ft + 


xa + £ x Asta? 4 xix x Ba'^? 





: 3X3X4 
+ BETTER y can 
tU QUIETE x Dat? will bez 


973 |, 9X 971 X 972 X 973 X 9-4 9-5 
x Ba + Txgx4K5xe7 x Ca 
MOTT BEE MELE ST MEME 
42X9-1x9—1xX9—3X9—4X9 $X9-6 y 77 
. 2X3X4X5XOX7XE 
at yertixw 4 2 fp 4 2X9x7 , 
mu XU xix +X An *ixax, X Bn 4 


$ex8x7x6x5 xCat4 GXERINEX SANS x Det = iw 
2E 





3X3X4K5X6 2X3X4X5x6x7X8 
* 
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tixn 42x Asta 7 xs x Bet 7x3 x Crt 
+2 x_De = exw Lx LEE E: t1 xv 
FIXZX HEX ET XIX bE XM +? x 
RXR (HH KM pine +x »—Lxe 
€1xv—4 xe) eee ELE. + 
£.—¥. Therefore the fum of the ninth powers of the 


natural numbers 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, &c, 


" jo » 
continued to the number a, will be = <> + T n = " 


a* Lad jm 
eet oe QB I. 

Thefe feveral expreffions of the values of the fums of the 
firft nine powers of the natural numbers 1, 2, 35 4, 5» 6, 7, 
8, 9, 10, 11, 12, &c, continued to the number 5, are the 
fame with thofe fet down above in the table in art. 141, 
page 188. And it is evident that this way of obtaining 
them, by means of the foregoing general feries, is much 
lefs laborious than the former method of obtaining them, fet 
forth above in art. 136, 137, 138, and 139. 


End of tbe applications of the feregoing general feries PET 


ett tye, £—1 | exce—ixé-a. 0-3 
xn TIXS8MTIXAS + one xn 


+ Ge, to the inveftigation of the exprefions fet down above in 
art. 141, page 188. 


of 
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Of certain fericfes confifling of numbers analogous to the figurate 
wumbers. 





147. Before we conclude this chapter, it will not be amifs 
to thew how certain other feriefes, which bear à great re+ 
femblance to the feriefes formed by the figurate numbers, 
may be reduced to, or compared with, the correfponding 
feriefes of thofe numbers, and how their values, or the fums 
of their terms, and likewife the values of their laft terms, 
may be thereby determined. The feriefes I here {peak of, 
and which I call analogous to the figurate numbers, arc fuch as 
have the differences of their terms, or the differences of 
thofe differences, or the differences of thofe fecond differ- | 
ences, of the differences of the differences of fome remoter 
(order, equal to each other, and which therefore are gene- 
rated by the continual addition of a fet of equal quantities. 
Let 2, d, d, d, d, 4, &c, be a fet of equal quantities, by 
the continual addition of which to another quantity ¢ we ob- 
tain the quantities c, ¢ + 2, ¢ + 2d, c + 3d, « + 42, € -- 54, 
&c. And let the terms of this fecond feries c, c - d, ¢-+2d; 
6+ 3d, c -- 4d, &c, be continually added to each other, 
and to a third quantity 2, whereby we fhall obtain a third 
feries of terms, which will be 4, & +c, à c- 2c -- d, 
b+ 3c o 3d, b+ 4c + 6d, b+ 5c + 10d, &c; and let the 
terms of this third feries be continually added to each other, 
and to a fourth quantity 2, whereby we (hall obtain a fourth 
feries of terms, which will be 2, a -- 5, 4 4- 20 - c, 4+ 
35 + 36+ d, a -k 4b + 6c 4d, a + 56 + 106 + 10d; 
&c. And let the firft feries d, d, 4, d, d, d, &c, be called 
D; the fecond feries c, c+, ¢ + ad, c 34, c + 4d, 
€ 4- 5d, &c, be called C ; the third feries 2, 0 -- c, b+» 
2€ + d, b+ 3c + 3d, b+ 4€ + 6d, b+ 5c -- 10d, &c, be 
called B; and the fourth, or laft, feries a, a+b, 24-25 4-c, 
a+ 35 -- 3c- d, a 4- 45 - 6c 4- 44, and a+ 5b + 10¢+ 1c4, 
&c, be called A. This lait mE A (the firft differences ut 

2E2 e 
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the terms of which conftitute the terms of the third feries B, 
and the fecond differences of the terms of which conftitute 
the terms of the fecond feries C, and the third differences 
of the terms of which conftitute the terms of the firft feries 
D, which confifts of the equal quantities d, d, 4, 4, 2, d, 
&c), may, I think, with propriety be called a feries ema- 
Vogous to tbe figurate numbers. The generation of the terms 

É this feries will, perhaps, appear ‘more clearly from the 
following table. d 


Dici 






€ 5 4 
d|ecr4[àk-c a+ 6 
dl cpad|b+2e4 d|s425 c6 
4d|et34 [3c 34 | atgb+ 36 d 
4 | etad|d+act 6d | 4-4 be 4d 
d | e- 5d | b+5c+10d | a4- 5b - 1064 102 





- 148. Now in the laft feries A, it is obvious that the co- 
efficients of-the letters a, which are the firft members of the 
feveral terms a, a + à, a +26 + e, a + 35 4- 36 4- d, 
at 4b + 6c + 4d, and 6 + 5.4 10c + sod, are a fet of 
Ynits, or the firft order of the figurate numbers; and that 
the co-efficients of the feveral letters 6 in the fecond mem- 
bers of the faid terms are the lateral, or natural, numbers t, 
2,3» 4. 5, &c, or the fecond order of the figurate num- 
Bers ; and that the co-efficients of the feveral letters c in 
the third members of the faid terms are the trigonal, or tri- 
angular, numbers 1, 5, 6, 10, &c, or the third order of the 
figurate numbers; and: that the co-efficients of the feveral 
letters d in the fourth members of the faid termis are the 
pyramidal numbers 1, 4, 10, &c, or the fourth order of the 
figurate numbers. And therefore, as we have above fhewn 
how the fums. of the figurate numbers of the feveral fuccef- 
five orders, and likewife the values of the lat terms in them, 
may be determined, when the number of terms contained 
in them is known ; it will be eafy to find both the fum of 
all the terms of the feries A, by multiplying the fums of 
the fucceflive columns of. figurate numbers, into the letters 
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a, b, c, and 4, refpe&ively, and adding the products fo 
obtained into one fum, and likewife to find the value of 
the laft term of the faid feries, by multiplying the laft terms - 
of the feveral columns of co-efficients, or figurate num- 
bers, into the letters &, 4, c, and d, refpectively, and 
adding the faid produ&s into one fum. For, if the 
number of terms in the feries A be denoted by the let- 
ter n, it follows from coroll. 2, art. 81, pages 109, 110, 
1i11, that the fum of the co-efficients of the letter a 
wil be »; and the fum of the co-efficients of the let- 


ter 5 will be » x =; and the fum of the co-efficients 
2 


of c will be “X#—***=? ; and: the fum of the co-efficients 
2x 


of 4 will be Se 3 and confequently the fum 
of all ti the » terms of the faid feries A will bec xad 
B Xs—! aXa—iXa—3 XX5—IXA3—2X3—3 
a Xb + xa X c “ee 
x d. And it follows from coroll. 4, art. 83, papes 112, 
113, that the co-efficients of the letters a, 2, c, and d, in 
the laft, or sth, term of the feries A will be 1, 5» — 1, 


MEME E — 
IM, and LU, refpectively; and con- 
fequently that the faid laft, or sth, term will be = a + s—1 


z—1i:X a—2 a—iX*—iX*-$.4 


* b+ a KOT 2x3 











Q, E. 1 *, 


** Sec upon this fubje& Mr. Thomas Simpfon’s Effays on feveral curious 
and wfeful fubjeBs in [peculative and mined mathematics, publifhed in the year 
1740, pages 98, 99, 100, 101, 102, 103, 104, and 10¢; and likewife his 
Algebra, 6th Edition, publifhed in the year 1790, Sc&ions XIV and XV, 
pages 201, 202, &c, — — — 228, 


vad of the Tranflation of tbe foregoing Extrait from Mr. James 
Bernoulli's Treatife De Arte Conjectandi. 


A 
NEW AND GENERAL METHOD 
OF FINDING THE 
SUM OF ANY SERIES OF POWERS 
OF A SET OP 
QUANTITIES THAT ARE 14 ARITHMETICAL PROGRESSION ; 
BEING THE TINTE OP THE LATE LEARNED, 
MR. THOMAS SIMPSON'S MATHEMATICAL ESSAYS, 


FUBLUGHFD IN THE YEAR 1740. 
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. PROPOSITION. 
To find tbe fum of any Series of Powers whofe roots are in arith 
metical progrefion, asm+ af + mad" 4+ mu... 


wee X^, m, d, and n, being any numbers whatfeever. 


ET Az *' 4 Bs* + C7 + Dat? 4 Es 
+ Fx"~*, &c. — K, if poffible, be always equal to 
m+d\ omdad| ...... x, and A, B, C, &c, deter- 
minate quantities. Then, if any other number in the pro- 
grefion m +d, m -- ad, m d- ad. ..... X 4d, & 42d, 
* + 3d, &c, as x + d, be fubftituted. inftead of x, the 
equality will till continue; and we fhall have . 
Axe tat + Bx etal + Cx etd"? + Dx 
x4 al"? &c. — K equal m+d\" + mazd[ ... d 
from which if we take the former equation, there will 
remain A x x e a] ^ — a t Bx x 4| — 


*Cxsupy 7 3x7, &. = x Wd], fhewing how 
much each fide is increafed by augmenting the number of 
terms in the given feries by unity; where, by ttanfpofing 
x4-d|', and throwing the fcveral powers of «+d into fe- 
riefes, we (hall bave 





* This Efay of Mr. Simpfon's is the part of his Effays alluded to in the 
Note at the bottom of page 213. As it is fo nearly connected with the fub- 
xà of the latter part of the foregoing Extra& from Mr. James Bernoulli's 

reatife De Arte ConjeBandi, relating to the fums of the powers of the na- 
tural numbers 1, 2, 3, 4» 5, 6, 7, 8, 9, 10, 11, &c, andis not very long, I 
thought it would be agreeable to the Reader to fee it here immediately after 
the faid Extra&, and therefore |. have caufed it to be re-printed, — F. M. 


| P/N, Sin ad A ene bad, —* 
I | 


0110.0 Mack A 
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« 


a 
oR 
1278 5s —* " * "e 
ED Mri PL IOXTT4 + " . 
o= i . € . : : ° 
| 22 ri a zo Lx a ee at — Rp, ugs . 
ecu ee YO t.t € t to, 
O98 Pena Baa % ag KR ETH Pea V LIVXVX TUE p, V OXI tp ey 1 
‘oR 4p, x —-x--X : LH 
QNS TeX he LIE X IX P, V e 


Mr. Simpfon's Tenth Mathematical Effay. 219 


From which, by equating the homologous terms, A will 
1 Bot "Si = = 

aaa B25C-y,D-o E= 

s Xa—iXsa—2xd* Fco G- mxs—iXa—2Xs—3Xn—4Xd* 


2456 ^? 0 313455.6 
H = o, &c. wherefore the values of A, B, C, &c, being 


fo affigned, the whole expreffion, or its equal — x 4-4) 
PAxzspa antt Bxx+d—x", &c, muft 


ome out = 








be equal o, and confequently A x x E att — sth 4 
Bxxt — x", &c, — x + d|; that is, let x and » be 
what they will, the forefaid increments of A i op But 


Cx", &c, — K and m -- d" + m 4- 2d)", &c. will, un- 
der the above afügned values of A, B, &c, be equal to 
one another: Therefore, if K be taken equal Am**™ 4, 
Bn" + Cm", &c, fq that when x equal s, ar the pro- 
pofed feries is equal to nothing, Ax"t' 4 Bx", &c, — 
K may be alfo= 0, it is manifeft, that thefe two expref- 
fions, as they are increafed alike, will, in all other circum- 


ftances, be equal; that is, let x be what it will, As" 
+ Bs" + Cx^7! 4 Ds" ^, ko, — Am" t! —Ba* 
— Crt D», &c, under the faid values of A, B, 
C, &c, will be always equal to m+ ay" + m+ ad" + 
m+3d\"...x"; which values being therefore fubftituted, 





att de" 7! — sxa—ixna—idi 75 

there will be LÀ Tix itt Foy 7 7 —— 139456 
axa-ixaDix3—3 X874 n a-$ | 

* 245616 


2F2 € 
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BX W—IX Bo? X —3Xu—4 X ATS X n—6 y 8—7 
—————— ———————| 
7 2.3-4- 18.5.6 
— a c. RTT. IA 
aX ROTM a—2 X n—3 X n—4 X n-$ X n6 X 2-7 X 2-8 Ze 





2.3.4. 5.6.7.8.9. 11.12 
n—9 _ ttt m" smt ax BoIX aca 
Fo By Sag 7370 34 7 o 33455 xe 
m'75 &c, = md) + mezd| + m43À ..... x. 
Q, E. T, 
COROL. I. 


Hence, if » be a whole pofitive number, and m be 
taken equal o; then all the terms in the fecond feries 








ater = am 

_ m adm “a: + 
-—— —-— il when 2 is even, 
ixd TC $47 &c, vanifhing " 


and all but that where the exponent of m is nothing, when 


odd, we fhall, in this eife, pave ead" + at + 4a)" 








a ALERT nd 
T 1 L— = 
x barely equal to at at 5 





— S- 


ax" 3 : : mz 
Por &c, the fir(t feries continued "till it 


terminates, provided that the laft term, when # is an odd 
number, be rejected. 


aX a 





———— —À 
COROL. II. 


Wherefore, by taking d equal to 1, and » equal to 2, 3, 
4, 5, &c, fuccefively, we have - 


It2 
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t42434445.-.¢8 =S4e 
Pree ae ee . _# , # LÀ 
THO ETC BS... *tüózTHETTS 
Pau'4ge 4j... este tee 
Wath at R4 ee. + MEE. 
VE sb grat sh. eb Ce 
5 
aate e eg Ooty fy S-F45 
fc, &c. 


— 


COROL. IL: 


Moreover, if d be taken equal to 1, and m equal to 1, 
our general equation will become 2" + 3” + 4" .... +, 


BNET un 1 1 . 
x Saar tata & - sO Trot 
aXa—ixa—i 


“ase? &c, each fide of which being increafed by 
unity, and the whole multiplied by 4", gives 2" 4 zaf 





stt » 
OH tad... $B m ino s Eu 
m7! — axs—ix serai 3 1 to 4 
$4 — 13458 RO — aka Ta V 
aXaw Il Xa—2 
23456 ? &e. 


EXAMPLE 
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EXAMPLE I. 


Let it be required to find the fum of a feries, confift- 
ing of 100 cube numbers, whofe roots are, T I 4 2, 
Hr ay Bes - 


Here d, the common difference of the roots, being equal 
a= 3, and x = o, let thefe values be mE in the 
equation in Cor. II. and it will become m in, EY T 
Ea + Er =) $187812.5, the number that was to bg 
found, 


EXAMPLE IL 


Lets z T d= T Then the equation in the lat. Ca- 


i, 2)t i En 
rollary will become 4A +4] il "A 3-3 - 


x E + ES + dp &c, — ig very nearly ; fo that, 





i 
taking x equal 4, it will be =}! + Bi + i E 12 3.07313 
which differs from the true value by lefs than 4:44. ; and 
if more terms had been ufed, the anfwer would ftill have 
beeh more’ exact ; but never can come eccurately true, when 
n is negative or a "fraction, becaufe then both feriefes run on 
ad infinitum. 


SCHOLIUM. 
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SCHOLIUM. 


The theorems, above found, are not only ufeful in find- 
ing the fum of a Series of Powers, but may be of fervice 
alío in the Quadrature of Curves, &c, efpecially as the con- 
elufions will be accurately true, and the reafoning thereupon 
[cientific. 


This I fhall endeavour to fhew by the following inftance ; 
wherein AC, being fuppofed a curve, whofe equation is 


H E 
y = z (AB being equal z, and C B equal y), the area 
ABC is required.” canes mE 


Let AB be divided into 
any number, x, of equal parts, 
as Ab, bc, cd, &c, and from 
the points of divifion let per- 
pendiculars be raifed, cutting 
the curve in the points, 1, 2, 
3, &c, and having made p1, 
72, 73, 54, &c, parallel to 
A B, let the bafe Ad, 5c, cd, 
&c, of each of the rectangles 
pb, qc, rd, &c, be reprefented 
by d: Then 41, ¢2, 45, &c, 
the heights of thofe rectangles, 
being ordinates to the curve, 


will bez", 22|", 3a\", &cc, 
refpe&ively, each of which *. being multiplied by 4, the 
common bafe, and the fum of all the products taken, will 
give d into d" + 2d\" + 3a)" ... wal", (= Apigar, &o, 
C B A) for the area of the whole circumfcribing polygon ; 
and this feries, according to the above faid "Theorem 





"ti " att 
(Cor. III.) is equal to ** ix, t eZ, &e, = 28777 


+ 


$24 Mr, Simpfon's Tenth Mathematical Effay. 


4 
I — nm » &c, or, becaufe dx = x, it will bes = = + 


z &c. Now, if from this the difference of the inferibed 
and circumfcribed polygons, or the rectangle BD = dz" 


sti a 
be taken; there will remain Tu — 2, for the area of the 


infcribed pce Hence, it is manifeft, that, let d be 
what it will, the inferibed polygon can never be fo great, 


gtr 
fiot the circumfcribed fo {mall, as = (= 7"): And 


therefore this expreffion muft be accurately equal to the re- 
quired curvilinear area ACB. 


A CON. | 


AN 
INVESTIGATION 
aye \ 
DEMONSTRATION 
e? | 
SIR ISAAC NEWTON'S BINOMIAL THEOREM, 
Pi THE CASE OY | 
INTEGRAL AND AFFIRMATIVE POWERS; 


iy WHICH 


The Law of the generation of the numeral co-efficients of 
the Series which is equal to the quantity +A”, is difco- 
vered by a conjecture grounded on the obfervation of 
fome particular inftances; but, when fo difcovered, is 
fhewn to be true univerfally in all other Integral and Af- 
firmative Powers whatfoever, by a ftri& and accurate De- 
monftration, : 


2G A General 
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A General Statement, or Expreffion, of the 
Binomial Theorem, 





Art. 1. Q'IR ISAAC NEWTON's Binomial Theorem is 
a Propofition affirming that, if m be any num- 
ber whatfoever, either integral or fraCtional, affirmative or 


negative, the quantity 44-0", or the mth power of the bi- 
nomial quantity a+4, will be equal to the feries a" + = 
m-—l m m-—i1 m—ij m -—1 m—2 m—3 
BUR TXTUDa he KK 
maf xb übt 4t xt t 
HEX RP tHe UU xx = 
x = x ttp + &c, or (if we put A for 1, or 
the co-efficient of the firft term a", and B for =, or the 
co-efficient of the fecond term = x a"—"d, and C for I 
x =, or the co-efficient of the third term = xt» 
2 


a"~*, and D, E, F, G, H, I, K, &c, for the co-effi- 
cients of the fourth, fifth, fixth, feventh, eighth, nini 
tenth, and other following terms, refpectively), to the fe- 


ries a^ + - Aq + = Ba" 4. > Ca™~35s 
m3 m—4 m—4p4"—-5 mas m—6 
+73 De" "or ; Ea + = Fa" 


2Ga + 
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PEST 4 tns 4 0b a9 
7 g 
&c, in which feries the powers of a, to wit, 2", a", 


a 4775, anh atts, 2475, 2, os, 2779, &c, 
are produced from: each other by a continual divifion by a, 
aiid the powers of 4, to wit, 5, 25, P», d*, bs, 5°, b7, BY, 59, 
&c, are produced from each other by a continual multipli: 
catiorí^by 4, and the numeral co-efücients B, C, D, E, 
F, G, H, I, K, &c, of the fecond, third, fourth, fifth, 
fixth, feventh, eighth, ninth, tenth, and other following 
terms are derived, or generated, from 1, or A, the numeral 
co efficient of the firft temi a", by à cohtinüal multiplication 
ni nul 

of it into the fra&tions —, orm, m Ty TA Tu 
zs =, zu =, &c, continued ad infinitum, or to 
the end of the feries when the number of its téríns is 
finite. 


Of the Invention of the faid Theorem: 





2. Sir Haae Newton was the firft perfon that expreffed 
this important Theorem in the foregoing fhort and convenient 
Algebrück notation, and likewife the firft perfon that 
difcovered that it would be true, not only when the index 
sw of the power to which the binomial quantity is to be raifed 
is a whole number, as 2, 3, 4, 5, 6, &c, but alfo when 
it is a fra&tion of any kind, as +, i 4,or+,; 3, 4, or 
- 3 


a? 


ein the cafe of Integral and Afirmative Powers, — a2g 
4, 4, 4, &c, or éven à negative quantity, as —2, — 3, 


= Set uso 32,-3, 4 
5; — 17, OF — 2? rd — Á or 3" P$ 7? 
3 5 7 


er-i,— PT &c. But he was not the firft perfon 


that difcovered it to be true in the firft, or fimpleft, cafe, 
or when.the index is equal to an integral and affirmative 
number. For in thát cafe it was known to Mr. Henry Briggs, 
the celebrated improver and computer of Logarithms, above 
40 years before it was difcovered by Sir Ifaac Newton; and 
it was publihed by Mr. Briggs, in his learned Treatife on 
Logarithms, intitled, Arithmetica Logaritbmica, in the year 
1624; as has been clearly fhewn by the learned Dr. Hutton, 
of Woolwich Academy, in his very curious, hiftorical, In- 
troduétion to the new edition of Sherwin's Mathematical 
"Tables, publifhed in the year 1784. 


3. But, though Mr. Briggs had publifhed this famous 
Theorem, in this firft cafe of it, in his Aritbmetica Logarith- 
mica, in the year 1624, yet it feems to have been but little 
known to Mathematicians till about 60 years after. For 
even the famous Dr. John Wallis, of Oxbrd, (who was a 
very extenfive reader of Mathematical Works, as Well as a 
great improver of the Science,) appears to have been igno- 
tant of it till a little before the year 1685, in whicli he pub- 
lifhed his learned, hiftorical, Treatife of Algebra, at which 
time he was about 69 years old. For he there tells us, in 
page 319, that he had formerly fought to difcover the law by 
which the numeral co-efficients of the terms of the feries 
which is equal to a + 2l" are generated from each other, but 
had not been able to find it; and that he had lately been 
made acquainted with ic by the perufal of a very learned 
letter of Mr. Ifaac Newton, the Profeffor of Mathematicks 
in the Univerfity of Cambridge, to Mr. Oldenburgh, Se- 
cretary to the Royal Society, written in the year 1676. 
His words are thefe, after fpeaking of fome other excellent 


inventions in the Mathematicks contained in the faid letter— 
€ He 
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* He (Mr. Newton] then obferves (what I bad formerly 
“ fought after, but unfuccefsfully), that the following numbers 
** are, from the two firft, to be found by continual multiplication 
of. sbis fries x x 7° x BE x BOP o x Tet x 
** Gc" From this paffage of Dr. Wallis’s Algebra, 1 am 
inclined to think that this famous theorem was never gene- 
rally known to Mathematicians till this publication of it in 
that work. And from its having thus been communicated 
to the learned world as a difcovery of Mr. Newton (who 
was afterwards better known by the title of Sir Ifaac New- 
ton), it has ufually been called bis Theorem. 


4. This Theorem had been difcovered by Sir Ifaac New- 
ton about the year 1665, as appears from his letters to Mr. 
Oldenburgh in the year 1676, copies of which were fent to 
Mr. Leibnitz by Mr. Newton’s direction. But thefe letters 
do not appear to have been known to the Mathematical 
world in general, till the year 1712, when they were printed 
in the Commercium Epiftolicum by the order of the Royal 
Society. And no part of them feems to have been publifhed 
before the year 1685, when the foregoing account of the 
generation of the numeral co-efficients of the terms of the 

eries that is equal to the mth power of a binomial quantity, 
and a few more curious difcoveries contained in them, were 
inferted by Dr. Wallis, in his Treatife on Algebra. 


5. It has been obferved above, that Mr. Briggs, and not 
Sir lfaac Newton, was the jirft inventor of this Theorem in 
the firft and fimpleft cafe of it, or when the index m is an 
affirmative whole number. Yet I am inclined to think that 
Sir Ifaac Newton was likewife az inventor of it even in that 
cafe, though sot the firft inventor. For it is well known 
that he was not an extenfive reader of Mathematical Works ; 
and he appears to have applied himfelf principally in his 
younger years to the ftudy of Des Cartes’s Geometry, with 
Schooten’s Commentary on it, and the other Traéts pub- 
lithed by Schooten with it, and of Dr. Wallis’s Arvithmetica 
Infinitorum, and his other works on mathematical fubjects 

thea 


| ) 
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then publifhed ; in none of which books is any mention 
made of this ufeful Theorem that had been difcovered fo 
many years before by Mr. Briggs. And, as thefe were the 
books to which Mr. Newton is known to have given the 
greateft. part of his atténtion at that time, he may very well 
be fuppofed not to have feen Mr. Briggs's Arithmetica Loga- 
rithmica, in which this Theorem is contained, at the time of 
his difcovering it himfelf, which was about the year 1665, 
or when he was only 23 years old. And, if he had feen 
that book, and obferved this difcovery to be contained in it, 
I can hardly conceive that, when he was {peaking of this 
Theorem, and fetting forth its great utility in mathematical 
inveftigations, he would have omitted to make mention of 
the name of Mr, Briggs, and to acknowledge that what he 
had delivered upon the fubje& in his Arithmetica Logaritbmica 
contained the fubftance of the faid Binomial Theorem in 
the cafe of Integral Powers, though not expreffed in Alge- 
brüick Symbols. For thefe .reafons I am inclined to think 
that Sir Ifaac Newton had not feen Mr. Briggs's Arithmetica 
Logaritbmica when he invented the Binomial Theorem, and 
confequently that he was truly an inventor of it even in the 
cafe of Integral Powers, though not the firft inventor. 


6. But it feems more furprifing that Dr. Wallis, who 
was & much more copious reader of Mathematical Works 
than Sir aac Newton, and who actually had feen and read 
Mr. Briggs's Arithmetica Logarithmica, and makes mentioi 
of it in his Algebra, chapter XII, page 60, fhould not havo 
attended to the contents of that ingenious Treatife enough : 
to have obferved that it contained this moft ufeful Theorem. 
Yet this appears to have been the fact, from what the Doc- 
tor tells us in the 85th chapter of his Algebra, page 319, in 
the paffage that has been already cited in art. 3, where he 
mentions the law of the generation of the co-efficients of the 
terms of the feries that is equal to the mth power of a bino- 
mial quantity, as a difcovery that had recently come to his 
knowledge by the perufal of Mr. Newton’s letter to Mr. 
Oldenburgh. For, furely, it muft be concluded from this 
"declaration, that, though he had feen Mr. Briggs's ritb- 

! metica 
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setica Logaritbmica, he had not read it with fufficient atten- 
tion to difcover that this method of generating the co-effi- 
cients of the. terms of the feries that is equal to the mth 
er of a binomial quantity, when m was equal to any 
whole number whatfoever, was contained in it: though it 
feems indeed unaccountably ftrange that he fhould not have 
taken notice of it. ! 


7. We may therefore, upon the whole matter, confider 
the Binomial Theorem, in the cafe of Integral and Affirma- 
tive Powers, as having been firft invented by Mr. Briggs 
before the year 1624, and publifhed by him in that year in 
his Arithmetica Logaritbmica, but in fuch a manner, and in 
fuch expreffions, as did not much engage the attention of 
Mathematicians towards it; fince it does not feem to have 
been generally known amongft Mathematicians till it was 
afterwards püblifhed in the year 1685, as an invention of 
Mr. Ifaac Newton, by Dr. Wallis in his Algebra. And we 
may confider it as having been invented a fecend time by 
Mr. Newton about the yéar 1665, and extended by him at 
- the fame time to the other cafes of Fra&ional and Negative 
Powers; and alío expreffed in the very fhort and convenient 
Algebraick notation, in which it is fet forth above in art. 1, 
and which has contributed fo much to give it currenc 
amongft Mathematicians. And, laftly, we may confider it 
as having been communicated by Mr. Newton to Mr. Ol- 
denburgh and Mr Leibnitz, and probably alfo to his friend 
and patron Dr. Ifaac Barrow, the Matter of Trinity College, 
Cambridge, and a few more of his Mathematical friends, 
in the year 1676, in the letter above-mentioned; and as 
having afterwards been communicated to the world at large 
in the aforefaid extracts from the faid letter to Mr. Olden- 
burgh, which Dr. Wallis publifhed in his Algebra in the 
year1685. ^^ 7 tC ! 
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Of Mr. fame: Bernoullt s*demonftration of the faid Theorem, id 
his Treatife on the Dottrine of Chauces, intitled, 
De Arte Conjectandi. 


— —  ———À 


8. But, by what fteps, or what train of reafoning, Sit 
Y&ac Newton difcovered this law of the faid co-efficients to 
be fuch as he defcribed it, is not known ; nor is any demon« 
ftration of it, even in the eafieft cafe of it (or when the 
index m of the power to which the binomial quantity is to 
be raifed, is a whole number), any where to be found in all 
his works. Nor has Dr. Wallis attempted to fupply this 
defe&, nor, as I believe, any other mathematical author 
whatfoever in the lat century, from the year 1685 (when 
the Theorem was firft publifhed by Dr. Wallis) to the end 
of it; nor do 1 know of any demonftration of it given in 
the beginning of the prefent century before the year 1713, 
when the learned and fagacious Mr. James Bernoulli's ex- 
cellent Treatife on the Do&rine of Chances,: intitled, De 
Arte Conjeffandi, was publifhed at Bafil, or Bafle, in Swit- 
zerland. But there we find an excellent demonttration of 
it, in the cafe of Integral Powers, derived from the doctrine 
of Permutations and Combinations, and the properties of the 
Figurate numbers, which are the true principles to which it 
ought to be referred. This demonftration is contained in 
the 3d chapter of the fecond part of that valuable Treatife, 
and may be perfectly underftood by a careful perufal of the 
three firít chapters of that fecond part, without the help of 
the firlt part of the Treatife. For the doétrine of Permu- 
tations and Combinations is explained from its firft prin- 
ciples in the two firít chapters of that fecond part of the 
Treatife, without any reference to the firft part; and the 
properties of the Figurate numbers are derived from that 
do&rine in a moft ftri and {cientific manner, in the third 
Chapter of the fame fecond part; and amongft thefe proper- 


(he ot [ht aed dg a: 
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ties of the Figurate numbers, fo derived, is the Binomial 
wTheorem, in the cafe of Integral and Affirmative Powers, 
‘or the law of the generation of the numeral co-efficients of 
the terms of a feries that is equal to any integral and affirm. 
‘ative power of the binomial quantity a--- 4. This demon- 
ftration therefore deferves to be generally known and ftudied 
by Mathematicians, as the true foundation of this celebrated 
and moft ufeful Theorem. And upon that account I have 
re-printed the faid three firft chapters of the fecond Part of 
that excellent Treatife De Arte Conjefandi, in the foregoing 
part of this volume, in the author's original ‘Latin text, 
with fome explanatory notes ‘on a few of the moft difficult 

ffages of it, and have afterwards added a very full Tranf- 
Fio of the fame three chapters, with fome examples and 
additions of my own, which I thought might be ufeful to 
my readers, and which I have taken care to diftinguifh 
from the other parts which are tranflated from the Author's 
text. And I hope that, by thus exhibiting this part of 
that excellent work in an Englifh dreís, and removing the 
difficulties that occur in the original, in confequence of the 
Author's extreme concifenefs, I (hall induce the young 
Students of the Mathematicks in England, to make them- 
felves acquainted with this mafterly and fcientific demon- 
ftration of this moft important Theorem, which feems 
hitherto to have been adopted by too many Mathematicians, 
upon the mere ground of induction, and the experience of 
its truth in the feveral trials they have made of it, without 
endeavouring to find a demonítration of it.’ 


Another | 
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Another demonfiration of it, in tbe fame cafe of Integral Powers, 
will be given in the enfuing part of this Difcourfe. 





9; But, though the demonftration of this propofition given 
by Mr. James Bernoulli in this excellent Trexife, De Arte 
Conjetfandi, Part 2d, Chapter 3d, (and which may be feen 
above in this volume in the original Latin text of Mr. James 
Bernoulli in page 28, and in my Tranflation of it in pages: 
115 and 116), is the firft, and, in my opinion, the belt that 
has yet been given of it, yet I doubt not that the Mathe- 
matical Reader will be pleafed to feejanother demonftration 
of it, that is fomewhat fhorter than Mr. Bernaulli’s (inaf- 
much as it does not require the previous knowledge of the 
Do&rine of Permutations and Comojnations, and the pro- 
perties of the Figurate Numbers), and yet is equally accu- 
rate and conclufive. Such a demonftration I fhall therefore 
now endeavour to lay before him in the remaining part of 
this Difcourfe. 


10. Now in order to difcover the general relation of the 


terms of the feries that is equal to a8)" to each other, when. 
m denotes any whole number whatfoever, it will be proper in 
the firít place to examine their relation to each other when m 
is equal to fome particular whole numbers, and thofe not 
large ones, that they may be more eafily managed and their 
properties more readily feen into. And, if, when we have 
examined thefe particular feriefes that are equal to certain 


particular values of 24-0", when m is equal to certain fmalf 
whole numbers, we can find any common properties that be- 
long equally to all of them, and can alfo perceive that the 
fame properties muft likewife belong to all the feriefes that 


thall be equal to any other values of 2 + Jl", as well as to 
thofe which we have confidered ; or, if we cannot immedi- 
ately perceive this to be the cafe, but can find fome method 
of demonftrating that it is fo; we fhall then arrive at the 

2Ha knowledge 
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knowlédge of the general relation of the terms of the feries 
that is equal to +2”, to each other, which is the object of 
our pürluit. We will therefore raife the binomial quantity 
+4 to its fquare, and cube, and fourth power, and fifth 
power, and fixth power, by multiplication ; which may be 
done in the manner following. 


1 meade, 
a4) 


445 ath. 


aat ab 
+ abb 


45--24b--)À = ati. 
a+b 


434-22'b4- ab^ 
+ 254-2aP R2 


a 430° 430+ = oti, 
44b 








4*-- 3935 + 342^ --. ab* 
+ b+ 34*P^ 4- 3aP 4 1^ 


—— 
4*- 40+ 62 H- 44P 2^ = aU. 
a4-5 








I —————————- 
45. 425b --. 6ad*+ gah? ab^ 
-oatb4 AG 6s*P +4ab*4+5 








ot 5a*5- ica + road? p gabe P = ot, 
a+ 


7 à EM 
* -- gab - 102*P*-E 1023P + 5a*^4- ab! 
+ Bb+ sa*b*-d- 104? P? d- 10a*2* 4- sab P 
4*4- 623) + 1 5a*0* + 20a!" 1 5a*0* y 6aP 2 = at. 
Olfross 
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Olervations on the terms of the foregoing Seriefes that are equal 
tat, a+, a+}, a+, ata, and a+ dl, exe 
plaining the Gompofition of the Literal parts of the faid terms, 





11. If we examine the compofition of the foregoing pro- 
duéts, or feriefes, which are obtained by continual multipli- 
cations by the binomial quantity +4, the firft obfervation 
that will occur to us will be, that the firft term of the fe- 
ries aa+2ab-+ bb, which is equal to the fquare of 2+4, is 
4a or a*; and that the firft term of the feries a? + 34 + 
308° + P, which is equal to the cube of 2 + 4, is a’; and 
that the firft term of the feries a* + 4435 + 62*P* + 420? + ^, 
which is equal to the fourth power of 2+4, is a* ; and that 
the firft term of the feries. 45 --: 5a*5 + 10a32* 4- 10427 
-- 5aP*4- P, which is equal to the fifth poweg of a--2, is a; 
and that the firft term of the feries a° + 62*5 4- 152*P^ + 
20a'7* -- 150°D* + 6255 --. D, is a* , or that the firft term of 
the feries that is equal to any one of the faid five powers of 
the bihomial quantity 2-44, is the fame power of the fingle 
quantity 2. 

And it is eafy to fee that, if we were to continue thefe 
multiplications by the binomial quantity 2 + 5 ever fo far, 
the fame thing would take place with refpe& to the firft 
aerms of the following produtts, or feriefes, which are equal 
to any higher powers of the binomial quantity a + à, let 
their number be ever fo great; or that, if the letter m be 
any number, how great foever, the firft term of the product, 


or feries, tbat is equal to 24+4™, or the mth power of the 
binomial quantity 44-3, will be a", or the’ fame power of 
the fingle quantity 2. 

For, as the firft term of every new produét, or feries, is 


produced by the multiplication of the firft term. of the next 
preceeding 
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preceeding produ&, or feries, by a, or 1 X «, the co-effi- 
cient of the firft term of the new feries, which is the produ& 
, of the faid multiplication, muft be the fame with the co-effi- 
cient of the firft term of the next preceeding feries, which 
is the multiplicand of the faid multiplication. And confe- 
quently, as the co-efficient of the faid multiplicand, or firft 
term of the preceeding feries is originally 1, (namely, when 
44-b is multiplied into a+, in order to produee the feries 
aa+-2ab-4-bb, which is equal to its fquare), the co-efficients 
of the firft terms of all the following produ&s, or feriefes, 


which are equal to a4, a +), ath, at, a+ a, 
sid, ata, 24-29, atl, &c, ad infinitum, mutt like- 
wife all be equal to 1. QE. D. , 


12. The fecond obfervation that will occur to us, is, that 
the indexes of the feveral fucceffive powers of in the terms 
of every product, or feries; that is equal to any power of 
the binomial quantity a 4-2, decreafe continually by an urit, 
and that the indexes of the powers of & in the terms of 
the faid products, or feriefes, increafe by an unit at the 
fame time. Thus, in the feries a*+20b+4*, or (as it is 
fometimes expreffed in Sir Ifaac Newton’s Notation of In- 
dexes, becaufe a? is = 1, and 3° is likewife = 1), 4*7? + 
24!) --4*P, which is equal to the fquare of the binomial 
quantity 24-2, the indexes of the powers of a are 2, 1, 
and o, or 2, z — 1, and 2—2, and the indexes of the 
powers of à are o, 1, and 2, or o, o-+1, ando+2; and 
n the feries e! + 54*5 + 3a£* -- P, or ait? + 3a*P* + 322^ -- a*£*, 
which is equal to the cube of the binomial quantity 24-2, 
the indexes of the powers of @ are 3, 2, 1, and o, or 5, 
3—1, 3—2, and 3—3, and the indexes of the powers of 6 
are O, I, 2, and 3. And the fame thing takes place in 
the following products, or feriefes, a*-- 4235 - 62*2* + 422? 
+4, and a* + 5*5 4+ 104*P* + 102*P + ga 4- P, and 
a + 6255 + 150%) + 202P* + 154'7* + 62D + 3°, which 
are equal to the fourth, fifth, and fixth powers of a + 5. 
And it is eafy to fee that the fame thing will likewife take 
place in the terms of the produtts, or feriefes, that are equal 

to 
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to any higher powers of a+ whatfoever, if the faid multi- 
plications by 2+ 4 were to be continued till the feriefes 
equal to fuch higher powers were produced. ‘Therefore the 
literal parts of the fecond term, and of all the following 
terms of each of the faid produéts, or feriefes, may always 
be generated, or derived, from the firft term of it, by the 


continual multiplication of it by the fra&ion P. 


13. But, by the firft obfervation, the firft term of the feries 


which-is equal to 2-- A", or the mth power of the binomial 
quantity a -- 4, when m js any whole number whatfoever, 
is am, 


It follows therefore, in the 3d place, that the literal parts 


of the terms of the feries that is equal to @-+4,”, will be^ 


4", a^ 3, a" 7 P, a p, a” 44+, 2” Sj, a” Sys, 


277p, a”, a™~%9, &c, till we come to the quantity 
a"~*™ P". (or a* P", or 1x 27), ord”. 
And thus we have difcovered the compofition of the literal 


parts of the terms of the feries which is equal to ad)", 
as fully as can be defired. And we have likewife difcovered 
that the co-efficient of the firft term, of which the literal 


part is a", is always 1, or that the firft term of the faid fe- 


ries is a" itfelf, and not any multiple of a". — o. s. 1. 


14. In the 4th place it is evident that all the terms of 
every produ&, or feries, arifing from the multiplication of 
the binomial quantity a + 4 into itfelf, muft be connected 
together by the fign +, or added to each other. And con- 


fequently the literal parts of the feries that is equal to ¢-+A\", 
will 


1 
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will be a" + 2"7'5 -p a" ^P p aT P 4 a5 4. 
q* 7555 + aye + ay + a" 839 + gh Ie + &e 
+2", ] 
IE OGIMILLHLLBLUL ALXL LAPEÁéQ ad 


Of the numeral co-efficients of the fecond and other following terms 
o the produci, or feries, that is equal to a + A". 





15$. We come now to inquire into the numeral co-effi- 
cients of the fecond and other following terms of the pro- 


dut, or feries, which is equal to a 4- 2|", or the mth power 
of the binomial quantity 444, 


Now the numeral co-efficient of the fecond term of this 
feries will always be equal to m, or the index of the power 
to which the binomial quantity a + 4 isto be raifed. This 
may be demonftrated in the manner following. 


In raifing the feveral powers of the binomial quantity 
a+4é by the continual multiplication of that quantity into it- 
felf, in the manner above exemplified in art. 10, it is evi- 
dent that the faid fecond term of every new produ&, or fe- 
ries, that is equal to a new power of a + 4, is always pro- 
duced by adding the product of the multiplication of the 
firít term of the feries that is equal to the next lower power 
of a +4 (of which firft term we have feen that 1 is always 
the co-efficient, by 4 to the produ& ef the multiplication of 
the fecond term of the faid foregoing feries by a; the effe& 
of which addition is, to increafe the co-efficient of the fe- 
cond term of the new feries by an unit, or fo as to make 
it exceed the co-efficient of the fecond term of the foregoing 
feries by an unit. Thus, the fecond term, 222, of the feries 

a+ 
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2ab + P^, which is equal to the fquare of 24-5, is produced 
by the addition of the produ& 4a, or a, (which arifes from 
the multiplication of a, the firft term of the former feries 
4 - b, by 4,) to the produ& ab, which arifes from the mul- 
tiplication of the fecond term ? of the former feries a +5 by 
4; the effe& of which addition is, to make the co efficient, 
2, of the fecond term 2a? in the new feries, exceed the co- 
efficient, 1, of the fecond term 4 of the former feries, by 
an unit. And, in like manner, the fccond term, 3a*2, of 
the feries a? + 3a°b + 305° + 4, which is equal to the cube 
of the binomial quantity a + 4, is produced by the addition 
of the product a {which arifes from the multiplication of 
a, the firft term of the former feries a* + 225 + 4°, by 4), 
to the produét 2*5, whica arifes from the multiplication of 
the fecond term 2ad of the faid former feries a* + 24d. + * 
by a; the effe& of which addition is, to make the co-effi- 
cient, 3, of the fecond term 3a*d of the new feries, exceed 
the co efficient, 2, of the fecond term 24 of the former 
ferics, by an unit. And, in like manner, 42%, the fecond 
term of the next feries, is = 2! x5 + 3a%xa, or ad + 
345 = 1 + 3) x a; and 52%, the fecond term of the 
next feries, is = a* xb 4- 44 X a = ah + 4a = 1 + 4| 
xatb; and 6452, the fecond term of the next feries, is = 
45 Xb + sab xa = atb + satb = 145) x ad. And this, 
it is eafy to fee, muft be the cafe in any higher powers 
whatfoever of 24-2, if we were to continue the multiplica- 
tions by a 4-2 till the feriefes that were equal to fuch higher 
powers of 2+5 were produced. And confequently, fince 
in the firt power of the binomial quantity 4+4, to wit, in 
the faid quantity itfelf, the co-efficient of the fecond term A. 
to wit, 1, is equal to the index of the faid firft power, which 
is alfo 1, and in the fecond, and third, and fourth, and fifth, 
and fixth powers of the faid binomial quantity, t e co-effi- 
cient of the fecond term of the feries that is equal to each of 
the faid powers of 2 t2 is alfo equal to the index of the faid 
powers ; it follows that in all higher powers whatfoever of 
the faid binomial quantity a 4-2, the co-efficient of the fe- 
cond term of the feries which is equal to every fuch power 

2 will 
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will be equal to the index of the faid power; or, in other 
words, the co-efficient of the fecond term of the feries which 


is equal to +4)" will always be equal to the index s. 
Q E. D. 


16. From what has been thewn in the foregoing articles 
: : ; 
we may conclude with certainty, that the tw firft terms of 


the feries that is equal to +2)", when m is equal to any 
whole number whatfoever, will be a" +m x a^, and 
that the literal parts of the following terms ofthe faid feries will 
bea" p 4 a 3p a a" 75) 4 ap p at y + 

dpa 75 4 79) + & + 4"7"U", (or @° 
a", ort P, or) + P", [t remains that we inquire what 


will be the numeral co-efficients of the faid third and 
other following terms of the íaid feries, or by what law, 
or rule, they may be generated, or derived, from the two 
firft co-efficients, 1 and s. This is a matter of confi- 
derable difficulty; and I am not acquainted with any di- 
re& and fcientific method of inveftigating this law of the 
generation of the {aid co-efficierts, befides that of Mr. James 
Bernoulli above-mentioned, which is grounded on the Doc- 
trine of Permutations and Combinations, and the properties 
of the Figurate numbers. But I can point out a manner of 
confidering the fubject and attempting to find this law of 
generation, which feems likely enough to have occurred to 
a Mathematician who was in purfuit of this inquiry, and 
which, if it had occurred to him, would have led him di- 
reétly to form a juft conjecture concerning this law by which 
thefe co-efficients are to be generated ; after which he would 
have been induced to try the law, fo difcover.d by conjec- 
ture, in fome eafy particular inftances, and, having found it 
to be true in all of them, he would naturally conclude that 
it was true in all other cafes whatfoever. . This conjectural 
method of inveftigation, ‘I conceive, may have been as fol- 
lows. 

A Con- 
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A Conjettaral Inveftigation of the Law by which tbe co-efficients 
of the third, and fourth, and fifth, and other following terms 


of the feries which is equal to a 4- bi^, or the mth power 
of the binomial quantity a 4- b, may be generated, or derived, 
from 1 and m, the co-efficients of the two firft terms of the 
Said feries. . t 





17. Now, in order to difcover the manner in which thefe 
co-efficients may be derived from the two firft co-efficients x 
and m, [ fhould think it would be natural to examine the 


co-efficients of the terms of the feries that is equal to a 4-4 r 


in fome of the lower powers of a-- 2 which we have actually 
raifed by multiplication, as, for example, in the feries which 
is equal to a + /|*, and which we have found above in art. 
10, to be a + 64° 4- 15a*/* + 20a!P! - 15a*2* + 6aP* + 25. 
In this feries the co-efficients of the terms are 1, 6, 15, 20, 
15, 6, and 1; and our obje& is to difcover, 1ft, by what 
number, integral or fractional, the fecond of thefe co-effi- 
cients, to wit, 6, ought to be multiplied in order to pro- 
duce the third co-efficient, to wit, 15; and, 2dly, by what 
number, integral or fra&ional, the third co-efficient, to wit, 
15, ought to be multiplied in order to produce the fourth ' 
co-efficient 20 ; and, 3dly, by what number the fourth co- 
efficient, 20, ought to be multiplied in order to produce the 
fifth co-efficient 15; and, 4thly, by what number the fifth 
co-efficient, 15, ought to be multiplied in order to produce 
the fixth co-efficient 6; and, laftly, by what number the 
fixth co-efficient, 6, ought to be multiplied in order to pro- 
duce the feventh and laít co-efficient 1. Now thefe multi- 


r$ 29 I$ $ and 3. For 6 


plying numbers are evidently Gi Tg ae 35 


1$ 5 20. ; LEAN 
x discs and 15 x ig 8 = 20% and 20 x Dicas, 


212 and 
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and 15 X Sis = 6, and 6 x zis 1. We mutt there- 


" + : 1g 20 1$ 
fore now examine thefe five generating fractions 2, i? ze 


a and v together with the preceeding generating fraction 


$, by the multiplication of which into the firft co-efficient 1 


the fecond co-efficient 6 is produced ; and muft endeavour 
to find out fome remarkable, or regular, property in them, 
which we may reafonably fuppole to belong alfo to the co- 
efficients of the terms of other powers of 2+4, as well as to 
thofe of the terms of this, its fixth power.: And, in order 
to examine thefe fra&ions with the greater eafe, it feems na- 
tural, in the firft place, to reduce them to their loweft de- 
nominations, by dividing both their numerators and their 
denominators by the factors which are common to them 
buth. Now, if this be done, the faid generating fra&ions 
6 15 20 15 6 Yoon $ 

TB a? ao? 15? and > will be found to be equal to (7, 
5X3 4X$ 3X$ 2X3 aoa i $5,4,2,5. 

2X3" 3X5! 4X8 5X3” and $» 9 1 7:3 + ope and 
v in which laft fra&ions it is impoffible not to obferve 


that the numerators regularly decreafe by an unit from 6, 
which is the index of the power to which the binomial quan- 
tity 24-2 has been raifed, to 1, and the denominators regu- 
larly increafe at the fame time by the fame quantity of an 
unit from 1 to the {aid index 6. This regularity' is very 
ftriking, and naturally raifes a fufpicion that the fame thing 
may take place in the generating fractions of the co-efficients 
of the terius of the feriefes that are equal to other powers of 
the binomial quantity 24-2, and is an inducement to try it 
in the other feriefes that have been produced above in art. 
10, by multiplication, and which are equal to a 4- A5, a4-4*, 
a+é4), and a +2), We will therefore now proceed to try it 
in thofe inftances. 

18. Now 


in the cafe of Integral and Affirmative Powers. 245 


18. Now we have feen in art. 10, that a +o is = the 
feries a5 4+ sad k 1023/^ + 102*P! + 5ab* 4- P^, in which 
the numeral co-efficients of the terms are 1, 5, 10, 10, 5, 
and i. — lheretore the generating fra&ions, by the multipli- 
cation of which the fecond of thefe co-efficients, to wit, 5, 
is derived from the firft, or 1, and every following co-effi- 

10 10 


cient from that which is next before it, will be+, =, 2, 
m 1? 5? 10 


E and E 3 which are refpe&ively equal to the fractions 4 > 


4, i T and T And in thefe laft fra&ions we cannot 
but obferve that the numerators 5, 4, 3, 2, and 1, regularly 
decreafe by an unit from 5, or the index of the power to 
which the binomial quantity ¢+4 is raifed, to 1, and the 
denominators 1, 2, 3, 4, and 5, regularly increafe at the 
fame time, by the fame quantity of an unit from 1 to the 
faid index 5. It appears therefore that the fame rule takes 


place amongft thefe generating fractions 4, 4, 3, r2 and 


+, as took place amongft the generating fra&ions 4, 4, 


5 
£ 4, 4, and —, of the co-efficients of the terms of the 


3 
former feries which was equal to 24-7]. 


19. We will now try whether the fame rule will take 
place in the feries which is equal to the fourth power of 
ard 

This feries is a* + 42°) + 62*7* + 49 + P^, in which the 
numeral co-efficients of the terms are 1, 4, 6, 4, and 1. 
Now the generating fractions by the multiplication of which 
the fecond of thefe co-efficients, to wit, 4, is generated from 
the firft, or 1, and every following co-efficient is generated 


from that which is next before it, are evidently +, 4 + > 
and 
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and PE which are refpectively equal to 4, 4, FZ and I 


And in thefe laft fra&ions the numerators 4, 3, 2, and 1, 
regularly decreaíe by an unit from 4, which is the index of 
the power to which the binomial quantity + 4 has been 
raifed, to 1, and the denominators 1, 2, 3, and 4, regularly 
increafe at the fame time by an unit from 1 to the faid in- 
dex 4. 


20. We come next to the feries which is equal to the cube 
of a+. . 


This feries is 2! + 3a'2 + 30b* -- P, in which the co- 
-efficients of the terms are 1, 3, 3, and 1. Now the gene- 
rating fractions, by the multiplication of which the fecond of 
thefe co-efficients is derived from the firft, and the third 
from the fecond, and the fourth from the third, are evidently 
i, L and ? which are refpe&ively equal to 4, 2, and 
T And in thefe laft fráctions the numerators 3, 2, and 1, 
decreafe regularly by an unit from 3, which is the index of 
the power to which the binomial quantity 4 4- d has been 
raifed, to 1, and the denominators 1, 2, and 3, increafe re- 
gularly at the fame time by an unit from 1 to the faid in- 
dex 3. 


21. And the fame thing takes place in the feries which is 
equal to the fquare of a--4. For this feries is 2*-- 2ab - 2^, 
in which the co-efficients of the terms are 1, 2, and 1. Now 
the generating fra&ions, by the multiplication of which the 
fecond co-efficient 2 is derived from the firft co-efficient 1, 
and the third co-efficient 1 is derived from the fecond co- 


efficient 2, are evidently 4, and I: which admit of no re- 
du&ion to lower denominations. And in thefe fractions 
2 and 4, the numerators 2 and 1 decreafe by an unit, as 


in 
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in the former cafes, from 2, which is the index of the power 
to which the binomial quantity 2 4- 4 has been raifed, to 1, 
and the denominators 1 and 2 increafe at the fame time by 
an unit from 1 to the faid index 2. 


22. Tt appears therefore that this law of the generating 
fra&ions of the numeral co-efficients of the terms of the 
feriefes that are equal to the powers of the binomial quantity 
a + à, takes place in the cafes of the quare, the cube, the 
fourth power, the fifth power, and the fixth power, of the 
faid binomial quantity. This is a very ftrong ground for 
conje&uring that the fame law will take place in the gene- 
rating fra&ions of the numeral co-efficients of the terms of 
the feriefes which are equal to the powers of the faid bino- 
mial quantity in all other cafes whatfoever ; or that, if the 
index of the power to which the faid binomial quantity is 
raifed be any whole number whatfoever, denoted by the 
letter m, the generating fra&ions, by the continual multipli- 
cation of which the numeral co-efficients of the fecond and 


other following terms of the feries which is equal to a+ 2|, 
or the mth power of the faid binomial quantity, may be de- 


rived from 1, or the co-efficient of the firft term, a”, or 
1 x 4^, of the faid feries, will be 2 or (as it is fometimes 


—0 m-—I "—:i m— m— -—- " 
called) =, and 777, = Ln, ome aan &c, till we 
come to the term > which is = o, or till the faid feries 
is terminated, or exhaufted. 


23. And the ground for conjeCturing that this is a gene- ' 
ral law that takes place among the generating fractions of 
the terms of thefe feriefes in all cafes, or when the index is 
equal to any whole number whatfoever, will become ftill 
flronger if we try it in a few more examples of feriefes that 
are equal to higher powers of the binomial quantity a + 2, 
than the fixth power, J fhall therefore now proceed to try 

: it 
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it in the feriefes which are equal to aV, a", and 


24. Now a+ is (= atl x ath = af + 62b + 
1 5a*P* + 204° 4 150° + 6ab> 4- P* x-apc) = d! + 7a% 
+ 210% + 350% + 35096 + 210° 4+ ja + 47; in 
which feries the numeral co-efficients of the terms are 1, 7, 
21, 35. 35, 21, 7, and 1. The generating fractions, by 
the multiplication of which the fecond of thefe co efficients, 
to wit, 7, 1s derived from the firft co-efficient 1, and the 
third and other following co-efficients are derived from thofe 


which immediately preceed them, are evidently 1, 2, 2, 





3, E 2, and ; ; Which are refpeétively equal to 4, 
4, 4, 4, ET e and 7; in which laft fractions the nu- 
merators 7,6, 5, 45 35 2, and 1, regularly decreafe by an 
unit;from 7, (which is the index of the power to which the 
binomial quantity 2+ has been raifed), to 1, and the de- 
nominators I, 2, 3, 4, 5, 6, and 7, regularly increafe at 
the fame time by an unit from 1 to the faid index 7; agree- 
ably to what was obferved in the five former examples. 


25. And a dis (ac x 245 =a! + 70% + 
2145P + 35a*P + 350°%* + 214'P 4+ 7aP* P x a+b) 
= a! + 8a7b + 280°S* + 5605s? + 700's* + 560° + 28a'0* 
+ 8ad7 + 4°; in which feries the numeral co-efficients of 
the terms are 1, 8, 28, 56, 70, 56, 28, 8, and 1. The 
generating fra&ions of thefe co-efficients are evidently 4, 2 
56 70 56 28 8 
28? 56° 70? is 


$1 E 3, 4,3, 4, and qn which laft fra&ions 


and 3) which are refpe&ively equal to 


the numerators 8, 7, 6, 5, 4, 3, 2, and 1, decreafe regu- 
larly by an unit from 8, (which is the index of the power to 
: 8 which 
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which the binomial quantity 2 4- 4 has been raifed), to 1, 
and the denominators 1, 2, 3, 4, 5 6, 7, and 8, regularly 
increafe at the fame time by an unit from 1 to the faid in- 
dex 8 ; agreeably to what has been obferved in the fix former 
examples. 


26. And, laftly, a p is(— a 2 x ad) —a' 4 
8a + 284*P + 56aP + 700d + 56075 + 28a'P* + 84d” 
+3 Xx aps) = a + gab + 360d 4+ 840° 4- 126a52* 4- 
126a*/5 + 84050 4 362^ P 4+ gad* + 8°; in which feries the 
numeral co-efficients of the terms are 1, 9, 36, 84, 126, 
126, 84, 36, 9, and i. The generating fractions of thefe 
co-efficients are evidently 2, 2 34 106 16 8 36 9 

Ploy i 9 8 1 65 
and > which are refpectively equal to PPprsy 
e 5 T and 5 ; in which laft fra&ions the numerators 
9, 8, 7, 6, 5, 4, 3, 2, and 1, decreafe regularly by an 
unit from 9, (which is the index of the power to which tbe 
binomial quantity 2 + 4 has been raifed), to 1, and the de- 
nominators 1, 2, 3, 4» 5, $ De 8, and 9, regularly increale 
at the fame time by an unit from 1 to the faid index 9; 
agreeably to what has been’ obferved in all the former exe 
amples. 


27. After obferving this law of the co-efficients to take 
place in fo many different examples, it would be impoffible 
for our mathematical inveftigator not to conclude with a very 
high degree of confidence that it would take place in all 
other cafes whatfoever; or that, when the index m is equal 
to any whole number whatfoever, the generating fractions 
of the numeral co-efficients of the terms of the feries that is 
equal to a 4-;| ^, will be E > ara oan zz NS 

—6 m- : me LA 
> , = &c, till we come to the fraction > which is 
2K zz 0, 
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=o, or till the faid feries of fractions is terminated, or ex- 
haufted. And then it would follow, from what has been 
fhewn above concerning the literal parts of the terms of the 


faid feries, that the faid feries which is equal to a + 2|", 
orthe mth power of the binomial quantity 2 4- 4, would 


be 4" T APT) T ttp p t cap 

+ 23 Da Ae 4 MSH gat 5p 4 asi pat + 
4 5 

&c, continued to 2". Q. E. I. 


28. This method of diícovering (by a conjecture ground- 
ed on fome trials in particular examples) that the genera- 
ting fractions by which the numeral co-efficients of the third, 
and fourtb, and other following terms of the feries that is 


equal to a + 4)” (or any integral power of the binomial 
quantity a 4-2), are derived from m (the index of the power 
to which the faid binomial quantity is raifed), or from the 
co-efficient of the fecond term of the faid feries (which is 


always equal to the faid index) are =, > T, zu, 


ts &c, is fuggefted by Profeffur Saunderfon, in the fe- 


cond volume of his Algebra, in the chapter on the Binomial 
Theorem ; where the Reader will find a good explanation 
and illuftration of the faid celebrated Theorem, by a va- 
riety of examples, both in the cafe of Integral powers, and 
in the cafe of Roots and other Fractional powers, and even 
jn the cafe of Negative powers, and of powers that are both 
fra&ional and negative; but no demonftration of it in any 
cafe, not even in that of Integral and Affirmative powers. 


29. We have now fhewn with demonftrative certainty 
that the literal parts of the terms of the feries which is equal 


to a 40", or the mth power of the binomial quantity 24-2, 
! when 
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‘when the letter s denotes any affirmative whole number 
whatfoever, are 2" + 2" 715 + 4777 P 4. 277p + 

474p p aT 5j ay 42777 p + &c, till we come 
to the term 2^7" 2", (or x 8”, or1 x 5"), or P^, 
and that the numeral co-efficient of the literal part of the 
firft term of the faid feries is 1, and the numeral co-efficient 


of the literal part of the fecond term of it is m, and confe- 
quently that the two firft whole terms of the faid feries are 


1 x 4", and m x a" ^ b, ora" + m x a" b, ora" + 
= xa b, ora" + = X4" ^ And we have alfo 
fhewn that in the feriefes which are equal to 24d, a 4-2P, 
ah, atl, a+ 25, at, a+}, and a4-2P, or when 
the index m is equal-to 2, or 3, or 4, or 5, or 6, or 7, or 
*8, or 9, the numeral co-efficients of the third, and fourth, 


and fifth, and other following terms of the faid feriefes are 
derived from m, or the numeral c6-efficient of the fecond 
term, by the continual multiplication of the fra&ions =, 
affords a very (trong ground for conjeCturing that the nu- 
meral coefficients of the third, and fourth, and fifth, and 
other following terms of the feriefes that'are equal to any 
higher powers whatfoever of the binomial quantity 44-2, 
will, in like manner, be derived from m, the co-efficient of 
the fecond term, by the continual multiplication of the fame 


: . m—i m—i m—g m—4 m—$ m—6 
generating fractions ——, T4379? 
- —8 m— - - " 

tb =, T, T=, TSH, Ke, till we come to the 


term, which is = o, or till the faid feries of gene- 


rating fractions is terminated, or exhaufted. Now this con- 
2K2 jecture 
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jecture may be changed into abfolute certainty, and the {aid 
law of the generation of the co-efficients may be fhewn to 
take place in all the feriefes that are equal to the quantity 


4-4], or the powers of the binomial quantity 44-4, when 


the index m of the faid quantity ¢+4,”, is equal to any whole 
number, how great foever, by thewing that, if it takes place 
when the index m is equal to any one particular number, 
(as we have feen that it does when the index m is equal 
either to 2, or to 3, orto 4, orto 5, or to 6, or to 7, or 
to 8, orto 9), it muft alfo take place when the index m is 
reater by an unit than in the former cafe. For then it will 
ollow that it muft be true likewife when the index m is 
greater by any multitude of units than in the former cafe, 
or when it is equal to any other whole number, how great 
foever. This we thall now proceed to thew in the remaining 
part of this difcourfe. : 








Of the numeral co-efficients of the third, and fourth, and fifth, 


and otber following terms of the Series that is equal ta abr > 
and the law of the generation of the faid co-efficients from m, 
the co-efficient of the fecond term of the faid feries, and from 
each otber. 





30. In order to demonftrate the law of the generation of 
thele co-efficients, it will be convenient to get rid of the 
powers of a and à, in the terms of the feries that is equal to 


a + 2\", and to fix our attention only on the generation of 
the. numeral co-efficients of the third, fourth, fifth, fixth, 
and other following terms of the faid feries. This may be 
done by fuppofing « and 4 to be, each of them, equal to 1, 

2 and 
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and confequently a--À to be equal to 14-1, and aTÀ* to 


be equal to 14-1". For, as all the powers of bot a and 


À will, on this fuppofition, be equal to 1, the Binomial 
Theorem fet forth aboye in art. 1, will then be reduced to 


this, to wit, that 1 4-1" will be equal to the feries 1 + = 














*IxXxTUeTLxTD x 44 Uy 
x TP. x Ux x T2» x TI. ko con- 
tinued to the term = x Tt x SS x 93 x Tt x ke, 
x TSS, or to the term = x £2 x PP x “SF x 
mot x &e, x PTT or to the term = x "2x x 


fx Tx &c, X —, or to the term 1. For the laf 


term of this feries muft always be 1; becaufe the numera- 
tors of the feveral fa&ors in it form a decreafing progreffion 
of numbers, decreafing by an unit, from m to 1; and the 
denominators of the fame fa&ors form an increafing pro- 
greffion of numbers, increafing by an unit, from 1 to s; 
and confequently the produ& of the multiplication of all 
the denominators is equal to the product of the multiplication 
of all the numerators, and therefore the produc of the mul- 


tiplication of all the faid fa&ors, or fractions, +, == 





mL, 73, 7—5, &c, into each other, or the laft term of 
3° 4? 5 
the feries, muft always be-equal to 1. 


We are therefore now to demonftrate that 1-++ 1l" is equal 
1 


tothe feries1 + = TX TA TX Tx SF 


x 
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myth t4 MEE EY c) 
KAS KE KA + TKK Ke x 


= + &c, + 1. And this we propofe to do by thewing, 


by abítra& and general reafonings, that, if this Theorem is 
true when the index m is of any particular value, as, for 
example, when it is equal to 9, it mutt likewife be true 
when the index s is increafed by an unit, or that, if m be 


taken = m+1, the quantity 1-Fi]. or the sth power of 
the binomial quantity 1-- 1, will be equal to the feries 1 + 
* n" ant a Lind "—-2 Ld "—t *—2 
PtTM Pte SX TTT‘ 
2-3 Ba, f—b am? 1 *X3.7-4 . 
qe aS SE a x ; + &c, continued 

. aml Cae. a "4 H 
tothe term > x "> x "27 x 723 x St x we, xa 
or to the term 1. 


41. To facilitate the demonftration of this propofition, it 
will be convenient to premife the following Lemma. 





A LEMMA. 





If the terms of the feries 1 + = +4 x hy Dy 


2 V 
Prt y My mti riy tib mk 
2 3 +5 x 2 x 3 x 4 + 1 x 2 x 


E x = x Au + &c, + 1 (in which m reprefents any 
whole number wharfoever), be fet down twice together in 
two parallel lines, or rows, one under the other, but with 
the terms in the lower row advanced one ftep further to the 


right- 
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right-hand than the terms in the upper row, fo that the firft 
term in the lower row fhall ftand under the fecond term of 
the upper row, and the fecond term in the lower row fhall 
ftand under the third term in the upper row, and the third, 
fourth, fifth, fixth, and other following terms in the lower 
row fhall ftand under the fourth, fifth, fixth, feventh, and 
other following terms in the upper row, refpe&ively ; and 
both rows are continued to the fame number of terms, name- 
ly, to the whole number of terms in the faid feries, or to 
fi4-1 terms; and then the terms in the lower row (each of 
which, it is evident, will confift of one fa&or lefs than the 
correfpohding term, or term ftanding immediately above it 
in the upper row) be redaced to the fame denomination as 
the terms that ftand immediately above them in the upper 
row, and, after being fo reduced, are added to the faid terms 
that ftand immediately above them in the faid upper row ;— 
upon thefe fuppofitions the new feries of terms arifing from 
this addition diihe faid two rows of terms to each other, will 
be as follows, to wit, 1 +The x tty x? 
m—I ma? mi m mal -—2 

oy ener oder tele 


x"? xt + &c + 1; in which feries the laft term ~ 


is 1, as well as in the two feriefes from the addition of which 
this feries arifess and the numerators of the laft factors in 
all the terms, except the laft, are always equal to s4- 1, in- 
ftead of being equal to m — 1, m—2, m —3, m—4, 
&c, as in the two foregoing feriefes ; and the number of 
terms in the faid new feries is m+ 2, inftead of m+ 1, 
which is the number of terms in each of the faid foregoing 
feriefes, 


mra " 
XS TAXU XX 


DEMON- 
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DEMONSTRATION. 
——Á— 0 


32. This will appear by fetting down the faid feries 





m m m-—rl m m—t m—2 - at 
PTT XTTEYXUXUA 4 TX 
m—ij m-; : : 
x a x mu + &c, + 1 twice over, in the manner 
that has been juft defcribed ; which may be done as follows : 
mf Mg My MOE BOP mani mi. Tae 
biuiuir dad 2 *iX ;X* 3 +7* 3 x x n +&e 
m Ld m-—t m mnt "—2i 
ur tT uri brat Ye 


In thefe two rows of terms it is evident, in the firft place, 
that the terms in the upper row, after the two firft terms r. 


,and L confift of two, three, and four, and more, factors, 


every new term having one more factor than the term next 
before it; and, 2dly, that the terms in the lower row that 
ftand immediately under the third, fourth, fifth, and other 
following terms in the upper row, confift of one factor lefs 
than the correfponding terms, or terms immediately over 
them in the upper row; and, adly, that the terms in the 
lower row confit of the very fame factors as the correfpond- 
ing terms in the upper row, excepting that they want the 
laft fa&ors of the faid terms in the upper row. And hence 
tt follows, that, in order to reduce the terms in the lower 
row to the fame denomination as the terms in the upper 
row, we muft multiply them by factors that fhall have the 
fame denominators as the laft, or additional fa&ors ia the 
upper row, and which muft bave their numerators equal to 
their denominators, fo as to make each of them equal to 1, 
to the end that the magnitudes of the faid lower terms may 
not be altered by the multiplication of them by the faic 
new factors. Thus, for example, the fecond term p the 

> lower 
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lower row, to wit, =, matt be multiplied into the fadtor =, 
in order to bring it to the fame denomination as the third 
term in the upper row, to wit, = x EE without altering 
its magnitude ; and the third term in the lower row, to wit, 
‘muft be multiplied into the fa&or Lh in order 
to bring it to the famie denomination as the fourth term of 





the upper row, to wit; 2 x a x > without altering 
its magnitude; ahd the fourth term in the lower row, to Wit, 
z x > x > muft be multiplied into the factor 4, 
in ordet to bring it to the fame denomiination as the fifth 
terri in the upper row, to wit, = x = x 72 y 23, 
without altering its magnitude; afd, for the like reafon, the 
fifth, and fixth, aid feventh, and other following terms in 
the lower row muft be multiplied into the feveral fa&ors 


&, and £, and 1, &c, refpectively y after which miultipli- 
5 r3 1 P y 


cations the two rows of terms that are to be added to each 
otber, will be as follows, to wit, 





53. And, if thefe two rows of terms (being now brought 
to the fame denominations) are added together in the man- 
ner above deferibed ; that is, every term in the lower row 
to the term that is immediately above it, the fum thence re- 


fulting will be ‘the feries 1. + E +2y ttle ty 


1 2 1 
nl mel om mot 72.074 in whi 
ax ty of tx TEx 4 * &cy in which 


aL the 
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the numerator of the laft fa&or in every term is always m-- t, 
inftead of m—1, m+ 2, m—3, m —4, &c. 

And ** That this muft be the cafe in all the following 
*t terms of the faid new feries as well as in the few terms of 
¢ jt that have been here fet down," will be evident from 
this confideration, to wit, That the deaominator of the lait 
fa&or of every term in the upper of the two rows of terms 
that are added together is always greater by an unit than 
the number which is fubtracted from s in'the numerator of 
the fame factor. For from thence it follows that the deno- 
minator of the new multiplying fraction in the correfponding 
term of the lower row (which is always equal to the denomi- 
nator of the faid lat fa&or in the upper row,) muft always 
be greater by an unit than the number which is fübtracted 
from m in the numerator of the laft factor of the faid upper 
term. And, therefore, the numerator of the faid new mul+ 
tiplying fraction in the lower row (which is always equal to 
its denominator,) muft alfo always be greater by an unit 
than the number which is fubtracted from m in the nume- 
rator of the la(t factor of the faid upper term; the confe« 

' quence of which, in adding the Jower term to the upper 
term, is to convert the numerator of the laft fa&or in the 
upper term from m—41, of m— 2, or m — 3, or the excefs 
of m above fome other number, into m + 1. QB. D. 


54. And the number of terms in the new feries, arifing 
“from the addition of the two former in the manner that has 
been defcribed, will be greater by one than. the number of 
the terms in either of the two added feriefes: becaufe the 
lower row of terms, confifting of the fame number of terms 
as the upper row, and being placed one term further to the 
right-hand, muft extend one term beyond it; and confe- 
quently, as the number of terms in each of the two rows 
of terms is # + 1, the number of terms in the new feries, 
arifing from the addition of the two rows together, muft bs 
M+2 QED. 


35. And, laftly, the laft term of the faid new feries muft 
be the fame as the laft term of the old. feries, or of the lower 
row 
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row of terms; becaufe, as the lower row of terms extends 
one term beyond the upper row, the laft term in the lower 
row will not have any term over it in the upper row to 
which it is to be added, and confequentiy will continue the 


fame in the new feries 1 + 71" 742 xt yet x "zt 
x TV E xx x x TT + be, as in the old 
feries 1 + = TENETPNEEN +e x: 
mot m2 


araieher mike = + &c. But we have feen above, in 











art. 30, that the laft term of the feries 1 + = +2 x 
m m—t m—2 m m-—l mm? m—3 
PPK RET KK KE tke 
is 1. Therefore the laft term in the new feries 1 4H m 
L4 mtr m m-—l mti m man m—2 
UXU tT RS XD tT XXX 


— + &c, will alfo be 1. Q B. D. 


36. Coroll. 1. Now let the order of the numerators m, 
m—1, m—2, m—3, m—4, &c, and m+1, of the factors 
of the third and other following terms of the laft feries 


petty Sx tty RT tamm 
m—a x tH 


x 3 + &c, be changed, by making MPL 


the numerator “of the firít fa&or of every term. inftead of 
being the numerator of the laft factor. The faid feries 


mtl Uu m 


will then be as follows, to wit, 1 4- rt KS 
att " mnt mtr m—2 
Tx dx tet x ext tx be 


Now this change in the order of the "a of the feve. 
ral factors of the terms will creaté no change in the values, 
2he or 
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of magnitudes, of the feveral terms themfelves ; becaufe the 
produtts arifing from the multiplication of the fame num- 
bers are always the fame, in whatever order the numbers 
are multiplied. Therefore the foregoing feries, after this 
change in the order of the numerators of the feveral fa&ors 
Of its terms, will ftill ke of the fame magnitude as before, 
and confequently will be equal to the fum that arifes from 
the addition of the aforefaid two rows of terms in ihe man- 


ner above defcribed ; that is, the feries 1 + att + Lm x 


2 p NAT ta S7. 74 

&c, + r, will be equal to the fum that arifes from the ad- 
dition of the aforefaid two rows of terms in the manner 
above defcribed. 


37. Coroll. 2. Now let s be =m+1, Then will 2-1 
be = m, and 5—2 will be = s—r:, and n—3 will be = 
3 — 2, and 1 —4 will be = m— 5; and, inlike manner, 
n—5, 8—6, n— 7, &c, will be equal to m=z 4, m — 5, 
m— 6, &c, refpe&ively. And conlequently the ferjes ob- 


' tained in the foregoing Corollary, to wit, y + = + pas 


m mt m m—t mtt m" ml $-—12 
X47 ATX TPT XYXUu x 


+ &c, + 1, confifting of m4-2 terms, will be equal to thé 

EG 1l" " ant " ant a2 a 
feris iR. ie Re ar a 
a-1. 3-3 


amt y 22x = + &c, + 1, confifting of 1+1 terms, 


2 3 
.. + EI 2 a-i x gmt 
Therefore the feries 1 + t+eEx+ixt x 
s+ I x > x > x - + &c, -- 1, confifling of 
a a terms, will be equal to the fum that arifes by adding 
the two aforcfaid rows of terms together in the magner above 
defcribed. 


The 
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Tbe Demonfiration of tbe principal Propofition, 





38, Thefe things being premifed, the main propofition 
ftated at the end of art. 30, to wit, that, if m denote any 


whole number whatfoever, the quantity 1 4-1 l^, or the mth 
power of the binomial quantity 141, will be equal to the 


feries t TROC X TUR TX Ux 4x 


m—t gi m3 mut a-i m-3 m—4 
TIL EE x + px UT xa 


+ &c, contjnued to m + 1 terms, orto the term 1, may be 
demonftrated in the manner following. 


$9. The product that arifes by multiplying the feries 


PETGÓLxSU xU x ex tx 


> + 3 + &c, into r+ is the fum that arifes by 


ferting down the faid feries twice following in two parallel 
Tows, one under the other, with the terms in the lower row 
advanced one term further to the right-hand than the terms 
in the upper row, in the manner above defcribed, and then 
adding the terms in the lower row to the correfponding 
terms in the upper row. And the m+ rh power of 1 +1 
is the product of the multiplication of the mth power of 
+1 into 14-1. Therefore, if in any. particular value of 


f$ the mth power of 1+1 is equal to the feries 1 + I t I 


eb f tm x ba t tix MEF y ri 
KCN XUytaXu Xx 


+ &c, + 1, confifting of m+ 1 terms, the m + 1|th power 
of 1+ will be equal to the fum that arifes by fetting down 
the faid feries twice following in two parallel rows in the 
manner above defcribed, and adding the {aid two rows of 

terms 
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terms together. But, by the fecond Corollary of the fore- 

going. Lemma, if s» be = m+1, the fum arifipg from 

tne addition of the {aid two rows of terms is the mE i+ 
amt amt "—2 a—T —2 


Seixtttixttx ys 








x ra + &c, +1, confting of n41 terms. pu 


if in any particular value of m the mth power ofr-ci1is 
equal to the feries 1 += += x mat 42x txt? 


3 
+2 x c xz x?-! 4 ko + rn confifting of 


1 
mpi terms, it will follow that the m+ i|th, or ath, or 
next higher power, of 1 + 1 will be equal to the feries 1 


Fol oa SEQ PLATES nek ost 
tI4lx Uu elk xt .elxInmtx 


=? x Uu + Ec + 1, confiling of skr terms. But it 


has been fhewn in art. 17, 18, 19, &c, - - - 26, that when 
m is equal either to 2, or to 3, or to 4, or to 5, or to 6, 
or to 7, or to 8, or tq 9, the mth power of 1 4 1 is 


equal to the feries 1 + S4exttytx tx 
thx tx tt ; x T+ &e +1, confifting of 


m+tterms, Therefore, if 8 be equal to 9+1, or 10, the 
9 + 1]ch power, or roth power, or wth power, of 141 will 


be caval to the feries 1 + ME iX t4 tT tx tx 


mTi.Lmn x tc x xt x 3+ &c + 1, coníiting of 
n " 1, or rio 1, Or 11, terms. And in the fame manner it 
may be proved that, fince, when m is = 10, the mth Power 





of 1-F 1 is equal to the feries 1 4- = + 2 x 4H 7x 


m-—i m-—2 m m—t mod 
z 3 7 ; X rui: 3. "ee, Tn 


ccn&fting of m 4p 1, or 10 4 1, or 11, terms, the m +2 » 
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or ro 4- ith, or r ith, or (putting y = m+t = 104 t— 11) , 
the mh, power of 1 + 1 will be equal to the feries 1 + 
= a a—i a not na? Li amt n—2 
uatYXu ta TX Sta * Tx‘ 
3 + &c + 1, confifting of n+1,0r 1141, or 12, terms, 
And fo we may proceed from number to number ad infini- , 
tum. And confequently, whatever be the whole number de- 


noted by m, it will always be true that 1 + 4)” is equal to 





: B m m m—t m m—t m-ai Ld 
the feries 1+ T TX ^ +> xt xt +s 
ME mind m-pa mnt mnt ma 
xp x Txt e TU Text x 


od + &c + 1, confifting of m+ 1 terms. — o, E. D. 


E i ——————— 


The foregoing Demonftration exprefed in a mere concife Manner, 
ce i 


40. The foregoing reafonings may be expreffed in a more 
€oncife manner as follows. If s be = m-+ 1, and it be 
true in any particular value of sw that 1 + i|" is = the fe- 

m »"—t E m—t! maa m 
1 1 2 1 a 3 1 
"x = x “3 + &c, it will alfo be true that 14-1)” 
2 
amt 


will be = 1 ++ 2x7 42x 





Ot y Mo? y ar. 
x KX Ee 


For 14a is = iquat = 141)" x 1+ = the 


: mou mug,m—tu,m.m-r.m-a | mma 
feries 1 tttYX Str kT Xt rsT 
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"x EE x e + &c, multiplied into 1-1 x 

pe m moa my mor mos am omo r2 M3 ge 
151 2 1 a 3 1 a 3 4 

Tei 4xTD  QXXtt t ha 





mu mQ,m—i, My MOT MSE mmt 2-5 ; 
ala tal toler mar toler aa i3 3 te 


m m—t 


a4Ex 2 47x T 


x oye 





2 ee. 





But it has been fhewn in art. 17, 18, 19, &c; +--+ 26; 
that, when m is equal either to 2, or to 03 or to 4, orto 5, 


or to 6, or to 7, or to 8, or to o» [+i "is equal ro ihe 
feries 1 +242 :X 


mat mrt Lm? 


St42xt x trix 
T x 7? yx x + &c. mE if n e" zt, 
or 10, 14-1], or 1 +1)",-will be = the feries 1 + E T 


ta foam fact HEE ES 
PXUu b RT KPFT SRP RG 


+ &c. And it may be fhewn in like manner, that, if # be 

put for 11, 12, 13, 14, &c, ad infinitum fuccefüvely, 1 + 1} 

will, in all thefe {uppofitions, be always equal to the feries 
amt fmt mnt mnt 


r¥teixttptx tx Stix Sx 


"=x E + &c; and therefore the propofition is uni- 
verfally true, whatever be the whole number denoted by 


the lettera. Q, E. D, 


41. This 
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41. This demonftration of the binomial theorem jin the: 
cafe of integral powers, is nearly the fame, with that given 
by Mr. John Stewart, of Aberdeen, in the 6th Seétion of 
his Commentary on Sir Ifaac Newton’s curious little Tract, 
intitled, Anabyfis by Equations of an infmite number oj Terms. 
See his edition of Newton’s Treatife om the Quadrature of 
Curves, and of the {aid Tract intitled Analyfs, 62e, with his 
learned Comments on both, in one volume, quarto, publifhed 
at London, in thé year 1745, page 471, Art. 155. 


ME SS S S S S S S S S I 
Of the Powers of a Refidual Quantity a—e b, ben ‘their 
Indexes aré whole Numbers. 


42. We have hitherto been canfidering the integral powers 
of a dincmial quantity a + 4, or of the. /um of two fingle 
quantities @ and, ó; and we have feen that, if the faid bino- 
mial quantity 24-2 be raifed to any power of which a whole , 


number denoted by s is the index, the quantity a + 4", 
or the faid mth power of a -- 2, will be equal to the ferics 


m m mat m m—1 "—1; m mot mn 
i i a Pt oe eer i ra 
"pp Exiytiytig Mx 
m-—t m-—2 


aot x TS x 7 x Sot aS + &e, + P^, or, (if 
weguA iQ Bo DA CLIE, D=5>¢, E 
=23),F= oS, and G, HL TK, L, &e, = zr 
"amt, = kK, &c, refpectively,) ‘ta 

the feries a” + = Ad®~"5 MEER. a7» a = 
Capa LT Da"7*5» + += Ea" 5i8 4. &c + "5 
2M in 
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in which all the terms after the fir(t term a" are marked with 
the fign +, or are added to the faid firft term. We will 


now proceed to confider the value of a — 2", or the ath 
power of the refidual quantity a — à, or of the difference of 
the twa i antities a and 4, upon a fuppofition that @ is the 
greater of the two, 


43. Now, if a be fuppofed to be greater than 2, and m 


be any whole number whatfoever, the quantity 4 — 2! , or 
the mth power of the refidual quantity, or difference, a—d, 


b+—x 


moet mnt 


will be equal to the feries a" — 14 





PURI] tx TIDe x 


m8 DR ge IIE yg ME? E 
3 4 1 2 i 3 x 4 5 


2" 75) 4 &c, or (if we put A, as before, = 1, andB — . 
=A, and C zT B, and D= "== C, and E = =>3 





D, and F = 7— E, and G, H, 1, K, L, &c, = 755 F, 


ad G, Tui H 3 = K, &c, refpe&tively,) to the 
feries a" — 7. Aa" 5 + T Bat tp — f cae 
+ 73 pa — B m 55 + &c, which confits 


ef exactly the fame terms as the feries that is equal to 


4 - LI, or the fame power of the binomial quantity 2+, 
but with the fign. — prefixed to the fecond, and fourth, 
and fixth, and every following even term in the feries, 
which denotes that the faid terms are not to be added to 


the firft term 4", and to the third, and fifth, and other fol- 
Towing odd terms, (as they were in the former feries, which 
was equal to ‘a+/I",) but to be fubtragted from them. 

44. That 
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44. That this muft be fo, will be evident from confider- 
ing the manner in which the feveral powers of the refidual 

uantity 2 — 5 are generated from ‘tach other by the con- 
tinual multiplication of a—d, of which we will now exhibit 
a fpecimen with refpe& to a few of its loweft powers. The 
fecond, third, fourth, and fifth powers of a—é are derived 
from a—é ifelf by the following multiplications. 


a— 
a—b 
aa—ab 
—ab+bb 


aa—2ab+bb = «—. 
a—b 











a3—24*b + ab^ 
— @h+2a*-P 


4—3a*b + 34f* — P zz a—il’. 
a—b 








p 34b + gati ab 
— ab-r3a—34P € 











4*—44!b 4- 62*—4aP +h = a—i|t 
b . 





4'—A42*b-- 62 — 42 P -.-ab* 
— ab. 4a P — 6a P + qal 


45— 5a*b + 1029P — 1042 4- Sab — b = u—]v. 





45. From thefe operations it.is evident that, wherever the 
odd’ powers of 4 occur in the faid powers of a — à, the 
terms are marked with the fign —, and that, wherever the 
even powers. of 2 occur in the faid powers of arb, the 
terms are marked with the fign +. And the fame thing,"it 
is evident, muft happen in all higher powers of a—À what. 
foever, as well in thofe that have been here fet down, becaufe 

a 2 bis 


à68 — Iuvefigation of Sir K, Newton's Binomial Theorem, €, 


% is marked with the fign — in the two original fa&ors a — & 
and ¢ — 4; whence it follows, from the nature of algebraick 
multiplication, that, whenever 2 is multiplied into ifelf an 
even number of times, the produ& will be marked with the 
fign --; and, whenever it is multiplied into itfelf an odd 
number of times, the produ& will be marked with the fign 
1. And it is further evident, from the foregoing multipli- 
cations, that the odd powers of d occur in the fecond, and 
fourth, and fixth, terms of the foregoing products, and that 
the even powers of 4 occur in the third and fifth terms of 
them. And it is eafy.to fee that the odd powers of & will 
occur in like manner in the eighth, and tenth, and ewelfth, 
and other following even terms of all higher powers of a— à 
Whatfoever, and that the even powers of J will occur in like 
manner in the feventh, and ninth, and eleventh, and other 
following odd terms of the faid higher powers of a — 4. -And 
it is alfo evident, from the foregoing multiplications, that 
the terms themfelves of which the feveral powers of a—é 
will be compofed, are exactly the fame with the terms of 
which the fame powers of a + ? are.compofed. And hence 


it follows chat the feries which is equal to a— | |" will be the 
fame with the feries which is equal to 4 +4 » when the figa 
— has been. prefixed to the fecond, and fourth, and fixth, 
and other following even terms of it, inftead of the fign +, 


or that ¢ — à, or the mth power of the refidual quantity 
‘m mn-i 


4 — 5, will be equal to the feries à" — T4 b+ Tx 
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CHAP, I. 


Of the variety of. EleHious, or Cheice,, iu taking or leaving One 
er more, out af a certain Number of things gropofed. ! 


OR the better underftanding of what is propofed ; fup- 
F pofe we a certain number of counters or other things. 
expofed ; as, for inftance, 7; abcde fg: The queftionis, 
what variety, or how many cafes there may be, of taking 
from thence one, or two of them; as s, 4, e, d, &c. Or, 
ab, ac, ad, bc, bd, &c. Or, three’s, as aéc, abd, acd, bde, 
&c. Or, fours, fives, &c. Or all, or none? And the like 
if any other number of things were fo expofed. 

In order to the folution whereof, I fhall here infert a 
table, borrowed from my Arithmetick of Infinite, Prop. 
132, 169, 183, 189, &c, (becaufe there will be often oc- 
cafion of having recourfe to it.) And then proceed to pro- 
pofitions thereuntq relating. . " 

. LJ 





Laterals, 
‘Triangulars, 
^o Pyramidals, 
i Triang. Triang. 
§ Triang. Pyram. 
7. Pyram, Pyram, 
ke” 


SOmy~ annwe no 
To be taken. 





Now, as to the conftruction of this table, we are to ob- 
ferve, that, (the SPE Bog all units,) the following 


numbers are, in every place, the aggregate of all thofe in 
the line next above it, fo far. As for example; for the 
three firft in the uppermoft line, 1, 1, 1, we have in the 
fecond line (under the laft of them) the number 3, which is 
the aggregate of them, And, in like manner, we have in 
the next place 4, which is the aggregate of 1, 1, 1, 1, 
(And fo of the reft.) And, in the lines following, likewife : 
Bo for 1, 2, 3, (the three foremoft of the fecond line,) we 
have jn the third line (under the lat of them).the number 6, 
equal to all of them :, and fo every where. This premifed, 
fhe propofitions follow. 


x. It is manifet, that, if we would sake zone, that is, if 
. we would /eave ai], there can be. but one cafe thereof, what- 
ever be the number of things expofed. (For this admits of 
no.variety.) Which (in the table) is expreffed in the firít 
(tranfverfe) liie, where the numbers are all Monadicks, or 
units. : : 
* 9... thie fame happens, if we would /ake all, (or leave 
none.) ‘For here-alfo there can be no variety of choice, 
whatever be thé number of things’ expofed, a, 5, ¢, &c. 
And this, in the table, we expre(s'in the firft (ere&). co- 
imn, where alfo the numbers are all Momadicks.. —~ " 
EE RES 


Lj 
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3. If we would take One, it is manifeft, that there are as 
many cafes or varieties of choice, as is the number of things, 
For that One may be any one of them, as a, , ¢, d, e, f, g ; 
which is expreifed in the fecond” line, where the nuimbers p 
are in their natural order or confecution, 1, 2, 3, 8c, which oa 
I call Laterals, t . 

4. The fame happens, if, taking all the reft, we dave 
One ; that is, if we take All but One. For it is manifeft, 
there is the fame varie of leaving ovs of taking One, a À 
abcdef, abcdeg, abedfg, abeefg, abdefg, acdefg, bedefg yet, 
which is fignified in the fond column, there the, number 
are alfo Laterals. : DAE 


" If we would take Two; It is manifeft, that we may 
firft take a, combined with any other of the reft; as ab, ac, 
ad, ae, af, ag; the number of which combinations are there- 
fore as many as the number of things wanting one. We 
- may then take 4 (omitting its combination with 2, as being 
already taken,) combined with every of thofe which follow 
its as bc, bd, be, bf, bg; the number of which combinations 
are therefore as many as the number of things expofed, 
wanting Two. In like manner, c, (omit- 
ting its combinations with a and 4, be- ab ac ad ae af ag| 6 
caufe ca, «b, are but the fame with ac, — be bd be bf be| 5 


bc, already taken,) may be further com- «d ce cf eg| 4 
bined with every of thofe which follow. de df dg! 3 
it, (which are fo many as is the number of egg 2 
of things expofed wanting Tbree,) as cd, felt 
ee, €f, cg ; and the fourth 4, (omitting rr 


da, db, de, as being the fame with ad, 
bd, ed, already taken,) may be further combined with every 
of thofe which follow, (which are as many as the number of 
things wanting Four,) as de, df, dg. And in like manner 
for the fifth, fixth, &c; each of which affords new. combina- 
tions fewer by one than that next before it, till at length 
we come to 1, as ef, eg, and fg. So that the number of all 
thefe combinations, is the aggregate of all the numbers in 
the fame line fo far ; that is, 2 the prefent cafe, (the num- 
a N ber 


254 Of Ccmbinations, Alternations, and 


ber of things expofed being 7,) the combinations are, 
6454+4+3+2+4+1=21. To which anfwers (in 
the third tranfverfe, or horizontal line of the foregoing Table 
of the Figurate numbers,) the Triangular number 21, jut 
under the number 6, (which is lefs by one than the number 
of things expofed.) Such Zriamgu'ar numbers, being the 
aggregate of all the Laterals fo far. And univerfally, (what- 
ever be the number of things expofed) the number of T wo's, 
is a Triangular number, whofe fide is lefs by one than the number 
of things expofed. 

6, The fame happens, if we are to take 4£/ but Fwo; far 
there is the fame variety of leaving Two, as of taking Two; 
that is, in both cafes, fo many as is the triangular number, 
whofe fide is le(s by one than the number of things expofed, 
which (in the table,) is fignified in the third column, whofe 
numbers are the fame with thofe of the third line. 


7. If we would take Three, it is manifeft, that firít, ad, 
(the fir(t and fecond,) may be combined with every of thofe 
that follow ; the number of which are as many as the things 
expofed wanting Two,,(which therefore afford us fo many 


. different Triads, or Three’s,) as abc, abd, abe, abf, abg. Then 


that 2c. (the firft and third,) may'be combined (omitting 
ach, as being the fame with abc already taken,) with every 
of thofe that follow, (which therefore afford us fo many new 
Lbree's, as is the number of things wanting Three,) as acd, 
ace, acf, acg. And, in like manner, a coupled with thofe 
that follow, (as eZ, ae, af,) may each of them be further 


combined with their refpe&ive fubfequents, affording each 


of them new Triads, fewer by one than that next before it, 
till at length we come to 1, as ade, adf, adg, and aef, aeg, 
and afg. (But ag affords none, be- 

pbc abd abe abf abg| 5 caufe g being the laft, there is none 
acd ace acf acg| 4 remaining with which it might be 
ade adf adg| 3. combined.) The aggregate of all 

4f acg| 2 which, is-a Triangular number (as 

4ff| 1 being an aggregate of Laterals, whofe 

* 75 fide is le(s by two, than the number 

"ef things expofed ; that is, in vhe 

d prefent 
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piefent cafe, 5 + 4 + 3 +2 + 1 = 15; which id a tri- 
angular number of the fide 5, which is lefs by two, than 7, 
the number of things expofed, in all which, ais one of the 
Ingredients. 

In like manner (omitting all the Triads wherein a isan Ins 
gredient, as being already taken,) dc (the fecond and third) 
may be further combined with each of thofe that follow 
d, e, f, g, affording us as many new 
Triads as did ac, (which was before fo bcd bee bef beg| 4 
compounded,) that is, fo many as is the bde buf bdg| 3 


number of things wanting Three. “And bef pa 
then again 2d, be, bf, afford as many as bfg| 1 
ad, ae, af, did before. Which afford us 1o 


anew Triangular number, whofe fide is 

lefs by one than that we had before; that is, 4 + 3 4- 2 
++ 1 = 10, whofe fide is 4; in all which Triads 4 is the 
leader. 

In the fame manner may be fhewed, that (oritting the 
combinations of @ and 4,) thofe Triads wherein c is the 
leader, will give another Triangular number, whofe fide is 
yet lefs by one, and fo onward continually till we conte at 1: 
453 +2 4-1 — 6, a triangular humber whofe fide is 3 ; 
and 2 ++ 1 = 3, a Triangular number, whofe fide is 2 j 
and, r, a Triangular number whofe fide is alfo 1. 





ede cdf .edg|3 def deg|2 efglt 
cef cegla, dfe|t 1 
det 3 
6 


And then the aggrepate of thefe Triangulars is 34,4 Prats, 3 


mida] number, which (in the fourthline,) ftands next un- 
der 15, the greate&, of them, whofe fide : 

is lefs by two, than the number of things §, 4, 35 25 1[15 
expofed ; that is, a Pyramidal number whofe 4 3125 1110 


Side is les. by tte than the number of things 32,31 6 
expofed, And fo many are the feveral Triads 2,113 
which may be had in füch number of things |: 
expofed ; that is, in the prefent cafe, 15 +. “35 


2N2 10 45 
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10 + 6 + 3 +1 = 35, which is reprefented in the fourth 
line, which is of pyramidal numbers. 


8. The fame happens, if inftead of taking Three, we take 
All but Three. For the fame variety of cafes happens, if 
now we take what were before left, and leave what were — ,. 
then taken. Arid as that is reprefented in the fourth line e 
Ío this is in the fourth column. 


9. If we would take Four; then, with 4, may be made fo 
many Fours (or Quaternions,) as may be formed Triads of 
thofe that follow, (as 4, c, d, e, f, £g.) that is, (by art. 7,).a 
pyramidal number whofe fide is les by Two than the num- 
ber of thefe; that is, lefs by Three than the number of things 
expofed ; that is, in the prefent cafe, 20; which is a Pyra- 
midal number of the fide 4, which is lefs by Three, than 7. 

In like manner, (omitting 2,) there may with 4, be fa 
many Quaternions formed, as may be Triads of thofe that 
follow it, (as e, d, e, f, gs) that is, a Pyramidal number 
whofe fide is lefs by 1, than that foregoing ; that is, 10; 
-whofe fide 3 is lefs by 4 than 7. 

And (omitting a, ,) there may with c be formed fo many 
Quaternions, as may of thofe that follow it (2, e, f, f) be 
formed Triads; that is, a Pyramidal number whofe fide is 
yet lefs by 1 : that is, 4, whofe fide is 2. And fo onward, 
ull we come at 1. 

Ard then the aggregate of all thefe Pyramidals, that is, 
_ the number in the fifth line, next under the greateft of 
20 them, is (what they call) a Trianga/i-triangular number, 
10 ‘whofe fide is lefs by three than the number of things 

4 expofed.’ That is, in the prefent cafe, (where the 
1 number of things is 7,) 20 + 10 + 4 +1 = 35, (a 
35 trianguli-triangular number, of the fide 4 ='7 — 3,) 
is the number of different Quaternions which may be 

had when the things expofed are 7. . 

(If any like not the name of /rianguli-triangular, and fo 
of the reít that follow; 1 am content to change them. For 
I am not fond cf them, but ufe them becaufe I find 


them.) MN 
nol. Which 
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"Which number.is the fame which before we had for 
Three’s; which hence comes to pafs, becaufe, when the 
number of things is 7, the number 4, is the fame with 4// 
wanting 3; where the variety is the fame as if 3 were taken; 
as is fhewed in the preceeding article. . 


t 
10. ‘The fame happens, (for the reafons already fhewed,). 
if we were to take All wanting Four. And as that is to be 
found in the fifth line, fo this, in the fifth column, whofe. 
numbers are the fame with thofe of the fifth linc. 


x1. In the fame manner will be fhewed, that, if we would 
take Five (or Al ut Five,) the varieties are then fo many as 
is the aggregate of the numbers in the fifth line, end- 
ing with that whofe fide is //s by Four than the number. 15 
of things expofed. That is, the number in the fixth 5 
line (which is Triangul:-pyramidals) next under the 1 
greateft of thofe, whofe fide is /es by Four than the 73 
number of things expofed. Thar is, in the prefent 
cafe, 15 -- 5 +1 — 21, & Trianguli-pyramidel number, 
whofe fide is 3; — 7 — 4. And fo, if Six are to be taken, 
(or All but Six,) the varieties are fo many, as is the aggre- 
gate of numbers in the fixth line (or the number anfwer- 
ing thereunto in the feventh,) ending with that whofe 6 
fide is Jes. by Five shan the number of things expofed. x 
And {9 for Seven, Eight, &c, (or all but feven, eight, 7 
&c,) we are to take the numbers of the following lines, 
ending with that whofe fide is lefs by one, than rhat for the 
line next above. As, in the prefent, (where 7 is the num- 
ber of things expofed,) the number of fixes is 7; the num- 
ber of fevens is 1. . 


12. All thefe varieties of choice, for any number of things 
expofed, are found ia the Table foregoing, in a rank of 
numbers obliquely defcending ;. in which that number which 
is the number of Wing: expofed, is to be found in the 
Íecond line, gnd again m the fecond column, both which 
are .of Laterals. As, in the prefent cafe (where 7 is the 
number of things expofed,) in the oblique defcent paling 
IN y 
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by 7 in the fecond line, and again in the fecond Column ; 
we have the numbers 1, 7, 21, 35, 35, 21, 7, 13 Which 
reprefent the variety of cafes for taking, o, 1, 2, 39 4» 53 
6, 7. And the like for any other number of things ex- 
pofed. Leo 


13. And thefe numbers (as appears upon view;) aré the 
fame with thofe which are called uncie, prefixed to the pro- 
portionals that conftitute the refpe&ive powers of:a bino- 
mial root ; or, (which is.the fame) the refpe&ive powers of 
1+ 1 confidered as a binomial root. That is, the root, 
Íquare, cube, fourth, fifth power, &c, of 1 -F 1, accord- 
ing as the number of things expofed are 1, 2, 3, 4. 55 6 
&c. 


14. The table thus begun, is ealily continued as far as 
there is occafion : for the number of each place, is the ag- 
gregate of two numbers, whereof one is next above it, and 
the other next before it, as 15 = 5 + 10, 20 — IO +4 10, 
35 == 20 +15. And fo every where. 


15. Having therefore any number of things expofed, let 
that number be fought in the fecond line, (which is of La- 
terals,) and again in the fecond column; and then, in the 
floping rank of numbers paffing through thefe two, we have 
the number of cafes for taking 0,.1, 2, 3, 4, &c, in fuch 
Order as the index on the fide dire&s; and likewife for 

- taking All jut 0, 1, 2, 3, 4, &c, in fuch order as the ine 
dex on the top directs. 


16. And if we would have the fum of all thefe varieties 
(for any fuch number of things propofed) all together, it is 
had by adding the numbers of ea floping rank ; as in the 
prefent cafe, 1 cT2T21d 35 35 21 - 2 c 1— 
138. 


* 

17. Which number is always that power of the number 2, 
(that is, of 1 + 1) which is of fo many dimenfions as is the 
number. of things expofed, (or shat power, whole exponent 

: P is 
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is fuch number,) that is, the produ& of fo many two's con- 
tinually multiplied, (as, in the prefent cafe, 2 x 2x2 x2 
X2 X 2 X 2 — 1283) or, t fo many times doubled as is 
the number of things expofed. That is, for o, it is 1. 
(For here, to take all, or to leave all, is but one and the 
fame cafe.) For 1, it is (the fide) 1 + r. For 2, (the 
fquare) 1 -- 2 -- 1 — 4.. For 3, (the cube) 1 +34 341 
zx 8. For 4, (the biquadrate) 1 -- 4 -F 6 4- 4 -- 1 — 16. 
And fo of the reft. 


18. And thus far we have confidered the variety of cafes 
concerning taking or leaving, None, One, Two, Three, &c, 
of any number of things expofed, without regarding the 
order of them, fo that 2bc, ach, bac, bea, &c, are reputed 
for one and the fame cafe. -But if the different alternations, 
or changes of order, in the fame things, be accounted as dif- 
ferent cafes; this we are to confider in the next Chapter. 
And if therein, fome two or mor€“are indifferently reputed 
as onc and the fame, or indifferently to be taken each for 
ather; what abatement of the former number will here- 
upon arife, is confidered in the fame Chapter. 


19. If, by Combination, we underftand the taking of two 
or more, (but not of one, or none ;) then, out of the num- 
ber of cafes before found, we mult abate fo many as is the 
number of things expofed, and one more. For, of thofe, 
fo many as is the number of things expofed, anfwers to the | 
cafes of 1. And one more, anfwers to the cafe of taking 
None. But all the reft are combinations in that fenfe, For 
though Combination (as coming from Bini,) in its proper 
fignification extend only to the taking of couples, (ar T wo's ;) 
yet in common acceptation the word is now ufed of greater 
numbers. And, in Englith alfo, we fcruple not to fay, 
that Three, or Four, (or more than fo,) are coupled toge- 
ther, that is, connected. 


20. If, out of the former number‘of cafes, we pleafe to 
exclude that of taking None, or o, (becaule, to take none, 
ds met (0 fake,) then, ig the number of cafes fewer by one, 
. ! than 
* 
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than is above expreffed. And fo we have the cafes of taking. 
one or more. And fo many are the number of Divifors of 
a number compounded of fo many different Prime numbers 
continually multiplied, as aré the cafes of taking one or 
more of fo many things expofed. 


21. And if further we abate one more (which anfwers to 
the cafe of taking all) then have we the number of Aliquot 
Parts of a number fo compofed of different Primes or In- 
compofite numbers. The number of Aliquot Parts being 
fewer by one, than is the number of divifors. 

I fball fubjoin to this Chapter (as preperly appertaining 
to this place,) an Explication of the Rule of Combination, 
which | find in Buck/ey’s Arithmetick, at the end of Se 
ton’s Logick, (in the Cambridge edition ;) which (becaufe 
obfcure,) Mr. George Fairfax (a Teacher of the Marhema- 
ticks then in Oxford,) defired me to explain; to whom 

Sept. 12, 1674,) A£Y. the explication under written ; 

onfonant to the doctiae of this Treatife, (which had been 

Jong before written, and was the fubje& of divers public 
ures in Oxford, in the years 1671, 1672.) 


"RzcvLA Comsinationis. 


Quot fuerint Numeri, quos Combinare velimus ; 
Tot fint et feries, quibus eff proportio dupla ; 
Quarum principium ducatur femper ab Uno. 
Ommnes bo; feries conjunge per Additionem: 
Produdio, numerum quot Combinatio conflat, 
Aufer, Quod fupereh, numerum citat ; unde patebit, 
Quot faciant numeros. diffintJos, undique fiquis 
Propofitos numeros velit in fe Multiplicare. 

Si nibil à fammd predifta furripiatur ; 
Refabunt partes Aliquole, que numerabunt 
dilum, qui numeros eff. inter Maximus omnes, 
Ex duu in fefe mimerorum. provenientem. 


I have taken the liberty, to alter the pointing (fo as to 
make the fenfe the clearer,) and to reftore (in the prs 
: verte, 


PI 
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Serfe) fit, for f£ ; and (in the third verfe) principfum, for 
principio; which had been mifprinted. And (in the fifth 
verfe) 1 have reftored mtmerum, for mumeros ; for it is but ond. 
Number that is to be fübducted; namely, the Nomber of 
thofe EM which ate to be Comibinéd.. My Explication 
was this: t 

** Let as many Nuthbers as you pleafe, be propofed to be 
** Combined: Suppofe Five, which we will call & 2 c d «. 





1 @ ab abe abd abcde 
2 b ac abd abce ] 
. 4 ¢ ad abe abe I 
108 d ae acd acde’- 
16 e be ae bede 
— — bd ad — i£ 
31. 5 be kd § 10 io 
75 cad bee 10 16 
mi ce bát 5 5 
26 . de «de oI 
10 19 31 26 


** Put, in fo many' Lines, Numbets, in duple proportion; 
** beginning with r. : 

** The Sum (31) is the Number of Sumptions, or Elections ; 
** wherein, one or. more of them, may fevetal ways be 
** taken. 

** Hence fübdu& (5) the Number of thé Numbers pro- 
** pofed j becaufe each of them may once be taken fingly. 

** And the Remainder (26) fhews how many ways they 
** may be taken in Combination; (namely, Two or more at 
“© once.) . 

* And, confequently; how many Products ray be had 
** by the Multiplication of any two or more of them fo 
** taken. 

** But the fame Sum (31) without fügli Subduttion, fhews 
** how many Aliquor Parts there are in the greateft of thofé 
*« Produéts, (that is, in the Number made by the continual 
*« Multiplication of all the Numbers propofed,) abede. 
** For every one of thofe Sumptions, are Aliquot Parts of 

: 20. * abcde, 
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** abede, except the laft, (which is the whole,) and inftead 
** thereof, 1 is alfo an Aliquot Part; which makes the 
** number of Aliquot Parts, the fame with the Number of 
** Sumptions. - 

** Only here is to be underftood, (which the Rule fhould 
** have intimated ;) that, all the Numbers propofed, are to 
** be Prime Numbers, and each diftin& from the other. For 
* if any of them be Compound Numbers, or any Two of 
** them be the fame, the Rule for Aliquot Parts will not 
** hold." ! 


——————————— 


CHAP. Il. 


Of Alternations, or the different Change of Order, in any 
Number of Things propofed. 


M ee 


SUPPOSE we a certain Number of things expofed, 
different each from other, as e, b, c, d, e, &c. The quef- 
tion is, how many ways the order of thefe may be varied? 
as, for inflance, how many changes may be Rung upon a 
certain Number of Bells; or, how many ways (by way of 
Anagram) a certain Number of (different) Letters may be 
differently ordered ? " 


1. If the thing expofed be but One, as a, it 
is certain, that the order can be but one. That 
is 1. 


bas” 2. If Two be expofed, as a, 4, it is alfo mani- 
ixa-z feft, that they may, be taken in a double order, 
as ab, ba, and no more. That is 1 X 2 — 2. 


3. M 
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3. If Three be expofed ; as 2, 5, c: Then, be- 
ginning with a, the other two &, c, may (by 
art. 2,) be difpofed according to Two different 
orders, as bc, cb ; whence arife Two Changes (or 
varieties of order) beginning with 2, as abc, acb : 
And, in like manner it may be fhewed, that 
there be as many beginning with 4; becaufe the 
other two, a, c, may be fo varied, as bac, bea. 
And again as many beginning with c, as cab, 
cba. And therefore, in all, Three times Two. 
That is, 1x2,x3 = 6. 


4. If Four be expofed, as a, 4, c, d; Then, 
beginning with a, the other Three may (by art. 
preceeding) be difpofed fix feveral ways. And 
(by the fame reafon) as many beginning with 4, 
and as many beginning with e, and as many 
beginning with d. And therefore, in all, Four 
times fix, or 24. That is, the Number anfwer- 
ing to the cafe neg foregoing, fo many times 
taken as is the Number of things here expofed. 
That is, 1x2X 3, X4 = 6X 47224. 


5- And in like manner it may be thewed, 
that this Number 24 Multiplied by 5, that is 
120 = 24X%5=1X2X3X4X 5, is the 
number of alternations (or changes of order) of 
Five things expofed. ; Or,the Number of Changes 
on Five Bells.) For each of thefe five being put 
in the firft place, the other four will (by art. pre- 
ceeding) admit of 24 varieties, that is, in all, 
five times 24. And, in like manner, this Num- 
ber 1z0 Multiplied by 6, fhews the Number of 
Alternations of 6 things expoféd; and fo oa- 
ward, by continual Multiplication by the confe- 
quent Numbers 7, 8, 9, &c. 








6. That is, how many fo ever of Numbers, in their na- 
tural Confecution, beginning from 1, being continually Mul- 
Oo 


2 2 


tiplisd, 
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tiplied, es us the Number of Alternations (or Change of 
order) of which fo many things are capable as is the laft of 
the Numbers fo Multiplied, As for inftance, the Number 
of Changes in Ringing Five Bells, is 1x2 x 3X 4X 52120. 
In Six Bells, 13x 2x 3x4Xx5X6 = 120 X 6 = 720. In 
Seven Bells, 720 x 7 = $040. In Eight Bells, 5o40 x 8 
= 40320. And {0 onward, as far as we pleafe. 

hs Voffius cells us, (Cap. 7, De Scientiis Matbematicis,) 
That if an Hoft promife to entertain feven Guefts fo long as 
they fit every day in a. different order, this extends to 14 
years. He means, almoft fo many years, namely, 5040 
days, which of 14 years wants 73 or 74 days, according as 
the Leap-years may chance to fall, — — 


7. This Number of Alternations, according as the Number 
of things expofed doth increafe, will proceed to a vat Mul- 
titude beyond what at firft one would expect. As for Ex- 
ample, the 24 Letters will admit of fo many Varieties or Al- 
ternations in Changing their order, as that if {a many Bells 
were to be Rung according to all thofggChanges, it could 
not have been difpatched (as the Learned Yobm Gerard Vof- 
Jis, in the place laft cited, doth obferve,) from the begin- 

_ Bing of the World to thisday. I add; no, nor if for every 
Minute of an hour which hath paffed, there had paffed Tex 
Thoufand Thoufand Years; as will appear by the following 
Computation. 
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1| rx 

2| 2% 

6| 3x 

34| 4 X 

120 i x 

720 x 

$040] 7X 

49,320] 8 X 

362,880) 9 x 

3,628,800] 10 Xx 

39,916,800 | 11 x 

479:001,600 | 12 x 

^ 6,227,010,800| 13 X 

7 85,17! 29%)200 4x 
15307,674, 368,000 | 15 X 
20,922,789,888,000 | 16 x 

.. 3551687 5428,096,000 | 17 X 
6,403,37$,706,728,000 | 18.X 
121,645,100,408,832,000 | 19 X 
2,432,902,008,176,640,000 | 20 x 
5$1,090,942,171,709,440,000 | 21 X 
1,124,000,727,777,607,680,000 | 22 x 
35,852,016,735,884,976,640,000 | 23 X 
620,448,401,733:239,439:300,000 | 14 X 


» To r year. 
3653 days. 
X24 


x 60 
25,960 Minutes 
oo ioco cares 
$:155,760,000 Minutes 
X5 
15,578,800,000 Changes. 


525,960 Min. in 1 year. 
949728000900 - 
1420093 
But 
RE 
$. 299,017, 648,000,000 


10,000,000. 


Vi,596,176,486,000,000,500, 


For, fuppofing in one year, 
365i days. andi from the be. 
ginning of the World, to have 
paffed 6ogo years; (both of 
which fuppofitions are at the 
largeft,) and therefore the Num- 


_ ber of minutes in all that time, 


3:155,760,000. Suppofe we 


. then, in every Minute ofan hour, _ 


5 Changes to be difpatched, that 
is, (becaufe of 24 Bell) 120 
ftrokes fucceffively one after an- | 
other, (which allowance is alfo 
at the largeft ;) and therefore, 
in 6000 years, .15,778,800,000 
Changes, which Number if we : 
Multiply by 525,960, (heNem- 
‘ T 
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ber of Minutes in one year,) we have 8,299,017,648,000,000 
for the Number of Changes to be difpatched in fo many 
years as there have been Minutes, which Multiplied by 
10,000,000, (Ten Thoufand Thoufand, or Ten Millions,) will 
be but 82,990,176,480,000,000,000,000, which is lefs than 
,620,448,4015733523924392360,000, the Number of Changes 
whereof 24 Bells are capable. 

Nay, if we fhould proceed no further than to 14 Bells, 
and allow 10 Changes (that is, 140 ftrokes) to every Minute, 
the Number of Minutes requifite to Ring them all would be 
8,717,829,120, (a tenth part of the Number of Changes, ) 
which is more than double (almoft treble) the Number of 
Minutes in 6000 Years; and would require more than: 16 
Thoufand Years (yea, more than 16,57 5 Years) to Ring 
them all. : . 


+’ 8. Hence it may appear, how many ways the Letters of 
a Name or Word, (fuppofing them to be all feyeral,) may be 
differently difpofed™ o way of Anagram, (out of which 
thofe that are of ule may be felected, negle&ing the reft,) 
by art. 6. For Example, the Word R O MA, (confifting of 
four different Letters) may admit of Changes 24 = 1 X 2 X 
3X4 un" 


Roma: orma mroa arom 
roam oram mrao armo 
rmoa omra mora aorm 
7mao omar moar aomr^ 
Taom oarm m aro. ‘amro 
ramo oamr °° maor amor 


Of which (in Latin) thefe feven are only ufeful ; Roma, 
ramo, oram, mora, maro, armo, amer.: The other forms are 
ufelefs, as affording no Latin Word of known fignification. 


9. But in cafe fome one or more of the Letters do occur 
more than once, the Number of Alternations fo found as be- 
fore, muft be divided by fuch Number or Numbers as foch 
repetitions do require: Namely, if the fame Letter do twice 
occur, we dre to divide by 2 ;. if three times, by 6; if four 

times, 
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times, by 24; and.fo onward, according to the varieties 
that fuch a Number is capable of. - For, if the Letters « and 
5 be reputed for the fame ; then, whereas (the reft remaining, 
as before) ab and 4a would every where afford two varieties, 
they are in this cafe to pafs- for one, and therefore the Number 
of cafes will be only half fo many as otherwife they would 
be. In like manner (the. reft remaining as before) abe would 
every where (according as they may change places one with 
another) afford fix varieties; but in cafe the three Letters 
4, b, ¢ be confidered as being all the fame, or as being a, 
4, a, thefe: Six cafes muft then pafs but for one. And in 
like manner, if abed be feverals, they afford (the reft re- 
maining as before) 24 varieties; but, if the fame, thefe 24 
mutt’ pafs but for one: And the like in other cafes. And, 
if more Letters be fo repeated, there muft be for each of 
therh fuch divifion. 

For Example, the Word MES SES having 6 Letters, if 
they were all different, the Alternations would be 720 — 
1X2X3X4X5X6. But becaufe the Letter ¢ comes twice, 
that Number is to be divided by 2. '(For if inftead of ce, 
we put «», then messns and mnssss would be two forms, 
both which are now Co-incident in messes: And fo every 
where.) Again, becaufe the Letter s comes three times, we 
are (for the like teafon) to divide by 6. (For if thofe three 
were three different, they would in every pofition of the reft, 
afford 6 cafes, all which are now Co-incident in sss.) And 
therefore, (becaufe both -happen,) 720 being divided by 2, 
and again by 6, the different varieties will be 25 = 60. . 

meesss emesss esmsse smeess seesms ssmsee 
mesess emsess esemss smeses seessm  ssemes 
masses emsses esesms smesse sesmes ssemse 
messse emssse esessm smsees sesmse sseems 
mseess eemsss essmes smsese sesems sseesm 
Mseses eesmss essmse smssee sesesm  ssesme 
msesse etssms essems semess sessme ssesem 
mssees eesssm essesm semises sessem sssmee | 
Missese esmess eessme semsse ssmees ssseme 
Msssee  esmses esssem  scemss ssmese ssseem 


or 
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Of all which varieties, there is none befide ssessés itfelf, 
that affords an ufeful Anagram: 


In like manner we. may fhew, that the Letters abbecedddd 
will admit of XiX3X4X$X6x7x8xgx 102:36:8809 .. 12600 


áx6X24 = 288. 
feveral varieties : And abbecdd, of, 222%3%4%5%67= goo 


2xX2x2=8 
- . IXÀX3X4X5X6x7x8 = 20 
- 630: And aaabbccc, OE te cms = 
60. And the like in other cafes however varied. 


10. The eonverfe of this, is of like ufe, when what was 
confidered but as one ahd the (ame feveral times repeated, 
comes afterward to be diftinguifhed. For then the Numbet 
before found, is to be fo often Multiplied as the Number 
of things fo diftinguithed fhall require, 

As, in the Word messes before mentioned, where sss are 
confidered but as one Letter thrice repeated, and ee as the 
fame twice repeated, the Number of different pofitions is 60 ; 
but if sss be diftinguifhed as three feverals, and ee as two 
feverals, the Number of all will be 60 X 6 x2 = 720. 


"Thus Foffus, Cap. 7, De Scientiis Mathematicis, tells us 
that this verfe, 


. Rew, lex, fil, lux, dux, fons, mons, fpes, pax, petra, Chriftus. 


which (confifting of 11 Words) may be turned (abfolutely) 
393916,800 ways; and fos to pteferve the Rules of an Hexa- 
meter verfe, be turned 3,628,800 ways, he (hould rather have 
faid: 3,265,920. That is, the 9 Monofyllables (which may 
promifcuoufly take each other's place) 362,880 times ; and 
Chriftus is capable of g (not 10) different pofitions ; that 
ds, in the firft, fecond, third, fourth, fifth, fixth, feventh, 
eighth, (but not in the ninth; and ientb,) and in the' laft 
place; (and petra confined, by the nature of tbe verfe, to 
the place next befote the laft {pondee.) That is, 362,880 X 9 
= 3,265,920 ways 1 

He 
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‘He fays ako that the verfe 
Lot tibi funt dotes, virgo, quot fidera celo ; 


may be turned abfolutely 40320 ways ; and, fo as to pre- 
-ferve the verfe 1022 ways; which is very true, (and I hate 
deen told, of foniebody, who, in praife of the Virgin Mary, 
'had made a Book of that verfe turned fo many ways, which 
was wont to be reputed the Number of the Fixed Stars, ac- 
cording to the ancient Catalogue of them.) But it is true 
alo, that it may be turned many more ways than fo, and 
yet preferve the verfe true: Namely, 2628, retaining the 
quantity of the lat Syllables in 15i and virgo as before ; and 
468, Changing their quantity in virgo fbi. That is, in all 
3096 ways. As willappear by the Scheme ddjoyned, and 
the brief Explication, (or Demonftration) of it: whicli is 
thus to be underftood. : 


Tot, funt, quot, which may promifcuoufly fupply each 
other's place, are (in vere 4, 2, 3, &c,) fet down only in , 
this order, and fo país but for one cafe; but are capable of 
fix varieties ; which cafe I call a = 6. And the like for do- 
tes, virgo, celo ; which cafe I call ? = 6. And again, tot 
tibi may change place with fidera; which cafe I call. c = 2: 
And, becaufe all thefe happen in verfe 1, the varieties thereby 
reprefented, are abc = 72 — 6x6 x2. And fo of the refi, 
as the Scheme directs. 


t, Tot ibi funt dotes virgo quok fidera cele, abe = 72 


2 quot virgo abcd— 144 
3. quot dotes ace 1152 
4 dotes funt virgo quot abf 144 
5. — funt dotes quot virgo tibi agb — 180 
6. quot dotes tibi virgo abi = 324 
7- virgo tibi abi = 324 
8. dotes tibi Sunt virgo quot ab = 36 
9- quo! virgo ak = 108 
10, Junt virgo quot ti ablm = 


virgo tibi 2628 
2P 11. Virgo 


290 Of Combinations, Alternations, and 








11. Virgo sibi tot funt dotes quot fidera celo; am == 36 
12. quot dotes an — 36 
13. dotes funt quot 4o — 36 
14. Tot funt virgo tibi dotes an= 36 
15. quot dotes en 36 
16. dotes virgo tibi. quot en - 36 
17. Tot dotes funt 4p — 12 
18. — unt dotes fidera celo virgo tibi quot aq = 144 
19. dotes funt 7 apr = 24 
20. cel funt fidera a= 12 
21. fidera tot dotes funt. celo apr 24 
22. celo funt a= 12 
23. dotes tot apr = 24 
virgo tibi 468 

tibi virgo 2628 

3096 


Tot, funt, quot, a zc 6..— dotes, virgo, calo, b= 6. 
tot tibi, fidera, ¢ — 2. tot tibi, virgo, d=2. 


Lot tibi, funt quot, dotes, virgo, celo; e = 120 — 24 = 
120 X $ = 96. 

(Becaufe tot tibi cannot fupply the place of celo, as of the 
reft.) ot tibi, dotes, f — 2. Tot funt, dotes, virgo, celo, 
£24. Quot tili, fidera, k = 14. 

Becaufe when fot fuit, or its Equivalent /unt quot, comes 
M. before sidi, tiri is a an part d the cales con- 
tained in g, then will quot £ibi, change with fidera; which 
adds 3 of what was before.) ot funt, (and Jum quot,) do- 
tes, virgo, celo, i = 9. 

(Becaufe dotes, virgo, celo, contained in 6, may each of 
them change with tot fant, which Multiplies by 4, or addsa 

: Triple to what was before, as at g, and 3 of that Triple, or 
3 of that Quadruple, as at b; that is, it adds a Quadruple 
or Multiplies by 5: And again, each of them with fum? quot, 
which, for the fame reafon, adds another Quadruple: There. 
fore both together, add an O&uple, or Multiply by 9.) 

Dates, 
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Dotes, funt quot, viryo, celo, k = 24—6 == 94x} = 18. 


(Becaufe, if funt ‘quot fupply the place of dores, it will be 
Co-incident with fome of the cafes of ver. 3.) 


Quot tibi, fidera, e=2 





La virgo, quot tib, ^ - ma. 
tot funt, dere alo ? mi 6. dotes,, Junt quot, calo, o=6. 
fidera, cel, emma, tat futs dotes, fidera, celo — a4. 
» 6e, =. 


I will not be pofitive that there may not be fome other 
Changes: (and then, thofe may be added to thefe:) Or, that 
moft of thefe be twice repeated, (and if fo, thofe are to be 
abated out of the number:) But I do not, at prefent, dif- 
cern either the one and other*, — ' 0 


———————á 
“CHAP. Il. 
Of the Divifors, and Aliquot Parts, of a Number propofed. 


— M — 


1. BY Number, V here underftand only Integer Numbers, 
35 1, 2, 3, 4, 5, &c. Not Fractions, as 2, f, 4, $, &c. Or 
Mixed, as 12, 23, 32, &c. Much lefs Surds, as./2, 4/5, 
V6, &c. 


2. By the Divifor of a Number, I here underftand;: fuch 
Integer as doth meafure fuch Number ; that is, being once 
or ofener taken doth equal it. So, of the Number 6, the 
Divifors are, 1, 2, 3, 6: Becaufe 6, once taken; and 3, 
twice taken; and 2, thrice; and 1, fix times taken; do 
equal 6. . . 


1)6(6 5 2)6(3 5 3)6(2; 6)6(1. 6 = 1x6maX3— 
3X2 = 6x1. . : 


* The number of all the pofüble variations of the words in this Hexa- 
meter Verfe, without deftroying the meafure of it, has been inveftigated with 
fue accuracy by Mr. fames Bernouilli, in the fecond part of his excellent 

reatife, De Arte Conjedtandi, and {s there found to be 3312, See above, 
pages & 9, and 10, . 

2P2 3. By 


29b - Of Combinations, Alternations, and 


3. By Aliguot Part of a Number, 1 underftand fuclt 2 
Divifor as is lefs than it. As of 6, the Aliquot Parts are 1, 
2,3; but not 6. For, though 6 be alfo a Divifor of itfelf ; 
yet not ‘an Aliquot Part; becaufe the Word Part implies 
fomewhas lefs than the whole. 


4. The Number of Aliquot Parts, therefore, is. always lefs 
by one than the Number of Divifors. Becaufe all the Divifors 
except one, are Aliquot Parts; all the Aliquot Parts are 
Divifors, and there is likewife one more Divifor of the Num- 
ber, to wit, the whole Number itfelf. 


5 So that, the Number of Divifors being given, the Num- 
ber of Aliquot Parts is given alfo. And contrarywife; if this, 
then that. As, of the Number 6, the Divifors being 4, the 
Aliquot Parts are 3, (that is, 4 — t.) And, thefe being 3, 
the Divifors are 4 = 3 +1. 


6. It is manifeft, that the Number 1, hath no Aliquot Part, 
and but one Divifor, that is 1. Becaufe there is no Number 
lefs than itfelf that may be a part of it: But it meafures it- 
Íelf ; and therefore is its own Divifor. 


7- Any other Prime Number hath one Aliquot Part, and 
Two Divifors. For a Prime Number, we call, fuch as is. 
meafured (befide isfelf) by no other Number bnt an Unit. As 
2, 3, 5, 7. 11, &c. Lach of which are meafured by 3, 
and by itelf; but not by any other Number. And hath 
therefore z Divifors, and 1 Aliquot Part; but no more. 


8. Every Power of a Prime Number (other than of 1, 
which here is underitood to be excluded,) hath fo many 
Aliquot Parts as are the dimenfions of {uch Pewer ; and one 
Divifer more than fo. As (fuppoting a, 4, ¢, &c, to be fo 
many Prime Numbers ;) a hath two divifors (1 and a ;) a* 
or aa hath three, (1, 4, e@;) a3, or aaa, hath four, (1, 4, 
44, aaa;) and fo of the reft. That is, the Number of Di- 
vifors is one more than the Number of Dimenfions. Becaufe 
: x, and all the Degrees of fuch Power (not higher than itfelf) 
ase Divifors; but not any other Number, if a be a Prime. 
"That is, one more than the Number of Dimenfions : Of which 
the greateft Divifor (being the whole) is not an Aliquot Parts 

an 
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and therefore the Aliquot Parts are juft fo many as are the 
Dimenfions. Thus of 8 (the Cube of 2) the Divifors are four, 
(1, 2, 4, 83) the Aliquot Parts aré three, (1, 2, 43) Of 81 
(the Biquadrate of 3) the Divifors are five, (1, 3, 9, 27, 
81) the Aliquot Parts are four, (1, 3, 9, 275) Hi Ío many 
as are the Dimenfions. That is, (of fuch Biquadrate) the 
Divifors are 1, a, aa, aaa, aaaa ; the Aliquot Parts 1, a, aa, 
aaa; and foevery where: For, though the higheft Dimen- 
fion came not into the Number of Aliquot Parts, yet x being 
fupernumerary, makes the Aliquot Parts juft as many as the 
Dimenfions. 


9. Ifa Prime Number, or any Power thereof; be Multi- 
plied by any other Prime Number, or any Power hereof ; 
the Produét hath fo many Divifors, as is the Number of Di- 
vifors in That, Multiplied by the Number of Divifors in 
This ; and, therefore, the Aliquot Parts fewer by one than fo. 

For Example: Let e, 4, be two different Prime Numbers, 
(fuppofe 2, 33) and certain Powers thereof, as a*, 2*, (that 
is 8, g,) the Product 47, (that is, 72 = 8 X 9.) Now 
for as much as the Divifors of the former 1, 2, 4a, aaa; 
(that is,-1, 2, 4, 8,) divide a3 (that is 8;) not only thefe, 
or (which is the fame) every of thefe Multiplied by 1 ; but 
allo every of them Multiplied by 2, and by 44, (that is by 
3, and by 9,) will divide a’4*. That is, evéry of the Di- - 
vilors of a’, Multiplied into every of the Divifors of J^ ; wil) 
divide 27. 


1010 
a 2 ] The Divifors of ai 
aa 4 (^  Muliplied by tz. 
aaa’ 8 . 
5 3 a ' 
4b 6 The fame Multiplied 
aab 12 + by 4. 
aaab 24 
bb 9 . 
abh 18 The fame Multiplied 
«abb 36 [* By db. 
aaabh 72 
1354% 3. 


The 
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The Number therefore of all; is the Number of 1, 2, aa, 
aaa, (that is 4,) fo many times taken as is the Number of 
1, 5, bb, (that is, 3 times ;) That is, 4 x 3 — 12: The 
Number of Divifors therefore is 12; and of Aliquot Parts, 
In 


10. If a Produ& made by the Multiplication of different 
Prime Numbers, or of their Powers by one another, be 
further Multiplied by another Prime Number different from 
every of thot : The Number of Divifors in this new Pro- 
du&, will be fo many as is the Number of Divifors in that 
firt Produ& Multiplied by the Number of Divifors in the 
new Multiplier. 


For Example: The Number of Divifors in the Product 
but now mentioned 47^, is 12; (as is already fhewed:) if 
therefore this be Multiplied by any other Prime Number, 
as c (fupppfe 5,) different from a, 6; (whofe Divifors there-- 
fore are two, 1 and ¢;) the Divifors of the Produ& 2*/c 
(that is, of 72 x 5 = 360) Will be 12x2 — 24. Namely, 
all thofe (before found) which divided 2*7*, will alfo divide 
@%}*c; or (which is the fame) all thofe Multiplied by: x 
(which is one of the Divifors of ¢;) and the fame alfo Mul- 
tiplied by c, (which are as many more ;) and therefore both 
together are twice as many; that is, 12 X2 — 24. Namely, 
1, à, aa, aae; b, ab, aab, aaab; bb, abb, aabb, aaabb; c, 
4€, aac, aaac; be, abc, aabc, aaabe; bbe, abbe, cabbe, aaabbc. 
That is, 1, 2, 4, 8; 3, 6, 12, 245 9, 18, 36, 72: 5, 
10, 20, 403 15, 30, 60, 120 ; 45, 9o, 180, 360. 

And if, for the new Multiplier c = 5, where taken cc = 
25, Or cce = 125; (the Number of whofe Divifors are 3 
or 4;) the Number of Divifors of the Produ& a°6*c*, or 
4'7*?, would (accordingly) be 12 x 3 = 36, or 12 X 4— 48. 
(And, in like manner, for any other Power of ¢.) For now 
not only the Divifors of a*4* Multiplied, by 1, and by c; 
but the fame alfo Multiplied by cc, (which is a third time fo 
many,) will be Divifors of a%4*c* ; and the fame Multiplied 
by ee {which is as many a fourth time,) will be Divifors 
of 2e. 
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1 e$ e 25 [EU 
a ac 10 «c 50: acc 250 
aa 4 aa 20% ace 100 (* 4acc 500 4 
" 8 aac 40 aaacc 200. «aac 1000) , 





3 be 35 bee 75, dec 375 
b abe 3o abee 150 abece 750 
aad 12 (* aabe 60 (* aabee 300 (* aabece 1500 
«ab 24. 4aakc 600. eaabccc 3000. 
Bb bbe 45 dkc 235 bbeee 112g 
abb 1 abbe 9o abbee 450 abbece 2250 
«abb 36 (* able 1o [4 aabbec 4  aalkec 4500 
aab 72 aasbbe 360. aaabbec 1 aaabbece 9000, 

4X3-12 12 12 . 12 

— - 
12X4z48 


The fame will in like manner be fhewed, if this new Proe 
du& c'e, (whofe Divifors are 24,) be further Multiplied 
by d, or dd, &c. Namely, the Divifors of a'P;d will be 
24X2 = 48; and, of aPP'cd*, 24x3 = 72. And fo for- 
ward. 

Or (which comes to the fame pafs) if 2'/* (whofe Divifors 
are 12 — 4 X 3,) be Multiplied by cd, (whofe Divifors are 
472 2 X 2,) or by cdd; (whofe Divifors are 2x 3 = 65) 
for then will the Divifors of 2'/*'cd be 12 X.4 = 483 agd of 
a’b*cd*, 12 X 6 = 72; as before. 

And in like- manner, the fame will hold, how many fo- 
ever Prime Numbers, and what ever Powers of fuch Primes, 
be fo continually Multiplied; provided always (which is 
heedfully to be attended,) that fuch Primes e, 4, c, d, &c, 
be all different each from other. . 


ir. If any Number however Compounded, be further 
multiplied by any of thofe Primes of which it was before 
Compounded, or by any Power of fuch Prime; the Num- 
ber of Divifors thence arifing, will be fuch as would have 
. been by advancing that Prime fo many Degrees higher, as 
is the Degree of fuch Multiplier. ! 
As, for inftance, if e, d, were the fame Prime; then in- 
ftead of ed, whofe Divifors, if different, would have been 


24m 
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4 22 2 X 2, (1, c, d, cd) we are to take cc, whofe Divifors 
are but 3, (1, ¢, ¢¢,) becaufe c, d, which would otherwife 
have been two different Divifors, are now but one and the 
fame. And accordingly, the Divifors of a*/'cd, that is, (be- 
caufe ¢ e d,) of a’b*c*, will now be (not 12 X 4 = 48, as 
before,) but 12 X 3 = 36. So if a'Pc be Multiplied by 
d*, and d — 4. For then a'P"cd* is the fame with a'}‘c; 
and the number of Divifors (not 4 x 3 X 2 X 3 = 72, but) 
4X5X2-40. And the like in other cafes, as is of it- 
felf manifeft. — . . 


12. And, univerfally : Jf a Number be made, by continual 
Multiplication of bow many foever Prime Numbers, (different 
each from other, ) or of any Powers of fuch Primes: Ihe Num- 
ber of. Divifors of fucb Compound Number, is Compounded (by 
continual Multiplication) of the exponents of the Degrees of fuch 
Primes or their Powers fo Compounded, increafed (each of them) 
by 1. And fuch Number of Divifors, wanting 1, is the Num- 
ber of Aliquot Parts. (Which Theorem contains the main 
fubftance of the Doétrine of Aliquot Parts. 

As, for the Number a*b*cd ; the exponents of the Degrees 
or Dimenfions of the Primes a, 4, e, d, are 3, 2, 1, 13 
and thefe increafed by 1, are 4, 3, 2, 2. Thefe, continually 
Multiplied, give us the Number of Divifors 4 x 3 X 2 X2 
= 48; and, of Aliquet Parts 48 — 1 = 47. (And, in like 
manner, for any other Number however Compounded.) As 
is evident by what is before Demonftrated. 

Hence we may gather the folution of the following 
Problems. 


13. Any Number being propofed; to find how many 
Divffors it hath ; and, how many Aliquot Parts. 

Divide the Number propofed (and the Quotients arifing 
from fuch Divifion) continually, by Prime Numbers (or the 
Powers of fuch) according as it is capable, ‘till we come to 1. 
And we fhall thereby tind, of how many different Prime Num- 
bers, and what Powers of them, the Number propofed is 
Compounded: which being done, we have the Number of 

ivifors 
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Divifors, and of Aliquot Parts, by the propofition fore- 
going. 

As for Example; Let the Number fo propofed be 3940 ; 
we fhall find, upon Tryal, that it may be divided by 2, 


twice; by 3, three times; by 5, once; (by 7, notat all ;) 
and by 11, once. 


11)5)3)3)3)2)2) 594012970 (1485(495(165(55(11(x 

And may therefore be thus defigned, 2'Zcd; where a, 5, 
e, and d, denote the Numbers 2, 3, 5, and 11, refpectively, 
and the exponents of 2, 4, c, d, are 2, 3, 1, 1; and thefe 
increafed by :, are 3, 4, 2, 2; which continually multi- 
plied, are 3 x 4 X2x2 = 48. So many therefore (by the 


propofition foregoing) are the Number of Divifors; and 47 
the Number of Aliquot Parts. : 


14. Any Number being propofed ; to find, what are the 
. Divifors, and the Aliquot Parts thereof. 

Firt find (as in the preceeding article) of what Prime 
Numbers, and what Powers of them, the Number propofed 
is Compounded. Then, taking any one of thofe Prime Num- 
bers to whatever Degree it be advanced, fet down in order 
all the-Divifors of fuch Degree. Then Multiply every of 
thefe by every Divifor of fuch Degree as fome other of thofe 
Primes is advanced to. And every of the Divifors hitherto 
found, by'every Divifor of the Degree, to which a third 
Prime is advanced. And all thefe, by thofe of a fourth; 
and fo onward, if yet there be more Primes. (In fuch . 
manner a$ is to be feen above in art. 10.) And the Num- 
ber arifing from all thofe Multiplications, is the Number of 
the Divifors of the Number propofed.: And all thefe Di- 
vifors, except itfelf, are the Aliquot Parts of it. 

Thus for the Number 360 = 2X 242X3X3 X 578 
X9X 5; fuppofe 27v. All the Divifors of a? = 8, are 
1, 4, 40, aaa; that is, 1, 2, 4, 8. Let thefe be multi- 
plied by all the Divifors of 2* = 9 ; which are 1, 4, 45; 
that is, 1, 3, 9. And all the refults of thefe, by the Di- 
vifors of c; which are 1, ¢; that is, 1, 5. So have we all 
the Divifors of 360. i . 
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I a aa aaa r 2 4 8 
b — ab aab ^ aaah 3 6 12 24 
Jb abb  aabb  aadbb ^ 9 18 36 72 


€ ac aac aaac 5 10 20 40 
be abe aab aac 15 32 60 120 
je ab aabbe aaabbe 45 9o 189 360 


And in like manner we may proceed, whatever Number 
be propofed, and howfoever Compounded. 

But the fame may alfo be done in divers other methods, 
(for we are not confined to proceed always in the fame 
'order,) which in the re(ult will be the fame with this. Pro- 
vided always, in whatever order we proceed, that we be 
fure to take all the Prime Numbers, that are Ingredients of 
fuch Compound, with all the Degrees of them, and all the 
pofüible Combinations that may be made of them, not ex- 
ceeding (in any) the Number of Dimenfions which they 
have in the Compound. And, that we may be fure not to 
mifs any, it will be convenient to proceed, if not in this, at 
leaft in fome other regular order, that we may know when 
we haveall. And fome other forms of procefs we may after 
have occafion to mention. 


15. To find a Number, which (ball have juft fo many 
Divifors, or fo many Aliquot Parts, as is propofed : And, 
in how many forms the fame may be had ; and, the leaft in 
each form; or the leaft of all, that may have fo many. 

The Number of Aliquot Parts propofed, increafed by r, 
is the Number of Divitors. This Number, we are to con- 
fider, how many ways it may be exprelled in Integers; 
whether by one alone, or by the Muluplication of two or 
more : (As is to be after fhewed in art. 17, 18.) And, as many 
ways as this may be done, fo many forms there are of Num- 
bers which have jut fo many Divifors : Namely, for every 
of the Integers by which fuch Number is to be expreffed, 
fo many different Piime Numbers are to be affigned ; and 
fach Degrees or Powers thereof, whofe exponents are lefs by 


one than the refpective Integers which they reprefent ; and 
thofe 
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thofe Powers or Degrees, (continually multiplied, if there 
be more of them,) will have fuch Number of Divilors as 
is required. 

As for Example: If a Number be required which fhall 
have 99 Aliquot Parts, or, (which is the fame) 109 Divifors. 
This Number roo, may be expreffed by Integers (fingle, 
or multiplied into one 'another,) nine feveral ways: 100 
= $0xa2-—25X4—25X2X2-—20x $-— 10 X 
10c10X5x2-5X5x4-—45X5x2X2: And 
fo many feveral forms there are of Numbers which fhall 
have 100 Divifors, or gg Aliquot Parts. Namely, if (for 
every of the forms wherein the Number 


1co may be fo defigned) we take fo many 100 a”? 
different Primes, as there are Integers in 5oxi a" 
fuch defignation ; and each of them ad. 25x4 a" 
vanced refpe&ively to fuch Degree whofe — 25x^x2 abe 
exponent is lcís by one than the Integer 20x5 a 
it reprefents. As a, a**5, a'*P, a'*be, 1oxi0 4%? 


all*, a9)? , a®bc, atte, a*b*id ; whatever — 10x5x2  a*^*c 
be thofe Prime Numbers a, Z, c, d, dif- $X5X4  a'j*e 
ferent each from other. (As appears 5x5x2x2  a'j*ed 
from art. 12.) But not any other forms: 

As may be thence fhewed, in cafe any other form be affign- 
ed. As, for inftance, if any form be affigned wherein (what- 
éver be the other Ingredients) there is the bare Square of a 
Prime Number, (fuch as in .none of thefe appears) as e*. 
For whatever be the Number which the reít of the ingre- 
dients defign, that Number (becaufe of ¢*) is to be Tripled 
(by art. 9.) But 100 is not the Triple of any Integer (as 
not being divifible by 3 :) And theretore cannot be fo de- 
figned. And in like manner may be fhewed, (with fuch 
variation as the cafe fhall requ:re,) concerning any other 
form, different from thofe aflipncd. 

Now for finding the leaft Number in each form, that 
fhall have fo many Divifors; no more is to be done, but 
for a, b, ¢, d, &c, or fo many of them as occur in each 
form refpectively, to take fo many of the fmalleft Primes, 
25.3, 5, 7, &c. And, of thefe, ftill to affign the leffer for 
that which is to have the greater Number of Dimenfions, 

aAQa (As 
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(As is of -itfelf manifeft.) So for the form 4*/*c, it is mani- 
feft, that if for a, 4, c, we take 2, 3, 5, the number mult 
needs be lefs, than if we take 2, 3, 7, or 3, 7, 11, or any 
other numbers; And, (fuppofing thofe three to be taken,) 
it muft needs be lefs if we afign a= 2,b=3,¢= 5, 
than if we affign them any otherwile. Becaufe, in the 
compofition, 4 is ofiener to be repeated than 4, and 5 
than c. 


Now when it appears, which is the leat in each form; it 
is eafily determined upon view, which is the leaft of all. 
As, in the prefent cafe, putting, aca,bcg,6-—5 
d = 7; itis eafy to judge that a**;d, that is, 16 X 81 X 
5 X 7 = 45360, is the fmallet number that can have 100 
Divifors. For it is, to 47^? ; as d = 7, toce — 9: And 
it is, to 2*,*c ; as d = 7, to a’ = 32: And, to a%; as «d 
= 35, to a5P5 = 7776. And fo of the reft. 

And, for the moft part, thofe are the fmaller numbers 
wherein more Primes be ingredients; than where fewer 
Primes, but in higher Degrees ; as ab = 2 X 3 = 6, is lefs 
than a? = 8; though each of them have four Divifors. 
But it is not ‘always fo; for ab -8 x 3 — 24, is lefs 
than abe = 2 X 3X § = 303 (though the number of 
Divifors be eight. in each.) For here one Degree of a 
greater Prime ¢ = 5, doth over-balance two Degrees of a 
leffer aa = ^ 





16. It appears moreover, That, wherever the number of 
Divifors is odd, fuch Number is a Square: And, «ontrary- 
wife, of évery Square Number, the number of Divifors is 
odd. And, of every Non-quadrate Number, the number 
of Divifors is even: And, wherever the number of Divifors 
is even, fuch Number is a Non-quadrate Number. 

For every Divifor divides the Number propofed by fome 
other Divifor, (whereof when one is the Divilor, the other 
1$ the Quotient ;) except only the Square Root, (where the 
Divifor' and Quotient are the fame.) All other Divifors 
therefore go by couples, and make an even Number: To 
which when the Square Root is to be added (which is ae 

cafe 
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got 


cafe of all Square Numbers, and of thefe only ;) this being 


folitary, makes the number of Diyifors odd. 


1 36 1 aabb 1 360 1 
2 08 @ . abb 2 180 @ 
3 1 b — aab 3 120 b 
4,9 44 bb 4 go 4a 
6 aby! 5 72 "€ 
6 60 a 

1 72 H aaabb 8 45 «aaa 
2 36 a aabb 9 40 4b 
3 24 5 aaab 10 36 ac 
4 18 44 — abb 12 30 aab 
6 12. "4b aab 15 24 be 
8 9 aaa bb 18 20 ab 


aaabbe 
aabbe 
aaave 
abbe i 
aaabb y 05, 4)* 
aabc 4) 
‘bbe 
aaac 
agb 
. abe 
aaab 
aac 


17. A Number being propofed ; to find, how many dif- 
ferent ways it may be defigned by Integers ; whether fingly 
or by the continual Multiplication of more than one. 

Firft find out (by art. 14,) what are all the Divifors of 
fuch propofed Number. Then, confidering them all fingly 
(beginning at the greateft and fo proceeding to the leffer ; 
that, by keeping {uch order, we may be the more fure not 
to mifs any ;) inquire, what Number doth with every of 
thefe compofe the Number propofed ; and if this chance to 


be a Compound, let this in like manner be re- 
folved into its Components, (and fo onward as 
Jong as the Component is itfelf a Compound ;) 
whereby, having thus run through them all, we 
fhall meet with all the ways whereby the Num- 
ber propofed may fo be defigned by Integers. 
As for Example: Let iuch. Number pro- 
pofed, be-360 ; whofe Divifors (found by art. 
14,) are 360, 180, 120, 9o, 72, 60, 45, 40; 36, 
30, 24, 20, 18, 15, 12, 10, 9, 8,6, 5, 4, 3 25 
1, where we fhall find the firlt defignation to be 
369, (or 360x1.) Then 180X2, 120X3, 
90X4, and (becaufe 4 = 2X2,) gox2X2. 
‘Then 72X5, 69X63 and (becaufe 6 = 3x2) 


60x) 

18ox2 

120X3 
9ox4. 
9oxaxa 
72%5 
60x6 
60x3x2 
45X8 
45X4x1 
45X2X2X2 ~ 
40x9 
40X3x3 

36x1o 
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36x10 
36x5x2 
3goxi2 
3oxóx2 
30X4X3 
gexjx-xa 
34x15 
24x5X3 
20x18 
2cx9x2 
20x5x3 
20x3X3X2 
18x1cx2 
18X5%4 
18x5x2x2 
15x12Xà 
, 15x8x3 
15x6x4. 
15x6x2x2 
15x4xX3X2 
15x3X2X2X2 
12x10X3 
12x5x$ 
12X5x3X2 
TOK Xp 
1CXQX2XZ 
+ 16xóx6. 
10X6% 3x2 
ICX4X3X3 
1CX X3X2X2 
9x8xs 
6X5x4X2 
GX3X2X2X2 
8x5x53%3 
6xüx5x2 
6x5x4x3 
6x 5x5Xx2x2 
5X4X3X3X2 
$X3X3X2x2X2 


60x3x2. Then 45x8; and (becaufe 
8—4x2c2x2X2.)) 45X4X2, 45X 
2X2X2. Then 40X9; and (becaufe 9 — 
3X3) 40x3x3. Then 36x10; and 
(becaufe 10 = 5X2,) 36x5x2. Then 
30X12; and (becaufe 12 = 6 x2 = 4X3 
= 3X2X2,) gox6 x2, 30X4X3, 30X 
3X2x2. Then 24x 15, and (becaufe 15 
= 53.) 24X5X 3. Then 20 X 18, and 
(becaufe 18 = 9X2 — 6x3 = 3x 3X2,) 
20X9X2,20X6X3,20x 3x 3X2. Then, 
(omitting 18 x20, as being the fame with 
20 X 18 ; and refolving 20 — 10X 2 — 
5$X4755X2xX2;) 18x10X2, 18X5x4; 
18X5x2x2. Then (omitting 15x24, 
as being the fame with 24 x 15; and to 
every where when a greater follows a lefs, 
as being bad before; and refolving 24 = 
12X2—8x3-—6x4-—6x2x2- 
4X3X2:3X2X2X2;) 15x12 X2, 
15X8 x3, 15X6X4, 15X 6X2 X2, 15 
X4X3X2, 15X3X2x2X2. In like 
manner (omitting fuch Combinations of 12, 
as have been already,) 12X (30 = 15X2 
——)10X3, 12X6X«, 12x5x3x2. ln 
like manner, 10X (36 — 18x2 — 12X3 
=) 9X4, 10X9X2X2, 10x6X6, 10 
X6x3X2, 10X4X3X3, 10X3X3X2 
X2. Then g X (40 = 20X 2 — 10X4 
=) 8X5, 9X5x4X2, 9x 5x2x2xa. 
Then 8x (45 =) 5x3x3. Then 6x 
(60 =) 6X5X2, 6x5X4x3, 6X5X3 
X2X2. Lailly, 5X (72 =) 4x 3x3X2, 
5X3X3X2x2x2 (The Divitors 4, 3, 
2, 1, afford no new cafes; becaufe every 
of them is lefs than 5, and cannot without 
it, or fome greater Number, make up 350.) 
Which forms (in Number 52) are all the 
forms in which 360, may thus be expreffed 

by 
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by Integers. And how, to every of thefe forms, we may 
fic fo many forms of Numbers which fhall have 360 Di- 
vifors, is before fhewed in art. 15. As, for 5x3X3X2x2 
X2, a')'cdef: And fo of the reft. 

But, why I have here omitted (for inftance) 5x72, 5% 
36X2, 5X24 X3, 5X18X4, 5X18X2X2, 5 X12X6, 5X 
12X3 X2, 5X9X8, 5X9X4X2, 5X9X2X2X2, 5X8x3 
X3. 5X6x6X2, 5X6x4X3, 5X6X3X2X2, and others 
of like kind; the caufe is evident: Becaufe, the Numbers 
72, 36, 24, 18, 12, 9, 8, 6, being greater than 5, all the 
Combinations which have thefe ingredients were had before, 
For 5 X 72, is but the fame with 72X 5 ; and fo of the reft. 
And it is fo ordered all along, that whenever a greater 
Number comes to follow a lefler, we may know that that 
cafe was (or fhould have been) had before. 


But it is no way neceffary that we fhould always obferve 
this order; for the fame will hold, in whatever method we 
proceed: provided we be fure to take them all, in whatever 
order. 


18. The fame alfo may be thus had, if the Number it- 
felf (of Divifors required) or the form thereof, be fo ex- 
preffed in Species, as it may thence appear in what form it- 
felf is Compounded of the ingredient Primes: As if we put 
ab*c, for the Number 360 = 2X2X2X3X3X5; or for 
any other Number which is Compounded of the Third’ De- 
gree of one Prime, Multiplied by the Second Degree of 
another Prime, and this by a Third Prime. 

For, however we are not by this directed how to proceed 
(as before) from the greater to the leffer in a continual or- 
der, (becaufe the Second or Third Degree of a leffer Prime, 
may poffibly be greater than the firft of fome greater Prime; ) 
yet we may thus, though in another order, meet with 
them all. d 

And it will be then convenient (beginning with 1,)‘to 
take the Species or Symbols, firft fingly, one by one, (as e, 
4, c) in fuch order as they follow in the Alphabet. And 
then by Two's, (as aa, ab, ac, 6b, &c,) and here, iR 

thofe 
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thofe that begin with 2; and here again aa before ab, and 
this before ac, 1, &c, and then thofe that begin with 2 ; acd 
here (omitting.da, as being the fame with a? which was had 
before,) beginning with 44, or (in cafe there be not a fecond 
À) with dc, and fo onward : And then by Threes, and Fours, 
and fo onward as there is occafion ; obferving all along, as 
the cafe will permit, the Alphabetical order, (that we may 
be the more fure not «o mifs any.) Placing always, over 
againft each, the correfpondent Divifor ; which doth, with 
it, conftitute the Number propofed. As, againft ea, put- 
ting abc, which, with it, compleats aaabdc. 


I ac 1 aaabbc 
a arc a aabbe 
b abc EE aaabe 
€ as c aaabb 
4* abe aa abbe 
a an Or thus rather, p p 
Fk ac bb aac” 
be ab be eaab 
2 Pe aaa bbe 
eb abe aab ate 
ae ab 4ac abb 


-And this we are to purfue fb far, till, in that oppofite 
rank, we meet with the fame (in the cafe of a Square 
Number propofed,) or, (if not a Square Number,) that 
which was next to follow, in tlie firft rank. (As here, againft 
aac, we have abb; which was next to have followed if the 
frftrank had proceeded.) For, when we be come fo far, 
thofe which were to have followed in the continuation of the 
firít rank, do follow (in the fame order, but going back- 
ward,) in the latter rank, till we come to the greate(t 


of all. 


And having thus difpofed all the Divifors in due order ; 
we may then. (beginning with the greateft, and fo proceed- 
ing backward to the leaft,) compound each with its oppofite, 

5 which 
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which ftands againft it. (As  chbesa 360 

el 2aaa, cbbaa x a, chaaaxb, chbaaxa 18ox2 
&c.) And whenthatfecond  chaaaxb — 120x3 
Component is itfelf à Com- —  2Paaaxc 7axs 


und, we are to refolve it  chbaxaa 9ox4. 
into its Components; (as xaxa — 9gox2x2 
«baXaa, chaXaXa, &c,) and — cbaaxba 60x6 
fo continually till it be refolv- xbxe — 6ox3x2 
ed into Primes. bbaaxca 36x10 

When we have thus dif- xxa — 36x 5x2 
patched all the Divifors of the caaaxbb 40x9 
latter rank (for till then, there xbxb — 40x3x3 
is no danger,) we are to take baaaxbe 24X15 
heed, that fome ef the Com- xbxc . 24x5x3 
pofitións already taken, be not chbxaaa 45x8 . 
taken a fecond time in an- X44X4 — A45X4X2 ! 
other order; and when they X4X4XG  A45X2X2x2 
do fo occur a fecond time, cbaxbaa gox12 
we are to pafs them by. And Xóexa — gox6xa 
accordingly, when I come at xaaxb — 30x4x3 
«aa, 1 do not Compound this xixaxa  3gox3x2x2 
with the whole of 44a which bbaxcaa 18x20 
ftands, againft it; (becaufe ' xaxa — 18x1ox2 
this hath been already con- xaaxe — 18X4Xx5 
fidered, and there joined in XCxaxa  18x5x2x2 
all the Compofitions that it caaxbóxa — 20x9x2 
is capable of;) but with all xbaxb — 20x6x3 
thefe: Components of 52s, Xbxixa 20x3X3xa 
which had not before been baaxchxa — i2xi15x2 
fully confidered. And when xcaxb — í12X10x3 
1 came at c: I omit, not xbaxc — 12xÓxg 
only the whole of 2222, (which xcxixg — 12X5X3X2 
Ítands againft it) but all the eaaxcbxb — 8x 15x3, 
Components of it which have xlóxc 8x9x5 
three Members, (becaufe not xexbxb — 8x5x3x3 
only thofe of Four, but even ¢bxbaxaa 15x6x4. 
of Three Components, have xaxa — I15x6x2x2 


been fully difpatched, before xaaxixa — 15x4X3X2 
we come at c? which hath bnt xbxaxaxa  15x3X2x2x2 
aR bbxcaxaa 
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blxcaxas 9X10x4. two Components.) And when 
X444 — 9x10X2X2 I come at ea, J omit caxb)xae, 
XaaX(Xà — 9X4X5X2 fc, becaufe 44 had been be- 
X(X4X4X6 9X 5X2X2X2 fore confidered. And in like 
caxbaxha 10x6x6 manger, at Za, I omit all the 
xbxa 10x6x3x2 Compofitions wherein cb, 2), 
xaaxbxb X0X4X3X3 €a, were ingredients ; becauíc 
xbxixaxa 10x3X3K2X2 thefe had been before conf 
Jaxbaxrxa — 6x6x5x2 dered. And in like manner, 
xaaxcxh — 6x4x5x3 at aa, and c, I omit all thole 


xeodxaxa  6x5x3x2x2 of two Members which might 
«axcxbxbxa — 4X 6X3X3x2 be Compounded with them ; 
exbxbxaxaxa — $x3X3X2x2X2  becaufe already had. As isto 
be feen in the order adjoincd. 
And over againft the forms thus expreffed in Species; I 
have fet she Numbers anfwering to them; which are the 
fame with thofe at art. 17, but not in the fame order. Be- 
caufe here I was guided by the forms of Compofition, in di- 
rc&ing the order ; but, there, by the bignefs of the Numbers, 
Having thus laid the Foundation of this Do&rine of Di- 
vifors and Aliquot Parts; I fhall give fome Examples of 
Operations concerning them. 
Examples of the foregoing Operations. 
——— 
19. Of the Number 110,880: How many are the Di. 
vifors, and Aliquot Parts? And which be they ? 
The Number 110,880 divided, as is dire&ed at art. 13, 


is refolved into thefe Primes; 2, 2, 2, 2, 2, 35 3» 5» 75 11- 
And is therefore in this form e*/'cde, 


31) 5) 7) 3) 3) 2) 2) 2) 2) 2) 116880 (55440 (27720 (13860 
(6930 (3465 (1155 (385 (77 G1 (1, 

Or, I might at firt cut off the Cypher; and, for it, fet 
down.two Divifors 2, 5: And then, becaufe it is obvious 
to view, that 11,088 is divifible by 1r; I might next fet 
down 11 for another Divifer, (Becaufe by this means we 

. come 
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come the fooner to fmall Numbers.) And then divide the 
Quotient 1oc8 by 2, and 3, as oft as I can; which done, 
we fball have 7 for the laft Divifor. Or, I might have di- 
vided 11,088 by 9; (and for it fet down two Divifors 3, 
3:) For it is obvious alfo to view that it may be fo divided , 
becaufe the Figures put together without regard had to 
the places, (as is ufual in the proofs of Multiplication and 
Divifion,) may be fo divided ; or, cafting away 9 as oft as 
inay be, nothing reípains; or, I may fo do, for the fame 
reafon, with 1008; or, take any the like advantage for 
expedition, as the view fhall dire&. For it matters not, in 
what order we find the Component Primes, fo we have 
them all, 

The Number therefore appearing in this form 45/*cde; it 
is manifeft (by art. 12,) that the Number of Divifors is 
6x3X2X2X2 = 144; and, of Aliquot Parts, 144 — 1 
= 143. And thofe, (according to the method of art. 18,) 
are found ‘to be thefe that follow. 


1 ioc 110880" auaaabbcde 
4 2 55440 aaaabbede 
b 3 36960 aaaaabcde 
€ 5 22176 aaaaabbde 
qd. 7 - 15840 .  aaaaabbce 
L 11 10080 aaaaabbcd 
aa 4 27720 . aaabbede 
ab 6 18480 aaaabcde 
ac 10 11088 aaaabbde 
ad. 14 € 7920 . aaaabbee 
ae 22 5040 ‘aaaabbed. 
bb 9 12320 aaaaacde 
bc 15 7392 aaaaabde 
bd 21 5280 *— 4aaaabce 
be. . 3360 . aaaaabed 
d, 33 3 3 68 aaaaabbe 
ee 55 2016 aaaaabbd 
de 77 1440 aaaaabbe 
aaa 8 13860 aabbede 
ab . 12. 9240 aaabede 
aac 2o 5544 aaabbde 


aRa aad 


308 
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28 


3960 
2520 
6160 


- 3696 


2640 
1680 
1584 
1008 
720 
2464 
1760 
1120 
1056 
672 
480 
288 
6930 
4620 
2772 
1980 
1260 
3080 
1848 
1320 
840 
792 
504 
360 
1232 
880 
560 
528 
336 


aaabbee 
aaabbcd 
aaaacde 
aaaabde 
aaaabce 
aaaabcd 
aaaabbe 
aaaabbd 
aaaabbc 
aaaaáde 
4aaaace 
aaaaacd 
4aaadbe 
4aaaabd. 
aaaaabe 
aaaadbb 
abbcde 
aabcde 
dabbde 
aabbce 
aabled 
aaacde 
aaabde 
aaabce 
aaabed 
aaabbe 
aaabbd 
aaabbc 
4aaade 
aaaace 
aaadíd 
aaaahe 
aaaabd 
aaaabe 
acachb 
aaaage 
aaaaad 
4aaaac 
aaaaab 


44444 
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aaaaa . 32 3465 bbcde 
aaaab 48. 2310 . abcde 
. Gaaac 80 1386 abbde 
eaaad 112 99° abbce 
4444 . 176 . 630 .. abbcd 
aaabb .7a 1540 &acde 
4aabc 120 924 aabde 
aaabd 168 660 aabce 
aaabe 264 ^7 420 aabid 
aaad . 280 ., 396. aabbe 
aaace 440 252 aabbd 
aaade 616, 180 aabbe 


TTlie fame, ordered according to the greatnefs of the Num- 
bers, will ftand thus : 


1 1 119880 .422aabbcde 
a “2 55440 aaaabbcde 
b 3 36960 aaaaabcde 
P 4 27720 aaabbide 
€ e 5. 22176  .  aaaaabbde 
ab 6 18480 aaaabcde 
d E 15840 aaaaabbce 
aaa 8 13860 aabbede 
bb 9 12320 aaaaacde 
46 . 10 . 11088  .  aaaabbde 
e 11 10080 .  aaaaabbed 
aab 12 9240 aaabede 
ad 14 7920 aaaabbce 
be 15 7 7392 aaaaabde 
444 . 16 . 6930 . abbede 
abb 18 , 6166 aaaacde 
aac 20 5544 aaabbde 
bd 21 | 5180 - aaaaabce 
ae ^ a 5040 aaaabbed 
aaab  . a4 ., 4620 . aabkde 
aad 28 , 3960 .aaabbce 
abe 3o 3695 aasabde 
44006 32 3465 bbede 
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be 33 3360 aaaaabid - 
ced. 35 +) 3168 =, aaaasbbe 


aabb 36 3080 eaacde 
aadc - 409 2772 aabbde - 
abd .42 2640 aaaabcé 
sat 44 2520 aaabbed 
Bbie . 4$ . 2464 . aaaaadé 
assab. 48 2310 abcde * 
et 55 2016 aaaaabbd 
aad - 56 1980. aabbce 
aabe 60 1848 aaabde 
"hd . 63 . 1760 . eaaaace 
abe 66 1680 aaaabcd. 
ad 70 1584. àaaabte 
44abb 92 1540 uacde 
de 7] 1440 aaaaabbc 
eua  . — 80 . 1386 . abd 
aabd 84 1320 4aabce 
aoae 88 1260 aabbed 
abbe 9o 1232 aaaade 
waasab 96 1155 btde 
bie .  Á 99 . 1120 .  eaaaatd 
bed 105 1056 aaaaabe 
ace 110 1008 aaaabhd 
daaad 112 990 abbce 
aaabe -120 924 aabde 
ebd . 126 . 880 . aaaace 
aabe 132 840 aaabcd 
sard 140 792 aaabbe 
asaabb 144 77° acde 
ade 154 750 aaaabbc 
7' aea . 160 . 693 . dbde 
bee 168 672 aaaaabd 
aaabd ' 168 660 aabce 
aaaae. 176 630 abbed 
aabbe “180 616 aaade 
abe . 198 . 560 . aaaacd 
abed 21d. 528 aaaabe c 
44 ^ — 220. $04 ' «seb 


aaaced 


- 4dagaad 
bde 
aaaabc 
aabbd 
asabe 
eaacd 
aaaaabb 
aade 
bbed 
abce 


224 
231 
240 
252 
264 
280 
288 
308 
315 
330 


495 
480 
462 
440 
420 
396 
385 
360 
352 
336 


31 


20. Of Numbers (for inftance) which have 12 Divifors: 
To expibit all the forms; and, all the Numbers in each 
form ; not exceeding the Number 2048; (which is ‘the 
loweft Number of the higheft form;) according to art. 


15. 18. 


All the ways according to which 12 may be expreffed by 
Integers (as in art. 17, 18,) are 12 = 6x2 — 4X3 —3 
X2 X2: Which affords us thefe forms, a", a°d, a'P, a'bc. 
And in each of thefe, the Numbers are as follow; being in 


all 211. 


w 
ry 
x 


XXXXXXXXXXXX 


2048. 





Won du OH HE TE LG 


96 
160 
224 
352 
416 
544 
6c8 
736 
. 928 

992 
1184 
1312 
1376 
1504. 


125 


XXx XXXXXX 


53 


59 
61 


Winnie 


Wn ud p nuu 


1696 
1888 
1952 

486 
1215 
1701 


72 
“200 
392 
968 
1352 
108 
675 
1323 
500 
1125 


343 
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343 X 4 
abe. 
4X3 x 5 


Wu n m up du dg Hon ow d EH HH eed 


1372 


4X7 


XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX 


EHI DELHI ERE IL HH 





Wap n d HH Ho ERE E TETE TE EH TE H E IETET 


140 
220 
260 
340 
380 
460 


580 


620 
740 
820 
860 


940 
1060 


1180 





1340 
1420 
1460 
1580 
1660 
1780 
1940 
2020 
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364 

476 

532 

644 

812 

868 
1036 
1148 
1204 
1316 
1484 
1652 
1708 
1876 
1988 


4X] 


4X13 


4X17 


4X19 
gx 2 
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X 73 = 2044 9X2 X 79 
x 572 X 
x 748 X 
x X 97 = 1746 
x Xior = 1818 
x X03 = 1854 
x X107 = 1926 
x X1o9 = 1962 
x X115 = 2034 
x 9X5X 7 = 315 
x. X 1m = 495 
x X13 585 
.x X a2 = 765 
x X 19 855. « 
X 31 = 1612 X 23: — 1035 
X 37 = 1924 "X 29 = 1305 
X 19 = 1292 X 31 = 1395 
X 23 = 1564 X 37 = 1665 
X 29 = 1972 X 41 = 1845 
X 23 — 1748 X 43 — 1935 
x $-— 9o 9X7 X 11 = 693 
x = % 13 = Ung 
x = X 17 = i10ft 
x = X 19 — 1197 
x = | X25 1449 
x = X 29 = 1827 
x = X 31 = 1953 
x = 9X11 X 13 = 1287 
x = X 17 = 1683 
x E . X 19 — 1881 
X 41 738 9X13 X 17 = 1989 
X 43 — 774 25X2 X 3 150 
X 47 = 846 X 7 = 350 
X 53 = 954 “Xm = sho 
X 59 = 1062 X 13 z 650 
x 61 = 1098 x7= 850 
x 67 = 1206 X 19 = 950 
“x 7t, = 1278 X 23 = 1150 
X 73 = 1314 K-29 = 1450 


2S 25X2 


XXXXXXXXXXXXX 
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31 
37 

7 
1I 
13 
17 
19 
23 
11 

3 

5 


II 
13 


Won du HH d un 


1550 
1850 
25 
25 
975 
1275 
1425 
1725 
1925 
294 
499 
1078 
1274 


49X2X 
x 


49X3 X 


17 
19 
5 
II 
13 
3 


€» 3 UL 


V qd HH p HEUTE 


1666 
1862 

735 
1617 
1911 

726 
1210 
1694. 
1815 
TOI4 
1690 
1734 


digefted according to their natural order, ftand 


ei 


516 
522 
525 
532 


. 544 


550 
558 
564 
572 
sho 
595 
608 


. 620 


* 636 


644 
650 
666 
675 
693 
708 
726 
732 


735 
736 
738 
740 


748 . 


+ 765 
74 
804 
812 
819 

« 820 
825 
836 
846 
850 

» 852 
855 
860 
868 
876 

« 884 
928 


940 
948 
950 
954 
968 
975 
988 
992 
996 
1012 
1014 
103 
1036 
1060 
1062 
1068 
1071 
1078 
1098 
1125 
1148 
1150 


1164 
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1164 1312 1524 1725 1924 « 
1180 1314 1550 1734 « 1925 
1184 1316 1564 . 1746 1926 
1196 1323 - 1572 1748 1935 
1197 « 1340 1580 1780 1940 
1204 1352 1602 1788 1952 « 
1206 1356 1612 1804 . — 1953 
1210 1364 ^ 161; . 18i 1956 
1212 1372 . 1628 1815 1962 
1215 .. 1376 1644 1818 1972 
1220 1395 1652 1827 1988 5 
1236 1420 1660 1845 . 1989 
1274 1422 1665 . 1850 , 2004 
1275 1425 . 1666 1854 2020 
1276 . 1449 1668 1862 2034 
1278 1450 1683 1876 - 2044 « 
1284 1460 1690 1881 . 2048 
1285 1484 1694 . 1884 

1292 1494 . 1696 1888 

1305 . 1504 1701 1892 

1308 1508 1708 19i 


—— ee ÓÓá— 


Of the Numbers that are moft convenient for tbe. Purpofe of 
dividing Large Quantities into Leffer equal Parts. 





21. Thofe Numbers which (for the bignefs of them) have 
the greateft Number of Divifors, and Aliquot Parts; have 
been wont to be made choice’ of, as moft convenient for 
ufe ; efpecially when there may be frequent occafion of di- 
viding things fo defigned; 


Hence it is, that the Engli/b Penny i is divided into Four 
Farthings, (and almoft all things i in Four Quarters of a dif- 
ferent Name,) becaufe there is often occafion to divide into 
halves, and then again into halves, Hence alío the Rowan 

282 Pound 


* 


166320 


221760. 


277200 
332640 
498960 
554400 


665280 


e 
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Pound, (and that which we pow 


man call the Pound Troy Weight,) is 
4 divided into 12 Ounces; and 
a the Enghjfb Shilling, into 12 
ab pence ; the Foot, i into 12 Inches; 
ab the Zodiack, into 12 Signs ; the 
ab Year, into 12 Months ; becaufe, 
ale kefide the Divifion into Quarters, " 
ath it is further divifible by 3. And 
abc — for a like reafon Ptolemy (and 
abe others after him) makes ufe of 
ape the Sexagenary divifion, of In- 
athe tegers into firft Minutes, or finall, 
ac ^— or minute, parts of the firft order; 
athe and. of thefe, into Second Mi- 


abcd nutes, qr Seconds, or {mall, or. 
abcd minute, parts of the Second or- 
ahed der; and fo onward: becauíe 
atl'cd 60 is divifible by 2 and 3, and 
abcd likewife by'5. And the Chinefes 
abcd — (or Catbaians) Nymber their 
4d Years (and other things) by Re- 
4"rd ^ volutions of 6o. After this; 360 
abcd is looked on as moft confiderable, 
a'b''d ^ becaufe it may be further divided 
ab*cde by 2 and 3 once more: "Which 
4'Pcd —— therefore is made the Number of 
4"Péd ^ Degrees in a Circle; admitting 
4'"Pde — of' 24 Divifors. And if this be 
abide not enough, cach of thefe is di- 
4'Prde — vided into 60 Minutes; (that is, 
athiede by 4, 3, 5, once,more;) and 
aede thefe into Seconds, and (o forth. 
atre de And the Egli» Pound Sterling, 
abcde is divided inta 20 Shillings ; 
a*btede which Number is divifible by 4 
ade and 5, (s 12, the Number of 


abcde Pence ina Shilling, is divifible 


by 4 and 3) "which was ac- 
counted 
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counted more convenient than to make another Colle&ion 
of Shillings by 12 ; becaufe this would not afford a divifion 
by 5. So that now. 960 the Number of Farthings in a 
Pound Sterling, is for the firft ftep (from Farthings to Pence) 
divifible by 4; for tbe fecond ftep (from Pence to Shil- 
lings) by 4 and 3; for the third ftep (from Shillings to- 
Pounds) by 4 and 5. And (without taking notice of the 
diyifion of Pence into Farthings) the Number of Pence in 
a Pound Sterling, 240, is capable of 20 Divifors; and, of 
more than'[o many, no Number is capable which, is not 
greater than it,” : 


" 





m—m——————— —— —Ó 
Of tbe foregoing Table of. Numbers in page 316. 


— — 


In purfuance of which notion, I have here Colle&ed a 
Table of all thofe Numbers, which (of all not greater than 
themfelves) have the greateft Number of Divifors ; (together 
with the Number of Divifors in each of them, and the 
Form of their Compofition;) as far as 665,280, which hath 
224 Divifors. All which (except 1,) are made by the 
Compofition of 2, 3, 5, 7, 11, (which I call z, 4, c, d, 4,) 
and the Powers of ine, without admitting any other 
Prime. (But, if we would proceed to a greater Number of 
Divifors, we muft further take in f = 13.) And, of thefe, 
Íome are of that nature, that none can haye a greater 
Number of Divifors, which is not at leaft the doublé of 
them, Such are 1, 2, 6, 12, 60, 360, 2520: But not any 
after thefe for a great way. - ! 


of 
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Of tbe Ufe of a Table of Prime Numbers. 





22. For refolution of fome of the Queftions above men- 
tioned, (as in art. 13, 14, 17, 18, &c,) it is very conve- 
nient to have at hand a Table of Prime Numbers: That 
we may know, by what Numbers to make trial of the Divi- 
fions therein directed. And, becaufe, in great Numbers, 
it would be tedious to make trial of all the Prime Num- 
bers in order, it is convenient alfo to know, by what Prime 
.fuch greater Numbers may be divided. 

In order to which, it is evident, in the firft place, that all 
even Numbers may be divided by 2; and, if the Quotient 
of fuch divifion be even alfo, it may be again divided by 
2, and fo continually as long as the Quotient is an even 
Number. 

It is alfo evident, in the fecond place, that all Numbers 
ending in 5, are divifible by 5; and, if they end in o, then 
by2and 5. And fo continually, as long as the Quotient of 
fuch divifion ends in o, or 5. 

It is known alfo, in the 3d place, that, if the Figures 
of any Number being added promifcuoufly (without re- 
garding the places wherein they ftand) are divifible by 9, 
(or, cafting away 9 as oft as may be, nothing remains, ) 
fuch Number is alfo divifible by 9. As in 29097 ; when 
(the Nines being left out, and) 2 + 7 = 9 being caft 
away, nothing remains; whence we may conclude, ‘tis di- 
vifible by 9 = 3 x 3. And I add further, as a fourth ob- 
fervation, (though I do not find that others have taken no- 
tice of it,) that the fame holds alfo as to the Number 3: 
"That is, from the Figures fo promifcuoufly added, if 3 be- 
ing caít away as oft as may be, nothing remain, fuch Num- 
ber is divifible by 3 ; Otherwife, itis not. Asin 530,967; 
where, all the threes, nines and fixes being left out (as 
manifeftly divifible by 3,) the reft 5 + 7 = 12, is fo alfo, 

(or, 
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(or, which is the fame, 1 + 2 = 3 ;) fo that all the threes, 
being caft away, nothing remains ; whence we may conclude, 
that the whole Number is divifible (though not by 9) at 
laft by 3. 

The ground of this and the former Obfervation is one 
and the fame: Becaufe, the places increafing in decuple 
proportion, if from 10, or any Number of tens, we caft 
away all the nines or all the threes, there remains 1, or fo 
many ones. So that, in cafe of fuch cafting away of nines 
and threes, 1 and 10, have the fame remainders; and fo 2 
and 20; 3 and 30, &c. And confequently 1, 10, 100,. 
1000, &c, 2, 20, 200, 2000, &c. So that the fame Fi- 
gure, as to this, is of the fame influence in whatever place 
it ftand. . 


Of Dr. Pell’s Table of Prime Numbers. 


rr 


23. Befide this, we have at the end of Dr. Pell’s Algebra, 
-(Tranflated and Publifhed by Ibomas Branker, in the Year 
1668, with Dr. Pell’s dire&ions,) a Compendious Table of 
all odd Numbers (not ending in 5) as far as 100,000; 
fhewing not only, which of them are Prime Numbers ; but 
alfo by what ímallet Prime Number every other of them 
may be divided. 

So that, whatever Number be propofed, baving divided 
itfirit by 2 and 5, (and.if you will by 3 alfo,) as oft as 
may be, if it be capable of fuch divifion: If the refult of 
fuch divifion do not exceed 100,000, we have dire&ion in 
that Table, by what Prime it may be next divided; and 
then, by what Prime to divide the Quotient of fuch Divi- 
fion; and fo continually, 'till we come to a Prime Number. 

The reafon why, in that Table, he omits all even Num- 
bers, and all Numbers ending in 5, is obvious: to wit, 

Becaufe 
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Becaufe it appears to view (without the help of a Table) 
that fuch are accordingly divifible by 2, or 5. 

He might, for a like reafon, have omitted alío all that are 
divifible by 3, (becaufe this would prefently appear upon 
fuch promifcuous adding ef the Figures as was but now 
mentioned ;) but that he could not well omit thefe, without 
. difordering the Form of the Table. 

Now, becaufe, in fuch Tables, it is of great moment that 
they be carefully Computed, and exa&ly Printed, (becaufe 
miltakes therein are not eafily obferved and Corrected by 
the Readers Eye,) I have taken care to examine that whole 
Table very exactly, (in the fame method and with the fame 
pains as if I were to compute it anew;) and find that, 
though it had been Computed and Printed with great care, 
yet fome few miftakes (and but a few) have cfeaped the 
Corre&or's Eye. Moft of which are noted in the Table of 
Errata, Printed with it. Befide which 1 have obferved thefe 
that follow : Which (to fave another Reader the like labour) 
I have thought fit (for bis eafe and fatisfa&tion) here to note. 
And, thefe being alfo amended as is here directed (befide 
thofe noted in the Printed Errata,) the Table will then be 
very accurate ; and (I think,) without any Error. 





| Numb. 


























Pag. 7, in the margin (after 43) for 37 fet 47. 
- By 


Aliquot Parts, by John Wallis. (32 


By the help of this Table, if we had the Number pro- 
pofed 539,454,600, it is eafy to refolve it into the Primes 
of which it is Compofed. For firft, (becaufe of two Cyphers 
at the end) it is manifeft that it may be divided twice by 2, 
and twice by 5. And then (becaufe thefe Cyphers being 
cut off, the Remainder is yet an even Number) it may be a 
third time divided by 2; and the refult wil be 2,697,273. 
And, if this Number were not beyond the reach of the 
Table, I fhould feek it there; to fee by what Prime it 
may be next divided. But, becaufe it is too big for it; I 
find, upon confideration, that, the Figures being promif- 
cuoufly added, and 9 caft away as oft as may be, nothing 
remains ; and therefore that it may be divided by 9 : Which 
being done, the next Quotient 299,697, may (for a like 
reafon) be again divided (not by 9, but) by 3, And the 
Quotient 99899, is now come within the reach of this Ta- 
ble. And (without affaying tbe Prime Numbers 7, 11, 13, &c, 
in their order, till I come to a Prime Number by which it 
may be divided, ) I find, by the Table, that it may be divided 
by 283, but not by any {maller Prime; and the Quotient 
of fuch divifion will be 353, another Prime. And there- 
fore the Number propofed 539,454,600 is = 2x2x2X3 
X3X2X5X5X283 X 353. . 


But if, inftead: of 99,899, I had come to a Number 
greater than this Table, and yet not divilible by 2, 5, or 3; 
1 muft then (for want of fuch Table large enough) have 
been fain to make tryal of the confequent Prime Numbers 
7» 11, 13, &c, “till by help of fuch I had brought it within 
ihe Compafs of the Table; And, if no fuch can be found, 
before I come at a Prime as great as the Square Root of 


fuch Number; I may then conclude fuch Number to be a 
Prime. | 


aT CHAP. 
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CHAP. Iv. 


Monfeur Fenmat’s Problems concerning Divijors and 
. Aliquot Parts. 





IT is here proper to confider of fach Queftions (concern« 
ing Aliquot Parts) as thofe on account of which Monfieur 
Fermat and Moofieur Frenicle did value themfelves ; as. is 
to be feen in my Commercium Epiftolicum, Epift. 1, 11, 12, 
22, 25, 26, 31, 33. And in a Treatife purpofely Pub. 
Jifhed qn this occafion by Monfieur Frenicle, intituled, Sofs- 
tio duorum Problematum, circà numeros Cubos €. Quadratos, 
que tanquam infolubilia univerfis Europe Mathematics à. Cla- 
rifimo Viro D. Fermat funt propofita, &c, à D. B. F. D. B. in- 
venta, &c,(that is, 2 Domino Bernardo Frenicle de Beffy.) Parifiis 
«pud "Jacobum Langlois, &c, 1657, in which he glories much 
that he was able to folve them. And amongít Monfieur 
Fermat’s pofthumous Works, (Publithed fince his death) the 
Publifher is pleafed to infert his formal Challenge of me to” 
folve them (with fome others Letters to and from Manfieur 
: Fermat, concerning the fame) in thefe Words : 


Problemata propofita à D. Fermat. 


Proponatur (fi placet ) Wallifio, &9 reliquis Anglia Matbema- 
ticis, fequens Queflio Numerica, un UU 

Invenire Cubum, qui, additus omnibus te partibus. aliquotis, 
conficiat Quadratum. — Exempli gratid, Numerus 343 eff Cubus 
d latere 7. Omnés ipfius partes aliquote funt 1, 7, 49, que, ad- 
junkie ipfi 343, conficiunt numerum. 400, qui of Quadratus à 
latere 20. Queritur alius Cubus numerus ejufdem mature. — 7 

Queritur etiam mumerus Quadratus, qui, additus fuis partibus 
aliquotis, conficiat numerum Cuban,” vai addis [uis par 
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__ Has folutiones expeftamus : Quas, fi Anglia aut Gallie Belgas 
& poni non alert, ph Cathe NM cbonenfc Ween 
pignus nafcentis amicitie, Domino Digby offeret & dicabit. 

But was not fo kind (though he there infert alfo divers 
Letters to and from Monfieur Fermat, concerning the fame) 
as to infert thofe of mine, wherein I folved thefe (and others 
of) his Problems: Nor thofe of Monfieur Fermat, where- 
in he acknowledgeth that I had fo done. Which are to be 
{een in my Commercium Epifolicum, in Epift. 23, 28, 29, 47, 

' and elfewhere. . 

To thofe two Problems, I added a third of a like nature : 

Invenire duos numeros Quadratos, qui, partibus fuis aliquotis 
ndditi, eandem efficiant fummam. — Exempli gratid, 16 + 8 + 
4t 241 = 31> 25 + poa Inveniantur ifliufmodi 
alii duo. 

The whole Myftery of folving thefe (and fuch like) 
Queftions, I there difcover in Epift. 23, which depends on 
what is here delivered in art, 8, 9, 10, 11, 12, of the 
Chapter here next preceeding. : 


For, 1. A Number added to all its Aliquot Parts, is all 
one as the Aggregate of its Divifors. 2. The Divifors of 
any Power of a Prime Number, (as of a) is a Geometrical 
P ion from 1 to fuch Power; as, for inftance, of a5, 
the Divifors are 1, a, aa, a^, a*, a*.. 3. And therefore the 
fum of fuch Geometrical Progreffion ts the Aggregate of 
thofe Divifors. 4. This Aggregate is conveniently expreffed 
by the Primes which Compofe it. 5. The Divifors of any 
Power, or Degree, of one fach Prime, feverally Multiplied 
into all thofe of any Power, or Degree, of any other Prime, 
give all the Divifors of the Compound of thofe Powers, 
6. And therefore the Aggregate of thofe firft into the Ag- 
gregate of thofe fecond, give the Aggregate of the Divifors 
of fuch Compound, (For, by the common pra&ioe of Mul- 
tiplication, all the Members of one Number, or Aggregate, 
Multiplied feverally into all the Members of another, are 
equivalent to the whole of the one, multiplied into the whole 
of the other. 7. And therefore the Primes Compofing this 
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Taft Aggregate, are the fame with thofe of both the Aggre- 
. gates which Compofe it. “8. And the fame is in like man- 
ner to.be argued, in cafe any Power, or Degree, of a third, 
fourth, or further, Prime, be continually Multiplied with 
thofe foregoing: provided always, that they be all feveral 
Primes, and not any of the former Primes repeated ; for, in 
fuch cafe we are to follow the direction of art. 11, Chap. 
preceeding. 

As, for inftance; fuppofing a = 2, and therefore a = 

- g2: All the Divifors'hereof (or the Aggregate of fuch Di- 
vifors) are 1 +etaat+a+e+ — pp 244 
.8 + 16 + 32 = 63 = 3 x 3 x7. And fuppofing 6 — 
3, and therefore /* = 81: The Aggregate of the Divifors 
hereof are 1 + 5 064342 = 14349 + 27 
+ 81 — 121 = 11 X 31:,And therefore, of a°d*, the 
Aggregate of Divifors is 63 x 121 = 3% 3 X 7, X If 
x 11. And fuppofing further c = 5, and therefore c? = 
125: The Aggregate of the Divifors hereof are 1 + c + 
€)ILILSt25:-125523156—2x2x3*X 

' 1g: And therefore, of 2*54&, the Aggregate of Divifors is 
63 X I212 X 156 —3X3X7, X11 X I1, X 2X2 
X3X13,02X2X 3X3X 3X 7 X I1 X II X 153. 
And fo onwards, in cafe of further Compofitions. 

Now, this being univerfal ; it will be eafy to make appli- 
cation thereof, to the particular cafes propofed ; or to any 
other of like nature. 

As for Example. 

I, The firít Queftion, is, To find @ Cube Number, which 
added to all its Aliquot Parts will make a Square; (that is, 
the Aggregate of whofe Divifors fhall be a Square Number.) 

Here it is manifeft, that fuch Cube Number muft be 
either the Cube of fome Prime, .(or at leat the fecond, 
third, fourth, or further Cube of fuch Prime; that is, fome 
Power thereof whofe exponent is divilible -by 3;) or elle 
Corhpounded by the continual Multiplication of fuch Cubes 
(firft, fecond, third, and fo ferth,) of two or more fuch 
Prime Numbers. (For all fuch, will be Cube Numbers, 
and no other butfüch.) — ' - 

Now 
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Now, if we can find any fuch Cube (firft, fecond, third, 
&c,) of any one Prime Number, whereof-the Aggregate of 
Divifors being expreffed in Primes, .thafe Primes will be all 
Pairs, (that is, each of them occurring an. even Number 
of times ;) fuch Aggregate (’tis manifeft) will be a. Square 
Number; and therefore {uch Cube, will be fuch as is re- 

«quired, NND an 
And fuch Cube is 3438 = 7X7 X75 whofe Divifors», 


which is the Square of 2 X 2 X 5 — 20. 


are 1X 7 X 49 X 343 — 400 —axixixaXSXspA e 
Ld 


When the Cubes (firft, fecond; third, or others,) of fe-, 
veral Primes, have not their Aggregate of Divifors expreff- 
able by Pairs of Primes; yet may the Compound of Two, 
Three, or more of fuch Cubes continually Multiplied (which 
will alfo be a Cube Number,) have its Aggregate of Di- 

: vifors (which is the Compaund of the feveral Aggregates 
continually Multiplied) fo expreffed : Namely, if the Cubes 
fo to be Compounded be fo chofen as that, what Primes in 
exprefüng fome of the Aggregates be fingle, may be Paired 
by like fingle Primes in fome other of them. . 

Thus, for thé Cube of 47, the Aggregate of Divifors 
(exprefed in Primes) is 2 x2x2x2x2x3x5x15x 
175 where (befide Paus) we have 2, 3, 5, 13, 17; fingly: 
And, for the Cube of 5, the Aggregate is 2x 2x 3 x 13, 
where (befide Pairs) we have 3, 13, folitary ; which (joined 
to thofe before) ferve to Pair 3, 13, but leave 2, 5, 17, yet 
folitary : And, for the Cube of 13, the Aggregate is 2 x 2 
x 5x 7% 17, which afford fellows to 5, 17, but leaves us 
2, 7, yet folitary: And, for the Cube of 41, the Aggre- 
gate is 2x 2x 3x7 x 29% 29; where (befide Pairs) we 
have 3, 7, folitary ; which afford a fellow to 7, but leave 2, 
3, folitary. So that for the Cube of 47 x 5x 13 x 41, we have 
(befide Pairs) 2, 3, folitary. Which may thus be Paired. 

For the Cube of 11, the Aggregate of Divifors is, 2 x 2 
x 2x 3x 61, where (befide Pairs) we have 2, 3, 61, fo- 
litary ; which afford fellows to 2, 3, but leave 61, folitary : 
And, for the Cube .of 27 (or the third Cube of 3, the 
Aggregate is 2X 2X 11 x 11 X61; which (befide Pairs) af- 
fords a fellow to 61, So that, for the Cube of 47x5X 13 

: X41 
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X41X11X27, (or 27x 5X11x 13 X 41 X 47) the Aggré- 
gate of Divifors, is 2x2X2X2X2X3X5X19X17, X2 
X2X3X13, X2X2X5X7X17, X2X2X3X7X29X 
89, X2X2X2X3XÓ61, X2X2X11 X11 X61 : Or (putting 
the Primes in order) 2x2X2x2X2X2X2X2X2X2X1 . 
XaX2X2X2X2X3X3X3X3X5X5X7X7XIEXIE 
X13X13X17X172 X29 X 29 X61 X61; where we have 2, 
fixteen times ; 3, four times; and 5» 7» 11, I3, 17, 297 61, 
twice; which therefore (being all continually Multiphed) 
muft needs afford a Square Number. Which was the thing 
required to be found in Monfieur Fermat’s firt Queftion. 
^ In like manner; if with the Cube of 42 x 5x 13 x 41 
(as before) we Compound the Cubes of 2, and of 3, where 
we have the Aggregates 3 x 5, and 2x 2x 2 x c, which 
(befide Pairs) afford us 2, 3, folitary ; which afford fellows 
to 2, 3, that were folitary before. And therefore for the 
' Compound Cube of 47 x sx 13x 41 x zx 3 (or 2%3 x 
5X13X 41 X 47) we (ball have (in che Compound Aggre- 

e of Divifors) thefe Primes Components, 2, fourteen 
times; 3 and 5, four times; 7, 13, 17, and 29, twice : 
Which being all continually Multiplied will alfe make a 
Square Number: Which was the thing required to be found 
in Monfieur Fermar's firft Queftion. 

Thefe two Compound Cubes, if they be further €om- 
pounded with the Cube of 7 (which is no ingredient m 
either of them) will afford two more; whofe Ag, te of 
Divifors will (befide the Primes in each of them re! pedively) 
have thefe farther Primes Components, 2, four times ; and 
5» twice: Which, being Compounded with the fore-men- 
tioned Squares, will ftill afford Square Numbers. 

So have we five Cubes, whofe Aggregate of Divifors are 
Squares. 

Roots of the Cubes. 


7% 5 X11 X13 X 41 X 47, 

2X 3x 5 X13 X 41 X 4j. 

22x 5% 7X11 X 13 X 41 X 47 

2X3X 5X 7K 13X41 X ap 
Roots 
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Roots of the Squares. 

2x2X5. 

2x (Eight simes) X3X3X5X7 x 11X13X 17X29X61. 

2x (Seven- times) X3X3X5X5X 7X13X17x29. 

2x ( Ten-times) x3X3x5X5x 7x11x13X17x29x61. 

2x (Nine-times) X3x3Xx5X5X 5% 7x13X17x29. 

In all which I make ufe of no Cube of a Prime which i is 
not lefs than yoo. And, in like manner, may ‘other fuck 


Cubes be found; as is there fljewed in Epift, 23, and aW. 
Such às thefe : 


Roots of the Cubes. 
2X3X5X13X17x31X41X191. 
2X3X5x 7X13X17 X31 X4IXIgI. 
3X3X3X 5X11X13xX17X31X41X ION 
3X3X3X 5X 2X11X13X17x31 X41X 91. 
17X31x47X191. 
7X17x31x47 X191. 


Roots of the Squares. 


ex(Twelve-times) 3x3x3x5x5x7X13xX17x29x29X37- 
ax(Fourteen-times) 3x3x3X5X5X5X7X13X17X29X29X37« 
ax(Thirteen-times)3x3x3x5x7x11x13x17x29x29x37x61. 
2x( Fifteen-times ) 3x3x3x5X5x7X11x13x17x29x29x37x61. 
ax(Ten-times ) 3*3x5x13x17x29X37. 
2g (Twelve-times ) 3x3X5X5X13X17x29X37. 

In all which I make ufe of no Cube of a Prime Number 
which is not lefs than 200. 


But, in Order to make thefe Inquiries for fuch Cubes; it 
is expedient to have at hand a Table of the Cubes of Prime 
Numbers (and of the fécond, third, or further Cubes, of 


the "effer of them,) or of the Roots of fuch Cubes; with . 


the 
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the Aggregate of Divifors (in each of thofe Cubes) ex- 
preffed in Primes. 


And, to fave the Reader the labour of computing fuch 
a-new, I here fubjoin what I have at hand. 


Roots of | Aggregate of their Divifors. 


theCubes. 
! rift 
2 x 
4 um $5» Hg. 


8 | 3x11Xx31 

16 | 8191 = 4364 = 7727. 
32 | 3X 5X17 X257 

g | 2xax2xs 


9 | 1993 
27 | 2X2X11x11x61 
81 | 797161 


243 | 2X2XaX2X2X5X17 X41 X193 
5 | 2x2X3xX13 
25,| 19533 
i25 | 2x àx 11% 71 X sar 
2|2xaxaxa2x5x5 
wr} 2x2x2%3x 61 
13 | 2x2*x5x7*17 
317 2X20)gX3X5X29 
19 2X2X2xX5X181 
23! | ‘zx a'x a2 x $ % 5 x 53 
"ági | LH BX TX Hx gar - 
su|2ax2x2x2x2x2x13x37. 
37, |,.2% 2% 5% 2603 ^" 
(gt [2 82x 3 x7 % 29 x 29 
43 |2x2xz»*y6jxiix3]^ 
47|2x2x2xaxzx3*5X13X17 
$3 | 2%2%3%3%3% 5x 281 
‘ko | 23áxáx4x5x174r 
61| 2x2 31x 1861 ' * 
“67 | 3x2*x2x 5x17 % 449 © 
qo | 2x 2x 5K BX 3X8 K 2520 
"93 | 2x2x5x 13x37 X A1 
EN . Roots 
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Roots of | Aggregates of their Divifors. 

the Cubes. 
79 | 2x2x2x2x2x5x93121 
83|2x2x2x3x5x7x13x 53 
Rg |2xa2x3x3x5x17x233 
97 |2x2x5x7x7x94 
101 | 2x2x3x 17 X. 5101 ' 
103 |2x2x2x2x5x 13 x 1061 
107 |2x2x2x3x3x3x5x5x229 
tog | 2x 2x 5x 11 x 13 X 457 
113 |2X2x3x 5X I9 X 1277 
127 | 2X 2x 2x 2x 2x 2x 2x 2 X $X 1613 
131 | 2* 2x 13 x 19 x 2293 
137 |2X2x3x 5x 23 x 1877 
139 | 2*2x2x 5x 67627 
149 2X2x3X5X5XIIX IOI 
151 | 2x 2x2x2x I3 x 19 x 877 
157 | 2x 2x 5x 5x 17 x 29 X 79 
103 | 2x2 x 4! x 2657 
167 | 2x2x2x3x7x2789 
173 | 2X 2x 3* 5x 29 X 41 x 73 
179 2X2x2x3X3X5X37X 433 
181 | 2x2x7 x 13 x 16381 
191 [2X 2X 2X0X2x2x2X3X17X 39 X 32 
193 | 2X2x £X 5X 5 X 14453 
197 | 2X2x3x3X 5X 42691 
199 | 2x 2x 2x 2X 5x 5 x 15801 

If, in the Queftion propofed, it had been required that 
the Aggregate of Divifors (of the Cube fought) fhould be: 
(not a Square Number, but) the Doudle, Treble, or other- 
wife Mal'ipie, of a Square Number: The procefs would be’ 
juft the fame, (and the fame Table will ferve,) fave that, 
then, the Aggregate is to be divifble by 2, 3, or fuch other 
Number as is the exponent. of the propofed Multiple, and 
the reft of the Primes compofing it to be all Pairs. 

Thus, if the Decuple of a Square be required ; the Cube 
of 3 will anfwei it; where the Aggregate is2x 2X 2X 5; 
that is, befide 2 X 5 = 10, the other Components are Pairs. 

Jf the Quadruple of a Square (which muft therefore elt 
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be a Square;) the Cube 7 Anfwers it; whofe Aggregate is 
2X2X2X2X5X 5: Out of which, if we exempt 
£ X2 4,thereft are Pairs. And fo will any other Cube 
whofe Aggregate of Divifors is an even Square, and there- 
fore diviüble by 4. " 

If the Sextuple be required: The Cube of 27 x 11 anfwers 
it; where the Aggregate is 2 x 2X11 X11 X 61, X 2 
x 2% 2x 3x61. Whence if we exempt 2 X 3 = 6, the 
reft are Pairs: And fo will alfo (for the fame reafon) the 
Cube of 2 x 3; where the Aggregate is 3 X 5, X 2 x 
2X2 x 5. And the like in other cafes. 

But if fuch Multiple fhould be required, as that no Ag- 
gregate can be found (or not within certain limits) which, 
being divided by the Exponent of that Multiple, will leave 
the reft o; the Prime Components Pairs ; fuch cafe (at leaft 
within fuch limits) is an impoffible cafe. . 

As, if we demand a Square's Multiple by 23, 48, or 47; 

nd confine ourfelves to the Cubes of the Table foregoing ; 
X is manifeft that (without affuming the Cube of fome 
other Prime, or fomé further Cube of fome of thefe,) it 
cannot be done. For here, amongft all the Prime Compo- 
nents of the Aggregates, the Numbers 43, and 47, come 
not at all ; and though 23 come once (at the Cube of 137) 
yet i¢ is there joyned with 1877,.«hich (coming no more) 
cannot be Paired by any fuch Compofition.of the propofed 
Aggregates. (Remembring always, what was before noted, 
that the Aggregates for two or more Cubick Powers of the 
fame Prime, are not here to be Compounded.) So that 
(within the limits of the Table) the cafe is not poffible. 
And the like may be fhewed of many others: I fay, not 
Poffible within the limits of this Table. But, to fay it is not 
4t all pofible, through the whole extent of all poffible Num- 
bers ; is (I think) too bold'an affertion for any to make our. . 








Of the Second Queftion propofed by Monfieur FERMAT. 
See above, page 322. 





IL The Second Queftion is, (To find a Square Number, 
which 
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which added to all its Aliquot Parts wil] make a Cube that is, 
the jggegue of whofe Divifors fhall be a Cubick Num- 
ber. 

And here the procefs is much the fame as before; fave 
that here we fhall need a Table of Square Numbers, (as 
there of Cubes,) with their Aggregate of Divifors expreffed 
in Primes: And here we are to find out, or fo to Com- 
pound, the Aggregates, as that the Primes expreffing them 
may be (not Couples or Duplitates, as there, but) Tripli- 
cates: That is, that each Prime may occur three, fix, nine, 
or other Number of times divifible by three. 

But, though the procefs be much the fame, yet the fuc- 
cefs will not be altogether fo ready as there ; becaufe Tripli- 
cates of the Components will not be fo eafily adjufted as 
Duplicates. (And, for the fame reafons, if Biquadrates, 
or Surfolids, or fome higher Powers, were required ; the 
procefs would ftill be'much the fame, but the trouble of 
finding fuch would ftill be increafed.) 

Such Table of Squares (becaufe I have it at hand) I fhall 
here fubjoin ; to fave the Reader (who fhall think fit to give 
himfelf the trouble of inquiring into fuch Queftions) the 
labour of Computing the fame again. : 


Roots of | Aggregate of their Divifors, 
the Squares, 
a 


16 | i 7 x 73 2068. J 


32 | 2047 = 23 x 89 4 J 
64 | 8191 7 
128 | 32767 = 7 X 31 X'151 
256 | 131071 
3 | 13 
9 | 121 zc 1 x i 
27 1093 


81 | 9841 = 13 X 757 ' 
243 |. 86573 = 23 X 9851 . 
2U2 Roots 


332 


Roots of 
the Squares.| 

5 

25 

125 

625 
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Aggregate of their Divifors. 


31 
781 = 11X71 
FEE 
8281 — 19 X 31 x 829 
7= 3X 19 

2801 

137257 = 29 X 4733 


1 
43 
5 


6725001 = 3 X 3 X 19 X 37 X 1063 


133 = 7 X 19 
16105 = $ X 3221 
183 — 3 X 61 
30941 

307 

88741 


381. = 3 X 127 
137561 = 151 X git 


553 = 7 X 79 

871 = 13 X 67 

993 = 3 X 33! 

1407 = 3X4 X 67 

1723 n 

1893 = 3 X 631 

2257 = 37 x 61 

2863 = 7 X 409 

3541 

3783 = 3 X 13X 97 

455] = 3X7 X 2 X 8t 

5113 

5403 = 3 X 3801 

6321 = 3X2 X 2 X 43 

6973 — 19 x 367 

8o11 

9507 = 3 X 3169 

10303 

10713 = 3 X 3571 

11557 = 7 X 13 X 127 
—-38X7X51 


11991 


Roots 


Roots of 
theSquares 
113 
127 
131 
137 
139 
149 
151 
157 
163 
165 
173 
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Aggregate of their Divifors. 
12883 = 13 x 991 

16257 = 3 X $419 

17293 
. 18907 = 7 X 37 X 73 
19461 = 3 X 13 X 499 
22351 = 7 X 3193 

22953 — g X 7 X 1093 
24807 = 3 x 826 

26733 = 3X7 X 19 X 67 
28057 

32103 

32221 = 7 X 4603 

32943 = 3 X 79 X 139 
36673 = 7 X 13 X 13 X g1 
37443 — 3 X 7 X 1783 
39007 = 19 X 2053 

39801 — 3 X 13267 

44733 = 3 X 13 X 31 X 37. 
49953 = 3 X 10651 

51757 — 78 X 709 

52671 = 3 X 97 X 181 
$4523 = 7 X 7789 

57361 = 19 X 3019 

58323 = 3 X 19441 

63253 = 43 X 1471 

66307 — 61 x 1087 . 
69433 = 7 X. 7 X 13 X 109 
72631 = 13 X 37 X 151 
73713 = 3 X 24571 

77007 = 3 X 7 X 3667 

9243 — 109 x 727 

0373 = 3X 78 X 367 
86143 

94557 — 3 X 43 X 733 
97033 = 19 X $107 

98283 = 3 x 181 x 181 
100807 = 7 X 14401 


333 


Roots 


334 


, Roots of 


theSquares. 


331 
337 
347 
349 
353 
359 
367 
373 
379 
383 
389 
397 
401 
409 
419 
421 
431 
433 
439 
443 
449 
45 

Ku 
463 
467 
479 
487 
491 
499 
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Aggregate of their Divifors. 


109893 
113907 
120757 
122151 
124963 
129241 
135037 
139503 
144021 
147073 
151711 
158007 
161203 
167691 
175981 
177063 
186193 
187923 
193161 
196693 
202051 
209307 
213083 


| 214833 
1218557 


229921 
237657 
241573 
249501 


Now it is manifeft, 
felves to the limits of this Table) many of thefe Numbers 
are not af ufe to the prefent purpofe.  Becaufe many of the 
Primes (amongft the Aggregates) come but once; as 5. 29. 
71. 89. 101. 139. 191. 307. 331. 397+ 409. 443- 571. 631. 
709. 727+ 733. 757. 787. 829. 883. 911. 991. 1063. 1087, 
1327. 1474, 1693. 1699. 1723. mm 1801. 2053. 2083. 


XXXX 


hz] 
x 
bs X 
o 
ua 
3 
n 


un nn qm qp ud ug 


x7X13 X 73 
1x 787 


xxx 
OM ow 


Q3 09-1 03 e Oo MI 03 MP. WONT e 09 SI G2 Q3 
XXXX 


ung ull 


97 X 2083 

3 X 7 X 9967 

13 X 37 X 443 

3 X 19 X 3769 

19 X 11503 

43 X 5347 

3X 7X 11317 

37 x 6529 

3X7 X 109 X 109 


upon view, that (if we confine our- 


2143. 
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2143. 2801. 3019. ‘3169. 3193. 3221. 3541. 3571. 3667. 
3769. 3851. 4603. 4733- 51C7. 5113. 5233- 5347» 5419. 
6529. 6577. 7789. 8011. 8191. 8269. 9967. 10303. 11317. " 
11503. 13267. 13537- 14401. 16651. 17293. 19441. 19531. 
21673. 23029. 24571. 28057. 30103. 30941. 55897. 59221. 
86143. 88741. 131071. 147073. 196693. Others but twice 
(not thrice) as 23. 79. 367. 499. 1093: And therefore 
cannot by any Compofition (within tbefe limits) make a 
Cube. ‘And, confequently, all the Squares to which any of 
them belong, are to be laid afide-as not of ufe. And thofe 
are, the Squares of .32, 64, 256, 27, 81, 243, 25, 125: 
625. 49, 343» 2401, 121, 169, 17, 289, 361, 23, 31, 
41; 43» 53» 59» 71s 732 83, 89, 97, 101, 103, 109, T13, 
127, 131, 139, 149, 151, 157, 167, 173» 179, 181, 193, 
197, 199, 223, 227, 233, 239» 241, 251, 257, 271, 2775 
281, 283, 293, 307, 311, 317, 331 337» 347» 349» 353; 
359» 367 379. 383, 389, 397» 401, 409, 419, 421, 431, 
433» 443. 449» 457, 461, 463, 467, 479, 487, 491. 
(And the Square of 1, is, in this cafe, infignificant ; be- 
caufe a Multiplication by 1 ‘makes no alteration.) And, 
thefe being laid afide, we muft alfo lay afide the Squares of 
128, 9, 13, 47, 61, 79, 229, 269. Becaufe, in thofe that 
remain, 43 occurs but once; and 11, 61, 97, 151, but 
twice. And, thofe being laid afide, we muft alío lay afide 
tho Squares of 137, 211, 313, becaufe, in thofe now re- 
maining, 37, 181, occur but twice, And (137 being laid 
afide) the Squares of 16, 373, mutt alfo be laid afide ; 
becaufe now 73 comes but twice. 

So that we have now but thefe few left for confideration, to” 
wit, the Squares of 2, 4, 8, 3, 5, 7, 11, 19; 29, 37, 67; 107, 
163, 191, 263, 439, 499- Which, with their Aggregates, 
fland thus : 











npo sp 29|13 x67 163/3 x7 x 19x67 
41 2x 1o 3i| 3x7X67 191|7 x 13X 13X21 
$127 117 x19. 67| 3x 7X7X31. 2637 x7 x13X109 
313 1953x127 107 2X13.X 127. 4393 X 31 X 31 X 67 


49913 X 7 X 109 x 109 
In 
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In which there is no Prime (amongft the Aggregates) 
which doth not occur at leaft three times. That rs, 3 feven 
times; 7 eleven times; 13 and 31 fix times; 67 four times; 
19, 109, 127, three times. 


Of thefe I will firt confider 127 ; which, becaufe it comes 
but thrice, we muft take all or none of them. If all, then 
this (at 107) brings in 13 ; which muft therefore be trebled. 
And it muít be done one of thefe three ways, either by 
taking in the Squares of 3 and 29; or of 3 and 463 ; or of 
191 alone, 


8[127 If the fir(t way, this (at 29) brings 
19|3, 127 in 67. Which (that it may be trebled) 
107], 13, 127 brings in two of thefe 3 Squares 37, 

303 163, 439. Of which, if 163 be one, 
29|13, 67 this (becaufe of 19) brings in the 
163|3, 7, 19, 67 Squares 7 and 11. And if, for the 

73> 19 . other, we take the Square of 37 ; this 
1117519 brings in 3 and 7 a fourth time, and 
371 7 67 therefore either each of them muít 
6713 7» 7 3! come in twice more (that we may 


499|3, 7, 109, 109 have them fix times) or elfe 37 muít 
26317, 7, 13, 109 ‘here be laid afide. Now if, for 3. 
191|7, 13, 13, 31 twice, we take (for one of them) the 
Square of 439, this brings in a fourth 

67; which muft not be (unlefs we could have it fix times, 
which we cannot.) Therefore, if at all, this 3 twice, muft 
be fupplied by the Squares of 67 and 499 (for there is no 
other apply 3) which brings in 109 twice; and this (that it 
may be tripled) requires the Square of 263. But, with this, 
comes in 13 a fourth time ; and therefore (that we may have 
jt fix times) we muft take in the Square of 191. But, by 
this time, we have 7 ten times ;; which muft not -be, unlefs 
we could (which we canriot) have it twelve times, Therefore 
the Square of 37 muft here be laid afide. If then (retain- 
ing that of 163) we take (inftead of 37) the Square of 439 ; 
this brings in 3 a fourth time; which therefore we muft 
have twice more. But not from the Square of 37 (becaufe 
already laid by, and becaufe it would bring in a tourth 67 5) 
sherefore, 
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therefore, if at all, from the Squares 8 
of 67 and 495 (as before,) which re- — 19 
quires that of 263 ; and, this, that of. 107|7; 13, 127 
gt, as before. But now we have 3i 3/13 : 
a fourth etme, which requires it twice — 29|13, 67 
more; whith is not to be had, fave | 163|5, 7, ig, 67. 
at the Squares of 4 and 5; whereof 713; 19 ! 
that of 4 is not to be admitted, as be-— 11|7, 19 . 
ing included in that of: 8 already 439|3, 315 31, 67 
taken. So that the Square of 163 67/3, 7, 7, 31 
cannot be taken either with that of 37 — 4993, 7, 109, 109 
or of 439, and mutt therefore be lad | 262[7, 7, 13; 109 
afide ; (and, with it, the Squares of 7 E 13, 13, 21 
t . 


127 
3y 127 





and 11.) And confequently (retain- 4|31 
ing that of 3 and. of 29,) we muft — siat. 
(for trebling of 67) táke the Squares 
of 37 and 439. And here we have : 
gt twice, and muft therefore have it 8|127^ 
a third time: But not from the Square — 19/3, 127 
of 4; (becaufe included in that of 107|7, 13, 127- 
8:) Therefore either from that of 5, 3 . 
or of rot. If from that of 5; we — 29/13, 67 | 

. fhall want a third 7 (having yet but — 37/3, 7, 67. 
twoj) which we cannot have from 43913, 31, 31, 67 
the Square of 2 (becaufe included in — 5|31 " 
8;) nor from 163 (becaüfe already . 
rejected ;) nor from that of 11 (becaufe already excluded 
with that of 163;) nor from that of 191, .becaufe this 
‘would bring in a fourth 1, (which may not be, becaufe 
we tannot have it fix times without the Square of 4, which 
is included in that of 8;) nor from that of 69 (for the 
fame reafon ;) nor from that of 499, becaufe this cannot 
ftand without that of 263; nor from both thefe together; 
becaufe then we fliall have it five times, but cannot have 
ita fixth ; (all the reft wherein > is found, being already 
excluded.) Therefore (omitting that of 5) we muft (if at 
all) have a third 31 frorh the Square of 191. But this 
brings in a fourth and fifth 13; which (for a frzth) will re- 
quire the Square of 263; and this (becaufe of 109) the 

: aX . Square 





ww 


. 
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8)327 ! Square of 499. And this (befide 
19|3» 127 Triplicates) brings in a fourth 3; 
1079/7, 13» 127 (which therefore will afford, not a 
3113 Cube, but the Triple of a Cube, if 
29113, 67 that had been required ;) .we want 
$71 7» 67 therefore 3 twice more (to make it 


439|3s 51» 31, 67 © y fix times;) but can have neither 
19117, 13, 13. 31 of them from the Squares of 7 or 163 
26317, 7, 13, 109 (as being already excluded,) nor from 
49913, 7, 109, 109 that of 67, (as bringing in a fourth 

31,) and therefore not at all. And, 
confequently, this firt way (by the Squares of 3 and 29) 
doth not fucceed. 


78/127 The fecond way of fupplying 13 
19], 127 © twice, (which at the Square of 107 
10717) 13, 127 were wanting ;) is, from the Squares 

33 of 3 and 263: Which (becaufe of 


263|7, 7, 13, 109 109) requires that of 499. And, be- 
499132 7. 109, 109 caufe (among(t the Aggregates) we 


1132 19 have 3 twice; we muft have it a 
1631/3. 7, 19, 67 third time. If, for this, we take in 
11|7, 19 the, Square of 7, or of 163; either 
373» 5 67 of thefe (becaule of 19) brings in the 
43913; 31; 31, 67 — other, and that of 11. And now, be- 
73: 7» 7» 31 caufe of 67 once, we muft have it 


twice more. But not from the Square 

of 29 (being already excluded as not to be taken with that 
of 3;) and therefore from the Squares of 37, and 439. 
And, by this time we have 3 fix times (and more than fo, 
we may not have it, unlefs we could have it nine times ;) 
and 7 we have 7 times, and therefore mult have it twice 
more: But, not from the Square of 2 (as being included in 
that of 85) nor from that of 191, (becaufe this would bring 
in 13 a fourth and a fifth time, which would require a fixth, 
from the Square of 29 already rejected ;) therefore, if at 
all, from the Square oí Ma But neither -can this be, (be- 
caufe it brings in a feventh 5 ; which may not be, there be- 
ing no more to make it up nine times :) And, confequently, 
the third 3 (wanting at the Square of 499) is not to be 
E -  fupplied 
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fupplied’ from the Squares of 7, or of 163. If then (omit- 
ting thefe two) we fhould take (for a third 3) the Square . 


of 37 or of 439, either of the 


e (becaufe of 67) would 


bring in the other, and alfo require that of 29, or of 163, 


already rejected. Jf then (omitting 
thefe of 37 and 439) we take (for a 
third 3) the Square of 67; this brings 
in 31, which is therefore to be Tripled. 
But not from the Square of 4 (as in- 
cluded in that of 8;) nor from the 
Square of 191 (bécaufe that would 
bring ib a fourth and fifth 12, which 
would require a fixth from the Square 
of 29 already rejected ;) nor froni the 
Square of 439 (becaufe of 67 there, 
which would bring in that of 29, or 

7, or 163, already rejected) nor 

om the Square of £ becaufe (though 
that would afford a fe 
would yet be wanting, and not to be 
had. And, confequently, (there be- 
ing no other place from whence to 
fetch a third 3) this fecond way will 
not fucceed. 

The third way for fupplying 13 
twice, (which at the Square of 107 


were wanting) is (omitting the Squares - 


of 3, 29, 263,) from the Square of 
191. And, becaufe here we have 3 
once, this muft be Tripled. But not 
from the Square of 4: (as included 
in 8;) And therefore, if at all, either 
from that of 439 (where it is twice,) 
or from the Squares of 5 and 67. If 
from that of 439; then 67 (here 


cond 31,) a third ” 


8[127 
19|3, 127 
107|7, 13; 127 
3|t5 
26317) 7» 13, 109 
499|3» 7» 109, 109 
373» 7> 67 
43913» 31, 31, 67 


8|127 
19 39 127 
107 17> 1» 127 
3/13 
263|7, 7» 13» 109 
4993, 7, 109, 109 
6755 79 7» 81 


81127 
193, 127 
10717, 13» 127 
191,7, 13, 132 31 
439|3> 31 31, 67 
373: 7 67 
16313, 7, 19, 67 
7\32 19 
1117, 19 
6713) 7» 7» 31 





found) muft be Tripled; but not from the Square of 29 (as 
already excluded,) therefore from thofe of 37, and 163; 
and this laft (becaufe of 19) calls in thofe of 7 and 11. 
But, by this time, we have 3 five times, and therefore 

2Xa fhould 


349 Of Combinations, Alternations, and 


fhould have it a fixth time; but not from the Square of 
499 (for that would’ recal| that of 263 already reyeCted ;) 
therefore, if at all, ‘from that of 673 but we fhall then have 
feven times ; which is not to be admitted, fince we cannot 
fave'it nine times. Therefore (omitting that of 439, and 
therefore thofg of 37 and 163) take we thofe of 5 and 67. 
And, by this time’; we have 7 four 


81122 times; and therefore, if at all, we 
19/3, 127 . muít have it twice more. But not 
1097/7, 13, 127 from the Square of 2 (as included in 
1917, 33, 13, 31 8;) nor from that of 37 or 163 (as 
5|3t already rejected, with that of 439 3) 


6713, 7 7, 3! nor from that of 11 (which, becaufe 
. t of 19, would bring us back to that 
of 163 already: rejected ;) nor from 499 (which, becaufe of 
109, would bring us back to that of 263 already laid 
afide;) and therefore nor at all. So that this third way 
fails alfo : And, confequently, the Squares of 8, 19, 107, 
(where we meet with 127,) mutt all be laid aide. 


We have then but thefe left to be further confidered. 


7 531 2913.67  1631397,19,67 439|p37.31,67 
451 712519 373.567. 3917,13.15,31 499]357:109,109 
altz 11[7,19 67[3,7.7,3¢ 263], 13:109 

* And here we will begin with the Prime 109 ; which, be- 
caufe it comes but once at the Square of 263, and twice 
at id 4993 thefe muft either both be taken, or both 
omitted, 














263|7, 7, 13, 109 And becaufe, in thefe, we have 13 
49913. 7» 109, 109 Once; this muft be taken twice more. 
3ir3 And therefore either from the Squares 
29113, 67 of 3 and 29, or from that of 19t 
3713: 72 67 above ; (fince. we have it naw but five 
16313, 2, 19, 6; times in all.) 

7/39 19 If the firft way; then, becaufe of 
11175 1g : 67 once, we mutt take it twice more ; 
67/35 7» 75 81 from two Squares’ of thefe three, 37, _ 

43913» 31» 31» 67 163, 439. :Firft, let thofe be the 





Squares 
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Squares of 37 and 16$ ; therefore (becaufe of 19) we muft 
take alfo thofe of 7 and 11. And, by this time, we have 3 
four times, (and this affords us, not a Cube, but the Triple 
of a Cube, if that were required ;) we muft therefore take 
it twice more; which is only to be had at the Squares of 
67 and 439, (for now we have it but i 


fix times in all,) but this brings in a 
fourth 67 which cannot be admitted. 
Secondly, let it be thé Squares of 37 
and of 439: which brings in 31 twice, 
and we muft therefore fave it a third 
time. Which if-we take from the 
Square of 67 ; this brings in a fourth 
33 which will require two more, from 


263|7, 7, 13, 109 
499|3» 7» 309, 109 
3i 


3» 31, 31, 67 
3» 7» 7» 31 
3, 19 


439| 
67 





7 
the Squares of 7 and 163; which will 16 P » 19, 6 
bring ‘in a fourth 67. Sir from the 391 7 
Square of 191 ; this brings in a fourth 
and fifth 13, which cannot be admit- 263 
ted, becaute we have not a fixth. If 499 
from the Square either of 4, or of 5; 3 
either of thefe (befide Triplicates) . 
would leave us 7 four times (which 
would afford, not a Cube, but the 439|3, 31, 3, 67 
Septuple of a Cube, if that had been 19117, 13, 13; 3t 
required ;) but this requires 7 twice 
more. Neither of which can be had from the Squares of 
67, or 191, (as being already reje&ed;) nor from that of 
163 (as bringing in a fourth 67 ;) and therefore, if at all, 
from the Squares of 2 and 11, But this would bring in 
19; and therefore (to Triple it) will call in the Squares of 
7 and 163 ; (which laft is already rejected, and would bring 
in a fourth 67 ;) therefore not at all. Thirdly, (omitting 
that of 37) let this 67 twice, be taken from the Squares of 
163 and 439. But this (becaufe of 19) calls in the Squares 
of 7 and 113 and confequently, (becaufe then we have 3 
four times) the Squares of 37 and'67 already rejected. So 
that this firlt way fugceeds not, . 


T» 7» 132 109 
3» 7» 109, 109 





37/9: 7» 67 





963 


$41 Of Combinations, Aiternations, and 





26317, 7, 13, 199 2637, 7, 13, 109 
499131 7, 109, 109 499|3» 7» 169, 109 
sins 3|'3 
29113, 67 2913, 67 
375 2 67 16313, 7, 19, 67 
4393» 31» 31, 67 439|3» 31, 31, 67 
4 5[5T " 7]; 19 
2422 . 1197, 19 
117, 19 3713, 7» 67 
2|2 49 673, 7, 7, 31 


16313, 7, 19, 67 . 
If we take the fecond way of fup- 





26317, 7, 13, 109 plying 13 twice, (which at the Squares 
499/32 7; 109, 109 of 263 and 499 were wanting) by the 
19117, 13, 13, 31 Square of 191 (omitting thofe of 3 and 
439|3» 31, 31, 67 295) then, becaufe here we have 3t 
37|5 7» 67 once, which muft therefore be fopplicd 
16313, 7, 19, 67 twice more: We will firt try whether 
3, 19 it may be done by the Square of 439 
1317, 19 (where it comes twice ;) and then whe- 


6713, 7» 7. 8! ther it can be done without this. 
If we fupply it from the Square of 
5134 4393 this brings in 67, which muft 
therefore be Tripled: But not by the 
Square of 29 (as already rejected, and as bringing in a fourth 
133) therefore from thofe of 37 and 163. here becaufe 
we have 19 once, we muft have it twice more, from the 
Squares of: 7 and 11. And by this time we have 7 feven 
times, and muft therefore have it twice more: And we have 
3 five times, and muft therefore have it once more. Both 
which we may have from the Square of 67 (and from thence 
only, becaufe 3 is to be had no where elfe;) and now we 
have 31 a fourth time; which requires it twice more (that 
it may be fix times ;) and thefe we have at the Squares of 4 
and 5. So that now we have a Cube compleated ; whofe 
Components are, 7, nine times; 3 and 31, fix 
217 times; 13, 67, and 109, three times. And the 
3|'3 Square whence it arifeth, is that of 4x 5X7X 
39113, 67 11 x 32 X 67 X 163 X 191 X 263 X 439 X 499° 
i 
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The remaining Squares which are not ingredients into this, 
are thofe of 2, 3, 29. ‘ 

Now it from thefe (without the other) we could form 
another Cube, fuch Cube would not only ‘be another -fuch 
Cube as is defired, but (being a Prime to that already found) 
might be Compounded with that found, to make a third. 
But this cannot be: Becaufe (for thefe) we have no Prime 
that comes three times. . 

lt remains to fee, if (omitting the : 
Square of 439) we can otherwifefupply 263]7, 7, 13, 109 
31 twice, which at the Square of 191 49913, 7, 109, 109 
were wanting. Where, firít, it ismani- 19117, 13, 13, 3% 
feft, that (the Square of 439 being laid — 37|3, 7, 67 
afide) thofe of 37 and 163 (becaufe of 16313, 7, 19, 67 
67) muft alfo be laid afide, unlefs we 29113, 67 
can bave a third 67 from the Square of 
29. Which cannot be, becaufe this would introduce a fourth 
13, and we have not two more to make up fit. Then, ' 
having laid by that of 163, we muft (becaufe of 19) lay by 
thofe of 7 and 11. So that there re- : 
main only the Squares of 2, 4, 5, 67, 263|7, 7, 13, i09 
to fupply 31 twice (becaufe we have it 49913, 7, 109, 109 
once) and 7 twice (becaufe we have it 19117, 13, 13, 3t 
four times) and 3 twice (becaufe we 4, 5/31 
have it once.) Now 31 might befup- 6713, 7, 7, 31 , 
plied twice from the Squares of 4 and 
5, (but then we could take no more, becaufe that of 2 is 
included in 4; and 67 would bring in a fourth 31.) Or it 
might be fupplied by one of thofe (fuppofe 5,) with that 
of 67. And thus we fhould have a fupply of 31 twice, 
and of 7 twice, and of 3 once: But there wants another 3 
(which the remaining Squares of 2 and 4 cannot fupply) to 
compleat the Cube. So that this affords, not a Cube, but 
4 of a Cube. There is therefore no other Cube (but that 
before affigned) here to be had, retaining (as is hitherto fap- 
pofed) the Numbers 109, 109, fog, 

Let us therefore now leave out 109, and confequently the 
Squares of 263 and 499, where it is found; and fee whether, 

the 
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the remaining Squares will afford fuch a Cube as is defired. 


Now thefe are, 


j 7 ph 7]»19 29113)67 — 67|3,7,:31  191]7,13,13:31 
3i 5131 1102,39 3713,7,67 16313,7,19,67 4391353153107 


712 19 
11|7, 19 

36313, 7, 19, 67 
373» 7 67 
43913, 31, $1, 67 


7|3» 19. 
Ar^ 19 
16312, ^, 19, 67 
5 7, 67° 

3 





13 67 


19117, 13; 13, 31 
d: 7» 3! 


43 5/3" 


7132 19 

TH7, 19 
16313, 7, 19, 67 
29/13, 67 
43913 31, 31, 67 
191 79 13; 13, 31 


Of thefe, we will fir begin with 19, 
Which comes thrice (and but thrice) at 
the Squares of 7, 11, 163. Where we 
have 67-once, and therefore muft have 
it twice more. Now if, for one of thefe, 
we take the Square of 37 ; we muft, for 
the other, take either the Square of 439, 
or of 29. If that of 439; this brings 
in 3 a fourth time; which may not be, 
becaufe it comes not twice more to make 
up fix times, Therefore (if at all) ir 
muft be that of 29, (or elfe 37 muft be 
laid afide;) But this brings in 13 once, 
for which we may have a fecond at the 

uare of 3, but then we cannot have a 
third without a fourth, at the Square of 
191. Therefore (waving that at the 
Square of 3) we muft take both (if at 
all) at the Square of 191. Now this brings 
in 7 a fourth time, which calls for a fifth 
and fixth: One of thefe we might have 
at'the Square of 2 ; but then we cannot 
have a fixth without a feventh. There: 
fore (waving that at 4) we muft (if at 
all) take both at the Square of 67. But 
here, befide a fecond 31 (for which we- 
may have a third at the Square of 4, or 
of 5,) we have 3 a fourth time (which 
will make up, not a Cube, but the Tri> 
ple of a Cube,) which is not to be ad- 
mitted, becaufe we cannot have a fifth 
and fixth. And confequently, the Square 


of 37 muft be laid aide, (as not to be joined cither wich 
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that of 439 or 29;) but (waving that) we muft have re- 
courfe to the other two (at 29 and 439) for Tripling of 67. 
Now here we have 13 once; and therefore muft have it 
twice more ; not from the Square of 3, (becaufe, as before, 
if we take a fecond here, we cannot have a third without a 
fourth ;) but from that of 191. Which doth not only fup- 
gy 13 twice; but alfo 7 and 31 which were alfo wanting: 

o that we have now a fecond Cube, fuch as was defired ; 
whofe Components are, 3, 7, 13, 19, 31; 67, thrice taken. 
And the Square whence it arifeth, is that of 7 x 11X 29X 
163 X 191 X 439. 

And if, from the remaining Square 





of 2, 4, 3, 5, 37, 67, we could form 2|7 
2 third ; this, omrounded with the 4l31 
laft foregoing (as Prime to it) would a|!3 
form a [i 


becaufe no Prime doth here thrice oc- — 37|3, 7, 67 

cur, but only 7 and 31: Andneither 6713, 7, 7, jt 

of thefe cari be thrice taken, without 

being incumbered with 3, which cannot be Tripled. So 

that, retaining 19 (as is hitherto fuppofed) we can have 

(from thence) no other Cube than what is already found. 
Let us now therefore lay by 19; and confequendy thé 

Squares of 7, 11, 163, wherein itis found. And we have 

then thefe only left for confideration. 


2?|7 sj3 29|367 — 67gpp3* — 4$91537,3167- 
31 5|31 373.7507 191/513,13,31 
We have here 67 three times, at the Squares of 29, 37, 
439. And (with thefe) we have 3 twice; which calls for a 
third from the Square of 67. And we have 13 once, fot 
which we might have a fecond at . 


ourth. But this cannot be, ib: 








the Square of 3; but could not then 24|13, 67 
have a third without a fourth ; there: —37]3, 7, 67 
fore (waving that) we take both from 4393, 31, 31, 67 
the Square of 191. And we have 67,3, 7, 7, 31 
then 31 four times, and therefore muft | 191|7, 13, 13; 31 
take it twice more from the Squares 4l31 - 

38 


of 4, and of 5. But we have 7 four 5 
2 


5 
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times; yet cannot find it twice more to make it up fix 
times; nor indeed once more, becaufe we cannot here 
Compound the Square of 2, as being included in that of 4. 
So that, with 67, we may make up, not a Cube, bit a Sex- 
tuple of a Cube. 

Suppofe we then that 67 be laid afide ; and therefore the 
Squares of 29, 37, 439- Thofe that then remain are, 


2|; 4l sha 513% 67133757034 193|7513913031 
Of thefe, that of 67 mult be laid afide (becaufe 3 occurs 
but once,) and confequently (becaufe 7 comes then but 
twice) that of 2 and 191. And for the other three (of 3, 
4» 5,) the Number 13 comes but once; and 31 but twice. 
So that no further Cube can be hence expected. 
We conclude therefore (having 





4lat fully confidered all) that (within the 
531 extent of this Table) we may have 
7139 19 two Squares (and but.two) fuch as 
11/7, 19 are defired ; whofe Aggregate of Di-^ 
37|3» 7» 67 vifors fhall be a Cube. Namely, the 


6713, 75 7» 31 Square of 7 x i1 X29 X163x 191 X 
16313, 7, 19, 67 439, whofe Aggregate of Divifors is 
1917, 13, 13, 3t the Cube of 3x7X13x19x31X67. 
26317, 7, 13, 109 And the Square of 4x5X7X1t1 x 
439/32 31 31, 67 — 37X67X163X191x263X439X499; 
49913 7» 109, 109 whofe Aggregate of Divifors is the 

ubéof 3x 3x7 X7X7 X13X19X 
31 X31 X 67 X 109. 
And, if any think it worth the pains to feek out more; 
they muft enlarge the Table, to take in more Primes, or 
more Quadratick Powers of thefe Primes. 


It had been eafy to have rendered 


7|3> 19 this bufinefs more ftupendous (as 
11], 19 fome other would have done,) if (con- 
29|t3, 67 cealing the methods whereby I came 
163|3, 7. 19,67 at them) I would have performed the 
191|7, 13, 13, 31  Multiplications here dire&ed.; and 
439 





3; 31 31, 67 then, in thofe great Numbers, exhi- 
5 .: bited 
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bited thefe two Squares, with the two Cubes thence arifing.; 
affirming, that (within fuch extent of Numbers) there is 
no other Square Number, (befide thefe two, vaítly great,) 
which added to all its Aliquot Parts will make a Cube: 
Or perhaps, having affigned thofe two, propofed a Chal- 
lenge to all the Mathematicians in France,) to find a third 
within thofe limits. But this would ferve only to amufe a 
Reader, not to inftru& him. And I chufe rather (in what 
I publifh) to inform my Reader, by what fteps I come at 
thofe difcoveries | make, and whereby he may (if he pleafe) 


attain tbe like; defigning more, the benefit of others, than 
oftentation. 


I may here add (as is done after the former Queftion,) 
that the fame method is to be ufed, if (inftead of a Cube) it 
had been demanded, that fuch Aggregate fhould be the 
Triple (or other de&gned Multiple) of a Cube: ((üppof- 
ing fuch defigned Multiple to be poffible :) Of which I have 
given fome inftances as I paffed along; and might have 
done more if it had been needful. 

But we muft not then demand the Duple, Quadruple, 
Sextuple of a Cube, or otherwife Multiple thereof by an 
even Number: For all fuch are impoffible. For, fince every 
Quadratick power of a Prime Number (be it the firít, fe- 
cond, third, or further Square thereof,) hath, for its Di- 
vifors, (befide 1) all its Degrees or Powers fo far ; (as, for 
inftance, a* hath for its Divifors 1, a, 42, a*, a*, a*, a*,) 
and all thefe (becaufe it is a Quadratick Power) are (ex- 
cluding 1) in Number even; (and every of them either odd 
or even according as is the Prime a whence it arifeth ;) and 
confequently, the Aggregate of all except 1, an even Num- 
ber; (for an even Number of odds, as well as an even Num- 
ber of evens, will ftill make an even Number;) to this- 
even Number, if 1 be added (which is alfo an Aliquot Part, 
and therefore a Divifor,) this always makes the whole Ag- 
gregate an odd Number : Which therefore cannot be Du- 
ple of Cube, or its Multiple by an even Number. And 
the fame will hold as well for the Quadratick Powers of any 
Compound Number: For (as was fhewed before) the Ag- 

2Y2a gregate 


348 Of Combinations, Alternations, and 


regate of Divifors of fuch Compound Square, is always 

ompounded of fuch Aggregates of Divifors of fome Qua- 
dratick Powers of Primes’; which, being-(as is now fhewed) 
odd Numbers, their Compound mutt be fo too. For an 
odd Number, Multiplied by an odd Number (and fo con- 
-tinually) will ftill produce an odd Number; and therefore, 
not the Duple (or otherwife Multiple by an even Number) 
of any Number whatloever. 


In the former Queftion, concerning Cubick Powers, 
hofe Aggregate of Divifors (hould be equal to a Square, 
or a defigned Multiple of a Square,) this will not hold. 
For there the Aggregate may be either an odd or an even 
Number. Yet with this diverfity: If the Prime a be 2, then 
all the Degrees thereof will be even Numbers, to which 
when 1 is added the Aggregate will be odd. 1f the Prime 
€ be 3 (or other odd Prime,) and the Cube thence arifing 
be the firft, third, fifth Cube, (or other in odd places) 
whofe Number of dimenfions is 3, 9, 15, or other odd 
Number ; the Number of Divifors, without 1,. will be odd 
alfo; and therefore, with 1, it will become even. But if 
fuch Prime a, be odd, and the Cubick Power thereof be the 
fecond, fourth, fixth, or other in even places, whofe Num- 
ber of dimenfions will therefore be 6, 12, 18, or other even 
Number (which will therefore be Quadratick as well as 
Cubick ;) here the Number of Divifors without 1, will be 
€ven, and their Aggregate even; and therefore with 1, the 
Aggregate will bé dd, And accordingly an eftimate is to 
be made of the Compounds of fuch Aggregates: For, if 
all the Compounding Aggregates be odd, the Compound 
will be alfo odd ; but if any one of them be even, the 
Compound Aggregate will be even. I forbear to purfue 
this to any nicer determination; But any who pleafe may 
purfue it further, 


of 
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Of the Third Queftion mentioned above in pages 322, 323 3 
which was propofed by Dr. W ALLIS to Monfieur FERMAT. 





III, A third Queftion I added to thofe two; not as a new 
difficulty, but as a trial whether Monfieur Fermat did 
thoroughly underftand the myftery of his owh two Queftions; 
and did not only by chance light on them: For if he 
thoroughly underftood thofe, he muft needs be able to folve 
this with much eafe ; which it feems, by Epift. 37, he did 
not find fo eafy ; and therefore, what folution he did find, 
he chofe rather to conceal than let us know it. Nor doth 
any where let us know, whether he were able to folve his 
own Queftions. But Monfieur Frenicle gives folutions both 
of this and thofe ; but without acquainting us by what me- 
thods he came at them ; which makes me think they are 
not better than mine. . . 

The Queftion is this: To find two Square Numbers, which 
added to their Aliquot Parts fball make the fem Number (or, 
whofe Aggregate of Divifors fhall be the fame:;) 4s for in- 
fame 16 — 8 +4+ 24+ 3531S 2+ 5 +55 Let 
two fuch other be found. . 

Now ’tis manifeft (by what. hath been before delivered) 
thar any Multiple of thofe two (16 and 25) by any other 
Square which is a Prime to both of them (as 95 49, 121, 
.&c,) will do what is defired, For the Multiple of 31, by 
the Aggregate of Divifors of any fuch other Square, will 
be the Aggregate of Divifors, both of 16, and of 25, Mul- 
tiplied by fuch Square. As for .inftance, becaufe 9 + 3 
+ 1 = 13; therefore 31 X 13 = 403, is the Aggregate 
of the Divifors, as well of 16 X 9 = 144, as of 25 x 9 
= 225. 

But, if we would have others than the Equimultiples of 
16 and 25; we may make ufe of the former Table of 
Square; ; wherein (becaufe we do not meet with apy fingle 
aay t Squares, 
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wares, (other than thofe of 4 and of 5,) whofe Aggregate 
of Divifors is the fame) we are fo to Compound two or more 
of them in feveral parties, as that the Aggregates be the 
fame. As, the Squares of 


+} gr s gepepeagegixó]. 
Pd 3X7X13x67x127. 

eiie d 3X3X]*]x13x19x31x67x127. 

Doer ant 3X3 ]X]X13X19x31x67x127. 


All which arife from Compounding the Squares of the 
Primes lefs than 109, taking into the Number the fecond 
and third Squares of 2. 


And more Couples than thefe are not to be found within 
thofe limits, unlefs by Multiplying both the Numbers of 
fome of thefe Couples by fome common Square which is 
a Prime to both of them; which may be done at plea- 
fure. But if we extend the limits, to other Primes, and 
other Powers of thefe Primes, we may have more with- 
out (tint, 


And by the fame means we may have Three or more 
fuch Squares, whofe Aggregate of Divifors thall make the 
‘fame fum. As (amongít thefe) we have Three. Namely 
the Squares of . 


2x8x29x67 
3X4XIIX19X57 P 3X5X7X7X13X19x31x67x127. 
3X5X11X19x37 : 
' But if we enlarge the bounds, we may find others (Two's, 
Threes, Fours, &c,) in great Multitudes, whofe Aggregate 


Aliquot Parts, by John Wallis. 351 


of Divifors fhall be the fame. As any man by expe- 
rience, may find, who (without going farther) will give 
bimfelf the trouble of purfuing the whole Table here 
given, as I have done thofe Primes which are fmaller than 
100. . 


I forbear to purfue more Queftions of this nature ; but, 
according to the fame method, any others of like kind may * 
be difpatched. 
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THE 


TRANSLATOR'S PREFACE. 





Tue Title-Page fays that ibis Book was a Tranflation, but 
hath been much altered. If any. man defire to know what 
the alterations are, and why they were made; be may do well 
to compare it with the Original: A Printed Copy whereof may 
be bad at Francfort in Germany, by any that inguires there for 
it by this Title, Algebra Rhonii Germanicé ; "Tiguri * apud 
Bodmerum, 1659, in quarto. Tbe Copy which I bave, was 
given me anno 1662, by a good Friend, who then fld me be 
much defired to read it in fome Language that be underftood ; I 
then promifed bim to Engli(h it. As foos as my leifure itted, 
I correéted it according to the Printed Cat e ff Errata, 
and then began tbe Tranflation. When it mas finifhed, I defred 
to fee it Printed, and got it Licenfed May 18, 1665, with the 
name of An Introduction to Algebra. : 4zd fo without any 
alteration either in the Precepts or Examples, fave only the core 
reHion of many Miflakes : It was fent to the Prefs, with order 
to Re-print the fix leaves of His Table of Incompofits pre- 
cifely as they fland there. : 

A little after, I beard that there was at that time in Lon- 
don, a Perfon of Note + very worthy to be made acquainted with 
my defign, before I made any farther progrefs in the Impreffon. 
Being admitted to /peak with bim, I found bim mot only able 
to dire? me, but alfo very willing fo to do, fe far as bis leifure 
would permit, He gave me divers cautions concerning the Work, 
He foewed me the way of making the Table of Incompofits, 
of examining it, and of continuing it as far as 1 would. He en- 
couraged me to extend it to 100 thoufand: Telling me that by 
that time that I bad Calculated and Printed that Table, be 


* That is, at Zurich, in Switzerland. 


4 Dr. Joho Pell, 
2Z2 boped 
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hoped to be at leifure to review feme of Monfieur Rhonius bis 
Problemes, and to work them anew; and that be would fend 
them to me, with leave to publifo them or to keep them by me. 


I bad finifoed and Printed that Table, as alfo Twelve 
fheets of the Book itfelf, before be ent me bis Alterations. 
They begin with Probl. 24, pag. 100. All from thence to the 
end is bis Work: As alfo pag. 79, 8>, 81, 82, which be 
sent loft of all: So that inflead of the firft 124 pages of Rho- 
nius, this bath juft twice as many: Inftead of thofe 8 or g fheets 
remaining in Rhonius, bow much [ball be bereafter publifbed, 
J will not adventure to foretell, becaufe of the wicertainty of 
Jife, bealtb, leifure, and of the acceptance which this [ball find 
amongft the Lovers of thefe Studies, to whom this migbt bave 
been more acceptable, if it bad been wholly void of Prefs-faults. 


As for the Table of Incompofits, J was very Jenfible of the 
bad effetts of perfunttorinefs in. Supputating, Tranjcribing, or 
Printing of it. My care therefore was not [mall : yet pag. 198, 
is almoft filled with Errata, and 1 dare not warrant that none 
have -efcaped unfeen: But feeing fo few'are fit to undertake to 
Supputate it anew, yup ball bappen to difcover any otber 
fault in that Table, foall do well to fignify it to tbe Book-feller, 
er to any otber likely to be concerned in the next Impreffon. 


The Errata in the reft of the Book are many, notwithftand- 
ing my care, and the diligence of a good friend, who Correfied 
part of it, after my removal to an abcde fo far from London. 
Mcft of them cannot trouble the more exercifed fort of Readers. 
But fear of leaving any flumbling- block in tbe way of Beginners 
hath caufed this larger Enumeration of (bem in the three next 
following pages. 

ite-gate i i 
Mr Eo T. B. 


From 
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From pages 34 and 35 of Brancxer’s Tranflation of 
Ruontus’s Algebra, 





B UT it is oftentimes very troublefome to find a Square, 
Cube, &c, whereby this Abdreviation may be performed. 
Find therefore all the Partes aliquote, or juff. Dividers, and 
thefe will tell us whether, and how often any Cube, Square, 
&c, is contained in the Quantity affighed. . 
Foraímuch then as the Difcovery of the Partes aliquote is 
many waies ufeful in Vulgar srithmetick, 1 have adjoyned 
“a Table in the End of this Book, which difcovers them in - 
all uneven Numbers 4s far as 100,000. ^ 
In which Table [p) ftands for a Prime Number thtough- 
ou.  - - 


The Ufe of that Table is 


To difcover at view whether any given Quantity be com- 
pound or fimple, ;. e, be divifible or indivifible, and how 
many Partes aliquote it hath. On the left fide you fee, run 
down all the odd Numbers to 99, which muft be fet after 
the Numbers in the Head-Row, as, Occafion is, thus. Let . 
the Number given be 21449, feek 49 in the fide, and the 
other 214 in the head, then run downward, and fide-waies 
till their Rows meet in a Square, where we find 89, which 
is a Pars aliquota, which dividing 21449, gives Quotient 
241. With this 241 do as before (i. e. feek 41 on the fide, 
and 2 in the head) and in its Square you find (P) which. 
fhews that it is an indivifible or Prime Number. Wherefore 
the aliquot Parts of this 21449 ftand thus. 


I 
89 * 241 
21449. 
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If the even Number 21696 were given, /ubdivide it con» 
tinually by 2 till the Quotient be an edd Number (as at the 
fixth Time you will here find 339.) Seek this 339 in the 
Table as you are dire&ed above. In its Square we find 3, 

. which dividing 339 gives Quotient 113, which 113 we find 
to be a Prime Number. The Partes aliquote of the Num- 
ber 21696 ftand as follows. Out of 1, 2, 3, 113, we may 
find the reft. 

1 
2.2.2 2.2.2 
4.8. 16.32.64 
3.6.12.24.48.96.192 
113.226.452.904.1808.3616.7232.339.678.1356.2712.5424. 
10848 . 21696. 


How thofe Principal Divifors (1, 2, 3, 113,) are multi- 
lied into each other, and into their Products, lies plain 
Before the Eyes without any more words. 


. EEE EEE 
Mr. Tuomas Brawcxen’s Preface to bis long Table of In- 
compofit, or Prime, Numbers ; from pages 193, 194; 195, 


196, 197, and 198, of bis Tranflation of Ruowivs's 
Algebra, publifoed in the Year 1668. 





This is the Table mentioned page 34, line 8. It fills 50 
pages. Its firft page calls it a. Table of Incompofit numbers 
1¢/s than 100,000 5 but it contains far more compost numbers, 
than incompofit ; For it doth not only give an Orderly enume- 
ration of all odd numbers which are not compofit : but alfo it 
fhews that none of the reft are fo. To every other odd num- 
ber there expreffed, the Table fets fome incompoft that will 
divide it without fraétion, : 

Each page hath 21 columels, whereof the frf is filled 
with 40 odd numbers ftanding in their natural order. The 
Sollowing twenty columels are diltinguifhed on their Tops, by 

numbers 
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numbers in their natural order o, 1, 2, 3, to 998, 999. 
"Thefe Top numbers are bundreds ; the 40 marginal numbers 
are Unites adbering to the Centuries. A ‘line running from. 
any marginal crofs the page, fhews, in any column, the 
place of the: number made up of the Top-number and 
that marginal. In every fuch place of concourfe you thall 
either find the letter p, or fome éncompofit lefs than 317. 
The letter p (hews the number to be a prime or incompofit, 
(Sec Euclid, VII. def. 11 and 13.) If any number lefs thaa. 
100,000, do end in 1, 3, 7, or 9, you may find its place 
in one of thofe 5o pages, and then fee whether it be a prime 
or no: If it be compofit, you will there find its /e2ff Divifor. 
Thus in page 1, where the line marked with the marginal 
67, croffeth the columel whofe Top-number is 16; there 
you find p, that is, 1667 is a prime. Where the fame line 
croffeth the next columel, you find 3; That is, 1767 is no 

rime, and 3 is the leaf Divifor of it, So in page $5, you 
ee 49031, 49033, 49037 are primes ; but 49039 is a Com- 
pofit, and 19' is its {malleft Divifor. 

It may be of great ufe fometimes to have a complete and 
orderly enumeration of all incompofits between o, and 100,000, 
without any mixture of Compofits; thus 1. 2. 3. 5. 7. 11. 13. 
&c, leaving out 9, 21 and all other compofits. The numbers 
2 and $ are primes, though they be left out of the long 
"Table, becaufe.no other incompofit ends fo. Thefe two 
prime numbers 2 and 5 being duely placed, all the reft of - 
the primes are taken out of the long Table as they there 
ftand marked with p, from 7 in the firít page to 99991 in 
the end of the sotb page. 

If to cach of thefe primes you fet the Briggian Logarithm, 

ou may find the Logarithms for all the ref? of the numbers 
in the firft 100 Chiliads, by addition of the Logarithms of 
their incompofit Factors. 

The Refolving of a number into all its incompofit Fac- 
tors (as 4620 into 2. 2. 3. 5. 7. 11.) is altogether neceffary, 
for the determining bow many Divifors that number hath, 
and which they be: As 'in pages 194, 195. 
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(29) jab. acde|c. aasbdjaac. abbyaa. aaaa bb. aacja. abc 
rabcdeflac. abded. aasbc| (23) 422. aaa |bc. aab|b. aac 
a. bcdef|id. abcejaa. abed|r,aaaabc| (18) | (15) | aab 

b. acdef ae. abcdiab. aacdla, aaabc|t. abcde|t. aaabci#4+ bc. 

c. abdef|bc. aadelac. aabdlb, aaaacla. bcdeja. aabcab- ac 
+ d. abcef|bd. aacelad. aabc|c, aaaab|b. acdelb. aaac| (9) 

€. abcdf|be. aacd bc. agad|aa, aabclc. abdelc. aaab|t.aabb 
f. abcde|cd. aabe|bd. aaaclab, aaac|d. abcejaa. abcja. abb 
ab. cdef|ce. aabdjcd. aaablac, aaab e. abcdiab. aac|b. aab 
ac. ,bdef de. aabclaaa. bcd|bc. aaaalab. cdejac. aabjaa. bb 
"ad. bcef|aab. cdelaab. acdlaaa, abclac. bdeibc. aaalab. ab 
ae, bcdfaac. bdejaac. abdiaab, aac[ad. bee (iq. roe 
af. bedelaad. bceiaad. abc “Gay Be. bed}: aaabbli.aaab 
bc. adefíaae. bed| (2:) raaabbb|DC. adeia. aabbja. aab 
bd. aceflabc. adeiaabbcc,, aabbb|bd. acelb. aaab|b. aaa 
be. acdtiabd. acea, abbcclb, aaabb|he- acdlaa. abbjaa. ab 
bf. acde[abe- acdb, aabcciaa, abbb|cd- abelab. aab| (7) 
ed. abef! (27) |c. aabbclab, aabb|cé- abdibb. aaa 1. aaaa 
ce. abd}; aabbcdiaa. bbccbb.aabb de abc "agp e a 
cf. abdela, abbcdjab. abcelaaa, bbb] (17) {1 aaaab4@ 24 
de. abcflb, aabcdlac, abbclaab, abb|1. aabcd|a, aaabl (5) 
df. abce|c, aabbdibb. aacc (zv) a abedib. aaaal!- abc 
ef. abcd|d. aabbcbbc. aabc|, Saabb|b. aacdiaa. aabà: bc 
abc. defjaa. bbcd|cc. aabb|" aaahb|c. aabdlab, aaalb. ac 
abd. ceflab. abcdlaab. bcc, Saaabid. aabc- 12; |^ 3b 
abe. cdflac. abbdlaac. bbc|..  aabblaa- bed) aaaaal 

abf. cdelad. abbcabb.accp. aaablab. acd à. aaaa D 22> 

acd. befbb, aacdiabc. abc|bp. aaaalac. abd|." 224 *- 

ace. bif|oc. abd (24) aaa. abbjtd. abc|———— D 

acf. bdelbd, aabelr.aaabbclaab. aab bc. aad! (11) | (4) 

















ade. beficd, aabba, aabbc|—72—-- |bd. aac? abed yaaa 
adf. beelaab. bed'b, aaabe @o) ed. aab! bcd. aa 
aef. bedjaac. bbdle, aaabbi;” canal! coy acd (3) 

(25). aad. bbclaa, abbc|?" ae c. abd “ab 


i 1. aabbeig 4 
1.aabcde abb. acdiab, aabc pe et a. abbcd: abcla, b 


a. abcdelabe. abdlac, aabbi b. aabc| 

b. aacde| (25) |bb. aaac n. pn c. Sab lac. bd, aa 
c; aabdelz aaabcd|bc. aaabj———— 
d. aabceja, aabcd[aaa. bbc| (19) ab. abc (9) | (Q0) 
e pus b. aaacdiaab. abe asa ac. abb: aabela. a 
aa. bcde " 























refolved into all its FaHohs and Divifors. 







(29) | 6.770] 5.168|20.18| 4. 16] 9.202.30| 
1.30030|10.462| 7.120/(23)| 8. 8/15.12/3.20) 
2.15015/14-330| 4-210|:.240| (18) | (15) 5-12 
3. 1001022.210| 6.14012, 20]1.2g 1011.1 2014-1 5 
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10.300377. 60/8. 105: 5.16) 6.585 t0.12]4. 9 

-8o|10-231|t5. 8/6. 6 

22.1365120.231/20. 42/1220] 14.165 (1C 

[39 (22) |22-105| 1.721.24| 

15:200244.105| (25) |1.216 15-154. 2,362.12 

21.1430|30-154| 1.900 pw 3-243. 8 
2 


42:715 
Seis 10.126220. 45 
79.385 t4. 9c|18. 50| &2,] 6. * 
70-4299. 14030. 30 otto. 2) 2-48 
ry 325|t5 Bal (24)| 8.18]"4- 30 
13923121. 661 1.36c]19 ra |15. 28 
18419535. 36| 2.1807 
182.165/12. 105 3126] (20) 35, 12/7105) 
286.105,56. 63 5. 92 | 
(28) |28. 45 4 90| 
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Ufe of the Long Table of Numbers, ending in 
1, 3» 72 © 9. 
— ——À 
Every Aliquot part of a Number is one of the juft Divifors 
of it. The greatelt Divifor being equal to the whole Di- 
vidend, muft not -be called a Part: Wherefore, fubftra& x 
from every number in the laft columel of page 195, you 


fhall have the number of aliquot parts belonging to every 
one of thofe 29 forts. 


um Á——— HH ————á——áÁÀ 


' Having the leaft- Divifor of any Number of the long Table, 
to find all its otber incompofit. Co-efficients. 





Tf that Divifor end in 1 or 9, and have a black ftroke 
under it in the Dividend’s place in the long table; or if the 
'Divifor end in 3 or 7, and have fuch a ftroke over it jn the 
Dividend's place; the Dividend is the /quare of on incom- 


pyit, and the Quotient is given, for it is equal to the Di- , 


vifor. 

If. the leaft Divifor have no füch ftroke by it, let it di- 
vide the propofed number, the Quotient (hall be the greateft 
aliquot part of that Dividend: Seek that Quotient in the 
fame long Table; if. it be there marked with p, your inquiry 
is at an end ; the Dividend is of the form AB. If it be not 
Jo marked, by the Prime there found, divide your fr Quo- 
tient, deal with the fecond Quotient as you had done with 
the firf, repeating fuch Divitons till tbe Quotient be in- 
compofit. us 53191 is found in page 27, with its 

P 7 finallet 


- Ue of the long Table of Numbers, ending int, 37,079. 363 


fmalle Divifar 43. Now 53191 divided by 43 gives 1237. 
Page 1 fays, this 1237 is a prime. Inquire no farther. 


But, defiring the incompofit factors of 93611, I find it 
in page 47 of the long Table, with 7 for its leaft Divifor. 
The Quotient 13373 is found in page 7, with its leaft Di- 
vifor 43. This 43 gives a fecond quotient 311. Page 1 
fays, this 311 is an incompofit. So the prime Co-efficients 
of 93612 are 7. 43. 311. (Hence infer that 53191 is to 
93611, as 1237 t0 2177 = 7 * 311, Or 7 X311. 


If you divide any odd number by all the primes in order, 
beginning with 3, The firft Divifor that finds a Quotient 
without fra&ion, is the leaft Divifor that the Dividend can 
have. Thus, 239 is the leaft number that meafures 1 111 111. 
Try 3, 7, 11, &c. No prime can divide 1 111 111 till 
you come to 239. f no fuch Divifor find an Integer Quo- 
tient, before the Quotient is lefs than the Divitor, pro- 
nounce your Dividend to be incompofit, and that laft Di- 
vifor to be greater than the Dividend’s fquare root. Fre- 
quent occafion of Dividing by Incompofits calls for a Tarifa 
of as many primes as fhall be needful. For refolving of 
numbers lefs than 100,000, it fufficeth if it be extended to 
313, as in the next page. d 
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Amendments to the following Table. 





P. Guldin fayes, 149 is divifible by 7, and 229 by 33. 
Scbooten \eaves 809 out of his Catalogue of Incompofits. Rbonius 
makes 1209 and 1673 incompofits, and fays 11833 is divi- 
fible by 19, But /bis Table fayes more truly, that 149:229. 
809.11853 are Incompofits : and that 1209 is divifible by 3, 
and 1673 by 7. Yet truft it not, before you have amended 
shefe faults in it. 
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Tij 3| 61| 7| 3| P|47| 3|29| P| 3379 13. s| Tiro] 3| 7| 
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$9| s| tt 41| at pj Pj 3/7' P. 3| 7| P| 3 as| 3jte3 7 03/5 
91) Pl 3| 7] 23) 3| P| P| 3| t| 7| 3| 42 p| 3| P|55 
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-] 425$05515525$35541555550,557]55*] y 
T P| 7| P| 3 7| 3| PL 7| 3| 415 P 
03 7 P 3|13| Pl 3| 29 17| 3| P|53| 3| P 
7 61 3| rr gt P| 67] 3 7|,3 47] 7] 3| B37 
99, 3 tits} 3| Pl L3 P P. 3 19 67 3| prm 3T 
RU 3 P 3925 359 3| 3 2.8 3| T mp a m ms 
àg|- P] 53 jm3um39739 3|4|19 3 P" 
17 3| p|?9 3} r| P| 3| 7| P| 3| P| 355 7| 3 P| P| 3 
19 3. 3| P, P| 5/93 7 3 rm 3? 3 Py:n 3|sog P. 3| Pu 
21 Piso} 3| Pi p| 3| P :3| 3! pi t 3| 7/557 3| pl P| 3| P 
23 3,3. PS n m 3 zs n ire | 3| *9| :3| s|to3 Ph 3 
727| 331 3) 37) 1| 3| 10g 3| 7| 15 43| 3| '1| 7.3 P 
29 3, 7] 1" 3 3!|_ P_3]_P)_7_3) 20) ,P| s tt) P| 3) 23) P 3 
31 7| s| P| 13| 3| vjzo| 36s]us| 3 tal pl 3| 7| P| 3} 34) P 
33 Pi93| 3| 29| 23| 3| 7. P| 3| "1| !3| 3. P| 7| 3| P| P| 3? 
37] P|43| 3| 67 P| 3| tnt] 3/37/47, 3| 7| P| 3|!9 23| 3| P 7 
39 Py 73) 3| 7| m 3 t0 zo| 3/23. 7| 3. p| P| 3^ pi39 3 
^ 3 | 7| 3} pon gl P| 3,67 32 3| P| P| 3| 7 !9| 3 
43| 11) 29| 3| 3! P| 3| 53| !3 “| 19 3| Pl P| aj67 7| 5| P 
4 3| 17] Pj 3| 23) j me 3| ?| Pl 3/07 1| 3 
49| P3 3 17. P| $3 P 3 P| 7| S|I3 "1 3 PP 
sul” Pj 3| 17 7| 3 n Pr 3| Pj'3:3| 3| PL tl 3| 79:97] 3| 7 
53 3p27| 13. 3| t5 34] 3| "9!79| 35 7| 1| 3 23] 73] 3127] 7| 3 
57 31| 7| 3| 13) 89| 3| 12] 1: 35 p| 19| 31197] P| 3| 7| 13] 3|! 
50} P| sí 2| r9 3 prn s 7 pi s rj p ss 7| sns 
Gil sep 3| pon i en a] | mp peal 73) 23| 3| t| | 3 353/07 
63 Pn $197 pl 3,2383 3 1] PL s| 7|37| s| P| P| 3j9' 
67 P| 3| PL 7| 3r Pi “PL 3| 11 53] 3| 17] "5| 3/85 p| 3| 7| P 
$9| 319. Pj 3| rior 3 un 531.583. p dr -i|_3| 99 
T 3| 7| Pi 1) 23! 3) 37] 7| 3 19} 3| t3: 61) 3| 43) PI 3 
75 7| 3|: 19| 3| Pj 3 pps B3 7 3| 59213 
7 3| Pl P. 3| P| 7| 3| P|!3].3 23467] 3| 29/149] 3| 17] 74) 3 
29|41, 17, 3 15197] 3 P 3| Pi PL 3| 7| 79 3| 3.0 7 
Bi| ap Pj sp | P 3 a9) p| 3,13| 7| al P) pl ay 3 
83) 3 19 7| 3] Pit4o] 3) 71) PY 3/39 59| 3| 3| 7]?9| 3 
87) 3) 7,» 3 23| 3| 3| 7| 3| 34) t| 3| 97 3233] 3| P 
$9| 7| se33í37| 3/7! 17 susti tn 3229 :3. 3. 7| p, 3 4 P3 
91 P 47 og} 29| 3| 7| t! 3/127] 89| 3! P| 7 3 ng 
93| 3|.P 35 P| 7|,3157| 17| 3) 37] 97. 3| !3 3 37 
97| 47| tt ?| p| 3] 83: 37). 3| 43) 7| 3} 11/31] 3| 53] Pl a} PP 
99| 3] 83 3 rm 3| P3) 3| ta] 17] 3| pl rol 3| 7| P| 3} 29 
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| 501-52] sóesos 681567 $65] 569 sro ires rilsa 0s 579]572)575 579 
oi s| P 4j 3| P| P| 3| P|79| 3| 57 3| Pus ».7 3 P. 
o3 p| 3| 7| 13| 3| Pj 23! 3| 43] 7| 3 !7| P| 3!37| P. 3|!9 P| 8 
9j 3] 9] pl 3| 13 (1 3| 7| P| 3]t09) 3 7| 7 3| 0 3| 31.79 
og; p| 3| Plt 3| p 7| 3| P| P| 3| +3] 9] 3| rjti| 3j P. P| 3 
mill 79 11 3| pl tg) 3| P| P| 3| F| 4j: 3| 7223| 3] 27] $3. 3 13] 7 
1s 3| P) 6| 3| 2| 3| 3. PL Pp 3 11 2] 3: 37 P| 3| 12 3| 29 
vill ta} 17| alto] P| 3| etl 43) 3| 7 23| 3/79 3| 3!!3 7| 3] a P 
19] 3| 7| v2.3 rn r| sis v 3.19 P| 33567 357 PL 3.17 
z ose 3] 2s] e| 3| PLP) osea P os 709) 3:795 3 
a3ll rr pb 3)ts7| 47] 3| cst 3] pez 3| pop 3 23 39| 3|53| P. 
2/179] 3 $9|?3| s| P|!7| 3| P| 3| 3| 7| 89 3| P| 3 7| 5 
29,43 37, 3, 7|23| 8] Pi 'z| 3, pl vp $rsu P| 3 11) 3| Pi 53 
ail 3| P| a 3| P| 3] pl 17| s|13| P| 3| P | 3| 7) P| 3| !9, 
33j137| 3| $3| pl 3| pl P| 3| 7| 7| 3|!9| t| 3| 79 7| 3| i35! 3 
ae 3 sposa mobs ne s nes ono s 
39| P. 3. P/$3| 3| 5| wt 311397 3 P. 7| 3 71163| 3 11 P. 3 
41] P|31 3!o3| 7| 3 13|23 3| pl P| 3| P| v) 3| ** 3| | 3. 
42| 3/33 tt) 3| p| P| 3/79| P| 3| 7} P. 3| 1 77 3 59 7| 3| P. 
4j 4t 7] 3) 29] €| 3| 37] Pj. 3| 1! oP) 3 19 3| 71 3| P P 
49 3. P| | 3 t913 3 7-13| 389 | s p| 2| 3 ».1] 3067 
$uj 23| 3| 13| 37 s| 11 7| 3j29 r| al 67 73 13 3| P|U] S . 
$3| Pjsss| 3] tH] p s:81 19) 3| 13 59| 3| 7|83| 3 P3P7 
$7j 29| 3101 7| 3 £3) $3 P| P. 3|60 atl 3| P 3 74| 3 
$9 6u 99 3 ror s peru o» 7 P 3 r4 3 B 7 3 Pr 
6: 3| 2|:27| 3j31163| 3| 32) 7| 5| 43] 13| 3| 19| 37| 3j 23| 1!| ,3/149* 
63 7| at Pjis?| 3] a3{ p 3!9 P| 35 Pi73| 3| 7| 3| 47 13] 5 
6;| 3| Pl P 3| Pl 7| 5| P|*9| 3j'49| t!| sj P| Pi or) s 7 
69i 13. 3| n| p 3 pO sio rf 3 7| p rona 3 41 7. 3 
7, 47  F| 3| zpa9| 3| pl t| al zal 7| 3 1e 3| 11 29- 
73] 3] 13] 0| 3} P|r 3| P P| 3 P| 3} 7 3 P 
71) 3] u|.s| P| P a 9| 7| 3827? P| 3 13/137] 3| 34 P. 
29,3] piróz 3| ps a P[?3 3 th P E29 3| pp 19. 3 37* 
8r 3|?3| '3| 3| 7| r| 3| tal sgl glans 3| P3: 
83| 17] 19. 3| p| 7| 3| 11 P^ 3| Pl !3| 3 . "| 3| 7|?5 
87) P| 3 713 3| 75 P| 3/63) 7| 3} 03 3| pron 3- 
$9 v1 7| 3 rn P 35305 3 p p s P| 3| 13193 
9i 3| 3/84] alt » à a] P os» | p 3| P. 
93 3| 41 P| 3| 1r 7| 3| P| P^ 3| P 3 Pup 3 
9| 3 79| 3 3|13| P| 3| P| 7 I p|?9| 3|59. 
99 PL 3| P| 7| 3| 3| 27] P 3] 47 3| Pl 3 
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15 80,58: 8 21 584.68. 55 586} 

on 31 P| 3/127) 

os| n Ph 47} 3 

67 19 tog 3| 7 
|_| 29 7/3 137 
ail s 3| P| 23) jur 
13| P P| àjte3 j 
ij 3 3| 1| 111 u 
29| 13 [n o3usr Li 
21|| 17 iis] s P 
23 5 3 153 EG 
aq 3) 23 3 » 7 
a9| 3 WERLET ME E 
31] P 11). p| 3| 31 3 
33}131 3] 17) P| 3. 7| E 
$37 7| P| 3| ito] 5| 17. P j 
39i zr) P 3 reu s orm EL 
4i 3| P 7| 3| Pi 2a 3 47 
43 4| 3| pj 3| 3j Y pn 
4| 3|[211|127| 3| 13| 83|. 3) Pp gut 
19, 3| prs| 3. 7| rn 11491 97.3 
5i as| Pj 3|99 7. 3167 3| n| P 
53| 3j at] 3| 41229]. 3| P| ait 
2 E 7| 3j Pj P 3| 19 7. 3 ue 
59 |$3}_ 82} 3 97 21 3| 7 230 
& 1j sis P| s n a] 8 iss 3 
69 Pir au Pl sj p| P 3| po 
6; P s| Pl 7| 3) 371 P| 3 59i 3 
69 P. 59. 3 18 17] sjreg L3 1917 
7 7| 37} 3| Pl 17} 3) 39) "s? 
2 7 3| Pi 23 EE 17] à 5 n j 
» 3| Pi to) 3 7| 3| P a3) 3) 3 
79) | P 3| P| P| 397 pL 3 |i 
& 7g A 3} 7] 4H] [a P 
8 3/2331 7| $|39 tg ERI 
8 7| 11]: 3] .Pl Pl sj Gil 9 2: 

E EEEEREERE 

9: 3 13] 19) 3. 7| P| 3j j 
93 Pl 29) 3| P| 7| 3| tt " 
97 231 3| 7|79| 3| P^ P|.3 3 
3 1 2] 30 3] 3| erts P 
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623 62’ 31629163 9 
ee 32g 3 P 

P| 5| 7 3:3 Pi 3 p 

3i] P| 3 23181] 3| 7| 3 P 

| 7:3. 3| 17:37] 3105| 7. 3 Pd 

3| Piso| 3 :7| el 3| 53| 13] ns 

P| 3| 13| r1] 3| 7 23| 3| 6! 3] P 
3j'e1 p| 3| P|59| 3| 17| 29 13 7 

19 P. P. P| 3, Tror ,3 19 pj 3/11 7. .: EE 
2alftog] 3| 43| 7| 3jo3| 13| 3| ''| P| 3| t9 3| 19 3 
23| 13] 231 3| pl pl 3| ttl P| 3| 7| 19. 3| 17] 13] 9 
a27| 7| 3| 11] pl 3] st] P| 3| Pl P| 3| P|73| 3| 83) 3 
29/11 p. 3usziós 3. 7149 3| P P 3 53 7 29 P 
31| 3| P|13| 3|49| 7| 3| P 83] 3| P| P| 3| P| 13er] 3| 7 
33| 17} 3| P|93| s| P| P| 3 !9 #3) 3| 7|37| 3 31m 7/5 
37| 3| P| 7| 3| 9 23| 3| 43 3'| 3 13) 19 3| P 7 su 
39 P| siroo »7| 3| p| Pi 3| 7' P. 31o3| t| 3 3pm oi 
4| 7| P| 3| 31 tz] 3| 37] 7| 3j3| t| 3| Pl 97 33] 3| P6 
43| 3| P|67| 3] 41) 3| 3| pj ri| 3|23233| 3| 7| gH Pp 
4T P| 29) 3 1| 3| 13 17| 3 19 67| 3| P| P P 3 5n 
49| 3 19 *" 397 P| 3:531 17, 3| 7j Pi 3 7167 3| p| 7 3$»? 
SU nup 3| 7| pp ap s 3| Bpo2p 3| 24] 491 s|enres s| 56 s 
$s| P| 7| 3) 23] r9| 3| pl P| 3 v1 17] 3]43| pl 3| 7| 53] 3| Ps 
$7| P| 3 13/227]. 3| 18] 7| sj23957| 3/137 17| 3| 23} 3ios P3 
joo ei sri pj 3 pl orl 3i P3, 2-05] 3 P B 309 7 
6i 3| n 7 73) 3 Pi 3| 9| 7| 3| 12| 3| 43) pi 3167 
63] 53. 3| 3| pea3| 3|37| 79 3|93| 42 pipa s 
65 3) 7 P 3*3 2 3 Bl aa P| s.p rn og e 
$9) 7| 3) |.3 13 29, 3 P| P. suBrrer. 3| 7 vu" 3 43] 131 3 
7 Pl PI 3| 7] 4 3| 13| 7| 3| Pl 3} 23) 17 
73| 3 3| 8| P 3u2) P| d 4| Pl 37 
71| 23 3p33| 11 P| pP| 3| P 37] 3| P 
293 8 rn 3| 67 [3 61 13] 3| 2123, 387 
S p EE 3 Pal tay 7 s| er 3 
$5| 7| à| P| 7 Tuizgt] 3| £3) 43|. 31191109 
$87, 47 7| P 3 2| 3 p| 3927 29) 5 
89| 29 | rn 37 19| p| 3| Pl P| 3| 7 6t 
ot a P| s [ 3| pps ap p| a] 3) 
.93| 31| 43| 3| 53| 71| 3 16553] P|19| 3| pi8n 3 
9: 3| 7 $| P| 7| 3| Pio 3 P 
$9. 3 3|s9| 7| 3| 3: P 3 Pi PL 3) Ph ay 3 
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ósojoa1n 645,646 16520553/654655 6566571655659 
3| 19 53| P pis 3| 7| 9| 3 Pl 29} 3 
13| 3 3| 7 3| P| 7| 3| 3%) 17| 3|23| 59 
P au 251| 23, 3/229 47| 3| 7/197) .3) P| 3) 3| P| 7| 3 
BLEE [3| P| P 3 :3| 7| a ón p. 3r py 3. pu 
61 7 31| 3/163) P| 3 P 3 3| 7|23| 3| 19 
3/157 Pl P| 3| 7|t39| 3| !9 7| 3| Pl atl 3 
97| P| 149| 3| P| 3| 79| 13} 3 3| P| P| 3| 29 
19] —4|J9|.3|.53. P| 3| P| 7| Pi_3|_ P[13 3 
3) 3 3| P| Or} s| p ni sp nay | peu 3| 7 P 
P| P 113| 3| 59| !1| 3| 5| P| 3 3/137| 7| 3| aE 
| 3 3| prj s| pl pl 3 19 i9 3n» 
non M3 3 2241, 3. P| p. 3 3 P| P| 3. P 
3| P 47 7| 3| 43] 29| 3| 1| 37) 3| 19 3| Pl Pl 3 
59. 3 3| Pl rol 3 tF 3| 7| 79| 3|13| P| 3] 43] 7 
3| 6r Tijtog| 3] 231 P| 3) 53 89]. 3 3 7 3 
ELNE L-3 32 4n 3| 113 3| Pizss 3| pi 2/3. pags 

3| 27927 233| s3|'e! 7| 3j193| p| 3| 19| 33| 3| 42) !3| 3] 23 
7| 3| 17 19127| 3| 61/10) 3 13) 53] 3| 7| P| 3 3 
3| 23| 41 7| 3| Pl 49 3 29] P|'3]o1 3 7 
9, 3 4n BHRE joi 3, 5| 7. 3| Porn 3 EH 

3| P| 3| 3| 17 Py a ay P 

| 3} P7 P| 3 3| P| ri 3| pl 29} 3| 7 lot 

7 P| 3 3| 19 1) 71 31 PL Pi ,3 P| P| P 
3 83 13) in| 3 L3 Up 23, 3. 7/67 3| rt EH 
379 7| P| 1| of 1; 7| 3| ty 53) 3) 3 
"n à 3| P 167 3| 411163) 5| P| 43 P 

67. 3| 7 P| P | 3 P| 3| 17/73| 3 $ 

79. 7. 3 3 1n | P 3!| s Pier 3| 7.97] 4t 
3| P| P 3| 3 3| Pl Pl 3| Pi 7. 3 17 31 

17| 3| !* 31 7 23|. 3| pi 3| 3/333| 23| 3| 17) 19) 3 

| 3| 29] 17] P 3 3|s9| 7| 3| 3| 44 3. P| P| 3 37 

29)'39| 3| P Pj P 181] 3| p9 3 P| p 3 7 1 3 

P| 13] 3 37 "s 3|97 P| 3| P, 7| 3| P| P 
3| 7] P rj s 3|37 P| 3s! rt 3) ons? | 3| P 

19} P| 5 3) 7]. all 3) 2 | 3 3| 41] 19 

3| p.53 2] 3 [3| P.:9 3 23 43| 3| 13 P| 3| 7 

P| 323 Pn T] 3] 7/409) 3| 791107 E 

107| 23| 3 3| 3 103| 5. 3| P| 3 n 3| P 

| | 33 13) 31 3| | 17. 3 7| 3| 19| !3 i 

7| 43| 3 43^ n 3 | 72 3 Pai 

t 
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6741 lo*6 6771678679 

3 13| 3^ 7] P 

P 1| 72 3 n 

1 3|. p? 

E ap p|o3 3.59 

3 P| P 7 19 5 

83| 3/188 Tus 

3 4i 3| 7167 n 3 

7 |-Pi29| s| P| "| ass] EE 

17 P| P 3 P| P 3|23| P 3 37 

3 3|19| Pl 3| 7,43] 3/9". Pl Bh 
apt 78] 3 53] x7] 5| 97] 19* 2| 13. P| 3 3j? 
i L2 Mp 3. Piso 3| Pon dd 
3itt3] PI “| 3| P| t7| 3] Pl te] 3| P| a9] P 
EL p|!3| 5| P| 91 3| 7| 3 3 P 

3| Pl 7 ai} 3 431 43| 3 71 17 jn LEA 
3129 11 3| pi 8o 3 7 P| 3 p.17 8 md 
1) 3| pios! 3| pl 7. 3| P| t9. 3| 14) 17 "9 3 
P3 3| Ps 3| Pl Pj a | P3 7 3 PP 
P 3/13) 7| 3 f Pl 3] 83) P| 3 P 3} 37) 33) 3 
Le P3 n. pal popa 2 Pos ati Su s 97 
3) 70 3) p| P| s19| 7| 3547 37] 3 p33 
7| 3| P 5| Pi 23] 3| P/'O9 3| P|43 7B 3 
$9| 3| P|'9| 34: 7| 3| P| P| 3/193| !3| 3 3? 
3 Pi jore: s 9| p. 3339103 3| 7 P n 
3| P a} zie. 3| 20 Pj s P| | 3 13 iy? 
23) 31 P| 3| 3) Pl P| 3|t99| 4?| 3] 34] "1| 3 37 
3 7| P|.Pi'ó3)79| 31167| 7^ 3}t37| 23] 3| P EE! 
I-2.3123..3. 3/23 11. 3 «3 p| 3| p.19. 3. 3| r3 3-5 
p.35! P| t 5| 7j593| 3| 13] P| S|to9| 7 rif 67) 3 
3) Pi tt 3| 7| 3| P| P| 3| Pi 89) 3) 8 3| 13er 
191| P 7 3 p|.3 tt) 7| 3| P| Pj pios 3 
EE 3| 3 Uu p| 3 19 73. 3| PL P| 5 2-5 
79| 5|" i4] s| 7| P | 43 DEI 
. + 8| Pl 7| 3] 23] 63) 3| 13 P| 3 
3)-47}- jeer! 3| 73]: P| 3| 79. 7| 5 3? 
"9? 3 3| PL.13| 3| P P. 3| P MEL 
13 P| 5513 3| 7 3 3 957 
3 Tas 3| :3| 7| 3| 19| P| na 

| 67| 2: ; . 3j. 7|t29| 3|173| "1| 3 3| 434 97 

: 3 ,ez 7. 3.12.01 3| P| P| sal 3153 







































































































Tacompofit, ér' Prime, Numbers, Iefs than 100,000. 4or 

gio 681 GEs [o8 68a]68; 68|687 638)689(695]69 1692 693]694)695)696 o7[6oS os 
3p u[ 2| 3| 23) Pl 3| 2317 3| P 43| 2 37| P|-3| 7 47| 3|!3 
3p4r167| 3| 64} 31) 3| 2. P| 3 19| P. 3| PL 7| 3 43 29) 3 

3| *3| P|,3| 67] Pj s/127| 83. 3/51 29| 35 7| 43) 3| 47 3| 53 
|_3|_P| 83] 3| 7| 19| 3 53| P| 3 P. 7. 3 3T 1 PL 3 

3| P| 7| 3| PL P| 3)'37| P| 3} 67] 11 ^3 13 .2 P 

p| P. 3/3731] 3| P| P| 5| 7 | 3| P4 3 alist 

7) 3|53 34] 3) 59] t| 3| P| 13] al xo] P. 3| 7 11/139 
02 -P| 3) 13| 11, 3| 7| r3. P. P| 3103 7. 3 3.29 
amas 3p ip 3 Pp 7| 3| P|4' 3| 131. P| 3| 24] 19 »s 
azi| pori 3] 47] s3| sj63| 9| 3j57| 23| 3| 781 3| 37 13 7 
24) sof 3| P| 7| 3| 17 13| 3| '!| P| 3| P|37| 3| Piast pl 3 
29H) 13/193] 3| P|41| 3 1| P| 3| 7| Pj gro» t3 3.25 PLP 
315 3| 7] 34) 3| 21] p| 35 43) a} 5| PI 73] 3] !9| P| 3 3| P 
33} 7| 3| | 23. 3| 19 P| 3 1729 3:57 P| 31.7 3 Ps 
37] 3| 61 13, s| p| 7| 3| B tol 3| 17 47 3  P|?3| 3 3 7 
[19 3 PV 35 3| P| P 323 13. 3. 7 p..3 PL P 23 
P 3) 7/89 a] Esp sala 94] 7| 3| 1| Pl 397 au p 
j* 3 P| P| 3| P|43| 3| !3| P, 3| 17| 11] 3 3| 23 
7 3 Pl 3|19 7| 3| P|?!| 3) pl 3!| 47 puis 
3|29139. 9| pi 3| 3| P 1!| 3 79 Pj 3. 7| 37. 3 (3 1T. 

1j 3 s| | u[ 3| a:39| 3. P| 7| sjr99157 a2) 3 
LES 7| 3| 13|197| 3| 53!99| 3 231223 FEM ? 13 

n 3 3)79 71 3/37] 7| 3| 1 P| 3 P p» s 
[PL 7 | 17. 3| P|29 3 11. 53 3| p 43 3 7 41 3| B P 
3| P 233| 17] 3| 7 !3| 3 al 39 | 3| 43, 
29) 3 3| n 7| 3| P| P| 3| P P| 3} Wy 33! 3| Plo) 3 
3| 1 ?| P| 3| PL 17 3] Plz] 3| 7| P| 3) 13) P^ 3) at 
L3. 31233] 7| sou pj 3 61] vn suósre arm 07) s suep s 
P| P 13| 3 43) P 3| 7| #7) 3|s3| P| a] 29! 7| 3)to7] ax 

3 7 P 4) 3 97 7| 5| P| !3| 3p73| P| 3| 19 11. 3167 
19} 79 pi 3| a] P| 3} 23] 67, 3| 13] 7| 3 441 P| 3| P|!9- 
| 3. 29 3! 7| se9| Pp| 3 37 11) 3| Pi: $ $9 P| 3 7 
13| 3 3| Pj173| 3| P| ttl 3| 7| 29| 3| pi ta] 3531 7| 3. 
103 41 P| 3| Pl #4] 30e: 7| 3|79 P| 3449 12 3| 11 47 
P3 3jo; pl 35 7149| 3|43:93 3|: 7| 3|19 17 3 
LH 3 on Loses 7 39 s arn op seen 3 en 
3| !9 piii 3| P| P| 3| "| P| 3 7| pl 3| PO 3| P 
149 3 3| 7 73] 3| 44) P| 3| P 7| 3| P| P 371 37| 3 
3 47 1| p| 3|99 P| 3| 7| P| 3|29| P3 P. 7| 3| P. 
P| 3 381| pl 3| 7| 3|13| 3| 3}, P|'79| 32233 P| 3 
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E 
E 8| BPR CARRERAS RES RESI $t SRSA ORR RS 
| Is ia Fas baie] Sakae bea Sika baits Retest a Lote 
= -- = = EET OSE 
8 g[PR ARE BE Oe ale Se Seep ee Ree ee 
Oe ear áj St rd 
E Ee | = | zT] FPapP ee Qeaniage |? f£ [3 =f 
E zz reris - = = 
BR g^" a a aa Een Fe SEP RAE OR ORES] MRE TE : 
d 1 == = = => z^ 
3 Fi eee shies bi) sE[eeET[EERRETRMHETIT[RSRM TENE 
on ma AO Ye a = = = 76 A. UD 
z|"*$ | ^S ibo! ^ Se[eTEeTRRERIT[SRTMTETSE — 
g|^^^7|sr3|e9T---12£ WPTUHESESQ[eRRI|EBD- 
aD hea abet) bain Mein Ki Nad ike] Eni ARM A 
i= 7 - 
T EDS. = = EC 
" gi *["a9*T£7[&z [Parr aaa SRG ROA MAIN DS 
o *ODERERS[-*qi-O[- mLOp-mnmope-:n Tr Og n1-0ON A rng Qu e p ON enr - 
* la POSTER 278] P MARSHALS MENG AS SOS ALKAGTASIAROR 
















Incompofit, or Prime, Numbers, les than io0,000. 463 
z 7241722) [225|726}727726|729,7301731|73217331734 785 130131738732. 
o1 P| 3 397 P| 3] P| 37] s|71 231 3 3) 76 
95 pios P| 3} 23) 4) 3| 7| 4| 3| Pi 1! ?! 3265 
97 7 à 3 17 P| 3| Pi ta] 3| 19| 13. 3 3|23| P 
99 PHÓs| 3 19.31. 3| 7.11, 3, P9. 3^P| 7| 3. P| P| 3 at 
1n 3| P 3|s9| 7. 3| 17] F| sju3|79| 3 13 19 3| 11 atl 3 
13 3] Pon 3) Pl rol 3 12 P| 3| 7|67| 3 3a23| P 
7 257 3)27| pl 3| Pl 13| 3 reri 3| P ?|97 3 
19| Pí4T| 3| 13739. 3ot| P| 3| 7. P. 3| ITI57 3 |—3| pi193 
21 | P Pi 47 3| rt] | 3) 13| ,P| 3| '7| Pj PL 3| 29 
23 3 pau 2| 11 pl 3| P P| pl 83] 37] 3| 7 3j P3 
27 i| p| 3] 23/7] 3| pl £9} 3103| P| 3| prot ps7 
29) 17.3. Ps! 3, 29} 59, 3.67233. 3| 7/13| 3 97 [um 7 3 
3! 1| à P| 3/73552,.3 P 2 3165 rj 3 3| 17] 18 
33 53 7| 33 3| Pj'73. s|'99| P| 3| 231 P| 3| 7| ri| 3 '7 
37 13| 3| p| 2 3|'9| 7| 3| Pl P| 3| P|9! 35i 3| 47/107 
39| 3| P|29| 397 17. 3| P135. P.I! 3 23|_3/211| 19. 3| P 
4 3| 13 3| 7| "| 3 25 t| s 3241 3 
43 19. 3 7| s| Phot} 3| 43) p| 5| F| 71. 3251 3 7P 
47 3| 7 3| P| P| 3} 97| 7. 3|t93 EET 3| 29] p| 3 
does 3| à TREE 3 pe 3 sil ea 2 e) 3 p i75 
st 33 3] 53; P| 3| 7/263) 3/9] 33) P 7| 3| P Pl 3 
53 3 3|13| 7| 3 1| P| 3jtor 3| P| P| 3|t31| 13 
51 9 2| 73| 3| 3!| 41 3| 43| 7| 3|to9 77] 3 73| P. 3|! 
59 3 L3. BLI3. 3. PL. P 31749. P| 3, Po !7 3. 7| P 
6: p P| 3| Pj13| 3| 7| P| 3 EEKEZ 
63] 233/49 3| P| 7| 3| P|?3 P| !3| 3| 19| 17. 3/3 
$7 PL 3| 7| P| 313! 3 2| 3) 43] n s| P^! 
fe L-P.2, 3/53 P. 3/39 :9, s. pp ri sias 73] 3| 7 
7 3/34 P| 3| P| 43) 3) 7 3 P P 3 P7 3 
73] 23| 3| P|Ó1 3| Pl 7| 3 47/239 js pas» 
22] 3 Pr 3| 7| P| 3m p 3| P 7| 31 n3 
19] iL S. P 7L.3L.79, P 3uz7| P| 30:1. PK 3 r3 29 
FI piBi| 3 73) 31. 3| P 7179 à 89  3|067 
83, 8 7] 13] 3| P, 59 3 1 3| P 3 p P 3 
Hi 173 297 3 01 23. 3| 2/163 PI 43 3| 5| 2 34r 
89 3 | P| 3 P. 7| 3| p[83 3.13 P 30321,3- 
9 71 3/057 83] 3| 47) 79} 3| 7| 59} 3| !9| 23 
93 pj29| 3| 7| P| 3| 19 5 23 p 3} Poo 3] OF 
97 3/39 P| 35 PI 19| 3| Pl ist 3| P| 
99| 3 a| 19 3| 43/259] 3 29,65 3 P1 3 
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404 Mr. Thomas Brancker’s Table of 

¥_}749,741,74 21743 74417454610 41:748 1739|i52]151]752,753]754]255,759|757]758.159 
eJ s| pl Pl 3| €| 7] s| legs] alts] 13] 385| p| 3| 19 7] 3| 7 
o3| 43. 3| Pj 67) 3] 11] 61} 3 19 p| 3| 7|57] 3. Pl P| 3| P| 5| 5 
ej 3 1 7 3/37 P| 3| P?39| 307] 19 3| P| P| 3| 7| P| 35 
o9 r3| a. P r9| 3| p| r| a| s|tzs) 3| p| »| 3|73| 7| 3| P4" 3 
ri 7] 37] 5| P| P| P| 7| 3|23| P| 3| P|'z5 3| pl op) 3| 4, 
13] 3| 13) 47| 3| Pj269) 3| r|79| s| P|3!'| 3| 5| 23) 3) 83| r1] 3| P 
17| Pit37] 3| P| 7| 3 29] P| 3|'!9| P| s| P| "| 3| 13| P| 3| 7/59 
39| 3| t9 Pj 3. P[43 3| ps 3 v rw suos 53. 3| P. 7| 33 
an] pj 3 7| 13| 3 Piz] 3| P| 2 3 43 !9| 399| P| 3| pl Pi 5 
23| 79| 7| 3| P|9| 3| P| t" 3| pl 43} 3| pl pl 3| 7| €] 3| 11) 23 
25) P| 3|'99| 1: 3| pP| 7| 3| P|3'| 3| #3) Pl 3| "| pl 3| 419i 3 
2n 3,239/263| 3| 37, P| 3. P. P| 3| 7| P. 3| 47 a5 
31) 3| P| pl s| 7| P| 3j pl p 3 0| 2 3| 75 r| al sal P| al P 
33jre1| 3| 19| 7| 3| 73] 13| 3| 1| Pl 3| P|?3| 32e] pl 3| 7| P| 3 
35) s| 7| 6| 3| 18) 19] 3| 13| 7| 3| pjz2| 3| P| P| 3| 43 53] 3 P 
39| 7, 5.11 79| 3/$1|tot 3| 67337| 3| 29. FP. 3| 7. P 3 
41 nisi 3 17] Pi 3| 735 3} Pl opi 3/94 7| 3| P P 
43| 3| P|5| 3| 17| 7| 3| 4!| p| 30:163) 5| 59) 37| 3 3 7 
4) EE 3| 7)99| s|17| p| 349 7| 3| 47 3 3! 3 731173 
49| $ P| 7| 3| PI27| 3/17 29, 3 3| P| sins 10 3 53 
si| Pj s|4'149| 3| pl tol s| zpen 3]223) t| 31097] 7| 3| 3/01 3 
$s| 739. 3| P| Pl 3| P| 7 3| 17| 8H s| PL P| 3| P "t 
57103] 3) P| P 3| 7| T1 3| pl 2a 31 7| 3/61] P 3 
$9| 3!| P| 3/23. 7| 3) 13h P| 3. P|47| 3| 17!79| 3| t' E 
Gu) sj ppt 3| 9| Pl 3| Pl P| 3) 7| Pl 3} #4] sol 3| 29) 7] 5$ 
63 1:1 3| 7^ Pj 3/73/097| 3 43] 7| 3| 4] 73| 3| 17| 19) 3239/07; 3 
6»| s! P|23| 3/443) P| 3| 7| 23) 3|27!| P| 3| 3 P P 
PICS a a n n 3icR Pn S PP 13| 3| 1| P 3 
20 Pr 3| nn p 3/89 PL s| 3| 41} 3| 2 23 P| 3 1 
73) 3| 11 17] 3| 7| pL 3523 PL 3/37| 7| 3)! 3 p am 
77] P| P| 3| Pl #3) 3) 53] 37] 3| 7|93| 3| P| P| P 3 23) 1 
19| 3| 7. P| 3/71 17, 3| P| 7| 3| p|13| 3|43 P| 3| Pi 1, 3 P 
Bi. sp a|se| pj al 33} 27 spes 97] 3| P| 83) 3 n| 3| pf a3] 3 
83/23/31] 3| PU] 3| 7 t7 3/87) pl 3| '3 7 p P pP 
$7|13| 3| P|73| 3| P| P| 3| P| | 3| 7|79| 3| '9|ra1| 3 73 
99) 43. pi 3. 7| P| 3|T9 rt 3531. 5| 3| P| P| 3169 P| 3 n P 
91| 3| 13| 7| 3|165| 1| 3] 29) pl 3|61 17] 3| PL 13] 3| 7 3 P 
93] P| 3} Pl tt 3|9723| 3| 7| to} 3) Pb 17] 3| | 7| 3| Pl ag] 5 
97) 3| P| P| 3} 23] 3 3| 1| 29| 3| 7| 3| $9| 3 P 
99} P. 3|915 13) 3| 7| P| 3| 1| 37| 3j'39| 7| 3| "5 "n3 














Ancompofit, or Prime, Numbers, les than 100,000. 405. 
_ 26e\26 res '783}7541765}766)767|768\769 779 77117721773)774177 517701777) 178.779 
ou p spen e| susp 7| s| pl rr ai Pl pl o3 3 13) Pl s 
ex| P| PL 3| P P| 3| Pt 3 53| P^ 3) 7| 23 na n 7 
97| 17] 3] P| 7| 3| Pl P| 3| 99 pP| 3 93 13^ s| 3| 7|?9 $ 
92|29.11| 3537399, 3| 13| 7«| 3. 7/53. 3| 1!| 97 1.3 17 13 
1| 3| 7:7 3|43| P| 3| 4X 7| 3| 11 29|. 3| 13] P| P| 3| 17 
13] 7| 35 P|!7| 3) x9) 23] 3| !!| P| 3/59| P| 3 3| P Ps 
17) 3j0399| 3| 11] 7| 3^ P|13| 3| Pj 67 3 P P3 3| 7 
pe RU MEN 137. 3| P. P| 3, 737 3 3 P| 7 s 
21| 11163] 36 7| pl 3|t93| Xa] 3| 13| 7. 3| 315167] P| 3| 59) 67 
23| 3. Pl 7| 3^ P| so} 3| 73 | 3| Pj333| 3| P ?| Pl 3 29 
27) 1269| 31:27 13 i "lea 3| 43| 17|. 3| 29| 53 ri] o3[n23 049 
z9| 3| P|s1. 3 zivos| 3977 P| 3. P13| 3| 7 49] ro| 3 P 
31| Pi 3] P|37| 3| 7| P| 3| P|'9| s3j37| 7| 3 3 pl isl 3 
33.1139] 19] 3| P| 5| 3397| P| s|107 "1| 3] x3) 27] 29| 3.7] P 
32) 13| 3| 7| 23) 3| Pitt} 5| P| 7| 3| P| P| 3j | 3| 11/297] 3 
39| p| 7| 3|97| t1| sjt73] 13, 35 47| 4j 3| P| 2|" s| P|59 
4| 3 13 aay 3! pl r| 3}. 7] 43| 3| Pl P| 3|" 3| P| 17| 3| 46 
43) 11 3| pl pl 3| pl 7| 3| 23) P| 3|?! P| 3| 43) P. 3| P| 17, 3 
4| s| Pl to] 3| 7| 4| 3| "1| pl 3| Pl 7| 3| Pl pl 3| P 3 a5 
49/3 3 P| 3| 3 r' pi 3 ar Pp 5:79 P 3 4t p. 3. 7| P| $ 
$1| 59/271 3 44) Bol s Pl 23) 3| 7] 73{ 3) 67] PL s| p| 7| sue7| p 
53| 3| 7| P| 3|!3| 37| 3| P| 7| 3] 29] P| 3103 73, 3| tol 13] 3137 
Sil] 19| P| 3| agit] 3| 7| P| 3] 44258] 31 23) 7| 3| P| 79) .3| 73] ae 
59. 3 P| P| 352 7| 3/59 5: 3/03 to] s| Pi 29] 3. pr 3| 7 
FUE NEN E BERE ECCE RE: 3 Pass 
3| 13] P “| pl 3 31] 29} 3| P|.7| 3) Pi ay 3| Pl ss 
67}! 29) 3) 53) P| 3) 231 P| 3| 7 1| 3) P 3 19 Pl 3 
So 7| so| 3| p|47. 3.43| 7| 3 19 P| 3| P P L3 n p. 
754 3| 19 13. 3| pl 11 3| P| P| 3/37) P 7 83] 3j10$ 
735127| 3| 89 42] 3| 7| P| 3| P|'9| 3j 3 Pi 43) 5 
72) 3| 49] 83| 3| 31 73] 3| P| 59| 3| 7 7 3 P. 
79| p. 3| 7| P 3| P| P. 3/1 7. 3!!3 3 [13 47 3 
Sip} 3 27] p[ s t| pla] 23) P| spes 3| 19| 29 
83) 3| 29 pl 3] 15 13] s| 7| P| 3) 197 P3» 
fur 4| 3 | rj 3 13 9| 3p62i92| 3| 7 9 3| 7| 1 
$9| s 61 p| s 7 1:9 3 1/23 3127 7. 3| 18 o]. 3i67 
oH pl 3 23) a] spo ss, 3| 17 pl 3| P|.P| 3| u[ s 
93| 47| 13| 3: 79|- P| 3/274] 49 3| 7| P| 3| 3793 3| P|?5 
97) 7| 3] 13/241) 3| pl pl 3/131| 37) 3| 17 3| Pi Oil g§ 
LELEELOGEELIEELE i] LES 










































































































406 Mr. Thomas Brancker's Table of 



































































































































































[r55|786787]788,589t 793}7941798|796|797798 199 

ei 3] 83) 7| s| P P| spo Pl 3| p P 
93 29| 3211 pl 3 Tz 3| 23 13) 3] P 
:3| P| Pj 3] 79 3jto3 71| 3 43 11| 3| 7| P 

es | P. siat P| 3 | 3 pitt] ap P 7 34 
n P|13| 3] 53] 7 3| P|3| 3| 79 P 3 
33 31:27. P| 3| 23 115| 13| 3| 7| P| 3| P9] 
1j Pl 7| 3269| 53 7| 3| stan 3| ri "i 
19 |.3| 29/223| 3| i 7| P| 3| 11 103] 3 1g 7 
zi} 3 233} 3| P| 23] sj p|:9| 31229 
ag| 111 3| 19 17] P| 3} Por 3} 7 p 3 
27]| 3| 7157 19 3| tl 7| 3 p|6u 3,257 
29| 7| 3| P [uen s 47] p 8 tu p d 
31 P 3 3| 7|3:) 3| 17 3 P| 35916 
33 3 P 7| 3|43| $'| 3 P pc sr 
37] 73 3} 7| Pl 3| 13) P| 3:93 3 9) s|:9 # 
391-3 Lal s PP 3 7!| P 3| P| P L2 Hp o3 P 
ail PI P 3| P|'9| s| 7| P| 3| 29) 3| 23| P| 3 
43| 7 352] 47| 3| P 3| 89 3 78| 3} P P 
4) 17 3 3| 7 31 337] 1 P 3 0| Pi 
49 P| 3 3|..3| PI 3| ts|t37| 3 23| 3 73! 
sai] 3| 31| 17] 3| 19| 1| 3/61 29| 3 P np 7 opu 
$3|| 891 7 n) 3 P P P 31723 47 3 
si] 3| Pita] s|62| 17, 3 P| 3 3 Pl 3 
s9|| Pl pya7| sj !3| 7| 11] 23 P 3 40 13 3 
6i251| 47] 3| 13| a1]. 3| 1! 181 3 37] p 
63} s p|6: Test 3 5 7 29) 31] 3/3 
6; n pj 3 pP| 3} 97] i 3 7 3 BP 
$69| 3| 7| 33. 3i31| P. 3 3/32 17 .P| pog 
7| 7| 3|39!99| 3| P|'s' 157 4! 3jgan n 3 
33|1e: P| 381 o7] 3| 7 1$1|ro7| 3| art a pP 
Tiji63| 3| Pl +3) +3) Py 29) P 7 3 P 73 
29| P. P| 3| 7| P| 3.9 P| 7.3 t2 3/23 P 
8] 3| 37] 7|. 3| 13/179) 3 P 7| 1| 3"! 
$3/113| 3| pito3) 3| PI 19| 3) 23) 3 n 17] 5 
87 3| 41 "1| 3| p|85 3 P “P| 23) 3 P 
SoH 1n 379 431 3| 7 LPL artt L3 79 £3 
oil 13| P| 3277 7. 3 i 3 Pl 3| e 
93| 3| P.59| 3 53| P 3 P p| 2) 357 
97| 29) 7| 3|: p| 3 197 3 P| 3jto9 P 
3 Pl 33] 3] ss 53] :3| ijs] 3| 83] 29 Prag] 3? 


Incompoft, or Prime, Numbers, lefs than 100,000: 407, 
































































































































801,802 803|804]805 |806| 807,808|809/8108 11,812 819 

n 3) 37| 79} 3 » 7 P? 

139 149 | 3s 

P 3 7 

—B 3 LP. E 

3 3] 37 or 

7 P E 1 

3 P P 1E 

-97 |_| 3 _P 

[ 3 3 ? n 5 

3 5 39] P P 13 17 

EEREEOEREEECRE : 

9n E 3. Pp 11 29 m4 

3r 327] I n[ 3| 7 3| P| 7| 3] P 

331163, ^3| P 29| 7| 3 Pi 3| 3 3 

37) 3/227} 19) 3| Pf 3 31 3! P| P 

ie Pi 3. Pj 43 13] 8 LP 3 P 7 3j - 

41] 13] pl 3| 3| 14/263 737 3| 73| 7 67 

43} 5| 7|29 239| 3| 13] 3] Pi 23) 3| 19 P 

47) "| pl 3 3 13 3 P PI 19 

49: 3| P3 p| 7| s| P| 9i 3| P| | 

st) pl 3| P| 3jog. P| 3| 3 

si , 3 7|43| 3} 5 E ER: , 
3] 3| 17 3 3 

59 7 21. 3. 12 61 $79. 7 4t 

| 3| r9 83| 3| 17| 13] 3| P 3| 1t 

i 3| P 3| 5| P| 3 3 

1 p| tt) 3) 67] P. 3| 17 7) 3} PB 

3| 7 323| P| 3j EJ 

7| 3 P| 3| P| 37 3 P 

P| P 197. 3| 7) 7 P 

P| 3 3 3 P 3 7 

1| pP 3| 19| 3| P| -$9. 3 23 

3| 43 3| 6r 3 17 23 3 

181| 3) 3| al 3| 17] ir 

3| P 3| 13 3 7 nj E 

2| 319 P| 3 3 85 263 

P| 17 P| 7| 3/173 19| 3 7 

3| 23 3| 83| 19] 3 2271539} 5 3 

i 3| 7| 3j: r1] 3| 43 13 3| 74 67 

"n" 3| 59 3| P7 3j nu E] 







































































































































908 Mr. Thomas Brancker’s Table of 

esiz pes pase bar osa Baga 8 834/835) (839 
ei 43) 3| 7| P| 3517 3 31 7| 3| Pl tol 3| Pj tt 3 
e; 5| 3 13 19 5| 3| pl P| 3| ple] 3| 7 P 
ej pl 3| P| P3 P 17) xt} 3| 4 3| pus 3 
99 P8. 3} 831 231.3 t2 Pj 3| 7| 337 3 nm 7 
1i 3|157229| 3| 7| t! 3| 17| 7| Pi139| 3| 3| P 
a P| 3|!9| 7| 3|to» p| 3| 17 13| 3| t!| 23 3 
ay 3| 7| P| 3| 73| 9) 3| n| P| 3/13 P| 3 Bi 
*9| 7| 3. P263| 3979 11883 3 43 pj 3. 7 47 i 
zi pl 3] 3 P| 5 ape en 3| p| 7| 3 17 

zal 3| 4 7 13| 3| pi103} 3197 PI 3 

2a) n n 3 3 3/13 7| 3| P|'o3| 3|ro 

29. 3| PL.7 113, 3/79 97| 3.23 19. 3| 

91 3| P| P 2327 3| 59) Pi .3| Pl 7 

33] 7|23| 3| 3 239| 43 3. P167 3/103 

37 3| P|!37| 3| 7| 19; 3| Pl 7| 3| Pl P 
49. P| P 3. P 7| 3 LB rn 3 d B iras 

4t| 3| P| P| 3| !9 59 3| 7 n s| Pi:8 a 

43, 3| 3| 7 67| 3097 1 7 3] 29) P 3| Pl to 

4) 3| 13) 18) 3) 29} 23) 3 Pp 3 Plt] 3|'!| 7| 3 

49, !'| 3233. P. 3. P| 7| 3|r3t69. 3 Tt 1| 3| P| 29) 

StH Pj:s| 3| P| 43| 3| P| 83) 3 11 53) 3| 7} 17] 3| 13) 

53] 3| Pj 83) 3| 7| 31] 3 11 sof 3/23] 7| 3| 19 17. 3 

7| 31| 25) 3| !!| P| 3 P| P| 3| 7| 13] 3| P| P| 3| pI 

59 de sig p 3 op 23 kx 33] Pos 

Gil 7| s| P| P| 3| Pest] 3 4 23) s| 13/39] 3| 7| P| 3 

65 137| P| 3| 23] P| 3| 7| P| 3| P| 3) 53] 7| 3| p P| 3| 3 
673! P| s| P^ 3'| 3| P|13| s|t73/63| 3| 7| P| 3| 19 r1 spr| 7| 3 
69 13:27. 3| 7, P. 3/19 37, 3/29] 7. 3| p Tt 3193 31, 3. PP 
EIE. [3 mapu s| p ri sjaós| p| s| 7|'9| 3j3 
73 3| 29). 3| 71 47) 3| 7| 11| 3|3'| Pl 3| 13| 7 3| P| PL 3 
7) 3|37 23] 3| 67] 11 3| 23179| 3| PL P| 3| 7| P| 3| 1| P| 3| 
Toni 3| port. 3| 7/29, 3.62 13. 3223| 7, 3| t: p. 3199 37 3 
8:1 29| axl a] 13| 7| 3|89| P. 3| plese} 3 t! 3| 19| 13. 3| 7|37 
83| 3| Pjtoz| 3) P|169| 3) 19] p| 3] 7|193| 3| 31 3} 67} 7| 3| P 
$j 23 7| 3 P P ala] p| ssi 19. 3 37 3| 7| $3| 39] P 
99| 3. P9 3 rt 13| 3. 5| P| 3| P|en 3 p. 7| 3| Ps 3.4 
$ires| ari e| 3| P 7| 3 P357 3 23 !3| 3|z9| p| s| P| P| 3 
93| "| P| 3| Pl P| 3,13. Pl 3749 Pl 5| 7|89| 3|t79:27| 3| 43| 7 
97 53| 5| x7] 7| s|stt 4t. 3| 19. pl 3jt7!| 31 PL p 3| 7 535 
$9] 19| t3 |" i i TUER RP 









































































































P 
LH 
P 
33) 
3 
7 3 
3 89 
29| 3 
11 
327! 
193} P| i 
RERT 2 
P 3 3 P 
n. 7 p P 
p 3 5 9 
101| 43} 19| 7 
3 3| 37 7 » 
P '83 3 3 i 
3 EE P 5 
LP. 3| po. 3 1 P3 St 
79| P| 3| P| #3) 3 27] 0 23 
3| 7| P| 3 53 ttl 3| 17 PY 3 
P| 3151] P| 3) 7| 3! 43 
L3 p p| 3 P 7 3j P 3 
13 3 31! pl 3| Pl PL 3 |ó7 
pios 3 7113 3| 1n 13| 31 
Pons al esa] 3 7 
|_7| 19] _3)103|_p|_ 3| 97|_7 +99} _ 333 
3 25/227] 3 P| 3! 3 53 7|43 3 
12 3] Pi 13] 3| zat] 3 3| 79149 
$| 83) 17) 3| 13| P| 3 19) 31 3 
[23| 3| 7|. 3| P'49. 3 3 
P| 7| 334 17 3| Pjies 7 
. 8 4t 19] 3j 29) 17] 3. 7 1e9| 7| 3 
13/18!| 3| Pj $f Pl 17 "i3 £ 
L3 pon 3 onm) ao LANE 
"| s3| p| ?| 3| P| P| 3 3| 13- P 
FEEFERRE P 
2| 3| P|19 3 11,43| 3 3| 7 
PL 3| PosH 31 73) j7 ? 3). P 
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874187 5187687 7/87818; 9 

7" 3| 87 3j 1t 

EE ERE 

BL 3 1339 3| 17 

1L P| 3:937) 3 

7 3| P|79| 3| Pj P 

3 6X s| peso 3| 7 

31 3 P4 3137} P 

3 | 3! 19, 3| 7| P, 3 r$ 

9| 3| 7 *7| 3 7| 3| Pl 53] 3 

3] 29 7| 53 P|!7 3| P| P. 3| 37 t 

3 7 P 3 P s P 3 5 71 3 

3| 3| P| P| 3j P9 313] P| 31.7, 23 

Pi 3[43 3*| 3| 7 1| 3 pl 7 3| P 

4| 3 79 7| 3 P| 17) 3,59 3 

1 3 3 P^ 7 $ rn 135 3| 47 

B7 3.37. P. 3 B 3| Po os 

3 esliz7] 3p] P FE E EG 

37) 3 3n 19 P| 3| P 3| P 

3| 11223]. 3| 7| 61] 13) 3 7 7| 3|197| 3t 

33. 3 13 7| 3. P) 113157, 3| P| 47. 3 37 

4173 3 P| 3 3| 7, 29) 3| PI 59] 5 

P| 3| 7 P! abs p 3| 3 re 3] nest 
3}torltg3t 3| pl !3| 3 P| 3|!9| P| 3927] 7| 3 

a iori 3| P| 7 3|2!| P. 3| Port s105| P 

Pl P| 3| ss 3| 13) 43] 3/199] !!| 3| 5| 19| 3| P 
3|107| 79| 3| ? 99 gor 11 3|149| 7 3| 13 41 3 

Pi 55| 3 1) 3| 83 62] 3| 7| 47) 3| 29) P| 3| te 

L3 5r s» por 36 T 3 cse xou pog 
aay say Pb al 2c{ pl 3]7| € 3 "" r| 3| a] as 

43| P| 3 1909 3| 779] 2 43) P| 3|73| 7| 3| P 

P| 3| Pro; 3 n9 3| P 23| 3| 7 43 3| PP 

Ez mos sva ss Posso T| s pen ater 

3 iuwausgsqqisudgu 
3 nj) 3 27] Pb 3| oat pl 3, 7] P uS P} 3] 23] 7 
P| 7| 3| Pi 23} 3| 17 37] 3| Pitot 3] Sol. pl 3| 7| F| 3 
3|.» 73. 3) P $9 3| 7| 73| 3| 44] 3t) 3. P 7| 379] 1f 
7| P| 3| Pita] 3229 7| 3 27] !3| 328] P| 3| pl ea] 3| P 
3| P|!79| 3 !s| P| 3] 29] PL 3|17] PL 3| 7| 2 3 Pi dal 3 
P| P| 3|57| 7| 3| 2933] 3935! 1'| 3| 12/59| 3| P| P| 3| 7 
3n 3| pest PPT ey LS 


ncómpofit, or Pritte, Numbers, lefs than 100,600. 41i 















































































































[881 882/883/884, 8,88. 
3jos| Pl 3 3| P| 19) 
93| p 19. 3| 7| 107 3 P 
95» P 3 7/233] 8| 3| pP 7 
99| 17] 7| 3 vat 3| 367 
nj 3| 17 » a P 7| P| 5 5 
331283) 3| 17| 47| 3 3 pn P 
1j 3| P9 3] 7 7) P| 3 7| 8 
19. P. 3| 47| 7.3 3 P| P| 3. P 19 3 rn 
zi as rif | p| 29 pl s| 7| P| al sez] 3 
231 3| 7| P| 3| P pl 3 17 7| 3| t| pl 3| 23/2231 3| 
22) 19 13| s| p| P| 3| 7] 83} 3| 17)27| 3| P| 3 P 
19) 3| p|85 3| t| 7| 3| P:3| 3 15 t9. 3| P372. 3 
3) 47| 3| a1] 19, 3|223263| 321113. 3| 7 3| Pl i3 
33| 11) 31) 3| 7'9:1| 3| 61 89 5|13. 7| insi 3 
37), P| s| P. P| 3|29|5!| 3| 7| Flat P 3| 7| 7 
39 3.53. 3. p.13, 337. 7. 8.1969, 3033 4T 3 r7 rm 
41 3{ 19| pl 3| sof 7| 3| P73| 3| P| 3| 3| 7 ! al aa 
43| (7| 3| 79| 23) 3| 7| Pl 3| Pl 29] 3|97| ?| 3| P|is! 
4| 3081| 17^ 34! p| 3| Pl 11 3^ 7239 73. 3 
19/18, 3, 7| 17, 3| 73 11| 3 23| 7. 3/59 31] 3. Pr49 
3| p|!3| s| Pl P| 3149) 3| 7 
13 3| 7| P| 3| 79| P| 3 ?| 3 3| 23 
3 Pr s p 3 7:9 3 x3 59| 7 
19. 3| 15 77) 3.29. 7| 3193. P. 3| —3}_P 
ray psp P aa] aires] pl sn] 23) 3 
3} P| 37] 3| 7| 13| 3| 23 3 7) P 
31| P| 3| P|43 3| #3] 17 3 
" |_P| _3|_7] 39.3, P| p| 3| Pl | 13 22 
n 37 P| 7| 3| P1. 3| p|z3| 3| 3 7 
73) a9 3 3|23| !3| 3| Pj'o3 3| 7| P| 7 3 
?n 3| P| 3|ro3|ro:| 3| 13| 31] 3/281) 11]. 3 3| P 
19. P 3 38s 7", 3| 7| tt. 30252| 73 1j 3 
81| 9/109) D 3| Pl 7| 3|t0!|az9| 3| 29] ii| 17 
$3. 3163 3| 19| 11 3| 42, P| 3| pon 3j 3| P 
Srl) s9| 13 7| 83!  19| 3|23 p| 3} a ?| 29 
39j 31 29) 3o; P| 3| Pjes| 3! 7| P| P 
91137. 3 3| P34) 3| '1| 2|. 3| 79| 29 3 
9 3 1 gt) o 3 4 s 3r 
3 3| 9 3 P 3|tgx} 13] 3] 3i 3 
99} 11) 89 asp PL sta 14 1! 
! 
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. 28.919 
3| | 7| 3] asse] 5| Pl 29 
T] s| P|:3| 5| 47 P| 3| 7 
3223 17| 3| 19]e:| p| pl 73 
$1 3 mn *y 9 77:93 3 P 
179197 8| pl 7| 3| P| P| 3 
3| 53/27] 3] pl 17| 3| pito? 
3| 7| S3  23| 3 4x HL 5 
3| 19| 53 71 11 | 17 
p| s|z9| v [ 3| pl 7| s| P 
2393 11) 3| Pi 9| 3|3:| P| 5 
»| sj 7| 3|59| 29. 3| te 
BOUE RH MU CCTNKI 
3 7 3| n CNET 7 
7| 3 t: pl s| 43] p| 349 
3| P[49| 31339] 7| 3| P| 89 
LPs 6n 3| pug 3 P 
pl 23, 3| 7| P| s|13| P| 5 
3| F| 7| s suus) 3| 29] P 
7| '3| 3i 19] 43) 8| 23] 7| 3 
j—3}_pit67]_3| Ss 37 3/5» ri 
3| 13909 3| a] 11 3| P 
P P| 3| P| 7| 3| Pi st] 3 
11 3| 7| P| 361 pl 3| P 
P 73, Fi 13) 3,89 97] 3 
3/63103| 3| ro] 31 3| 7| P 
PL 3/2411 pl 3| rj 7| 3| 4t 
3j 1j P 3| 2 sy 3| P| P 
S. 4 P 1 3 2911631 8| P 
17 3/23 p| s| P|!3| 3 
3| 7| p P 3.7 
73 97| $17 p|.3| 7| 79} 3 
|_3} 37) 23.3 17, 7|. 3139,79 
19| -3| P 23! 3| 13] P| 3| 59 
P M 31 Bet 3 
67 3| P| EM 3272963) 3| 7 
|_Pi 4] auod 67 3/19. 7, 3 
3| Pj So] 3| Pl p| 3| 45| 67 
P| 3 3| 7| a3 3|! 
3 P 3| 18) 47] 3| 53, P 
P 7|.P| 3107] 93] 3/97 
jJ. (d. jq. 


as 


ncompofit; ar Prime, Numbers, les then 160,000. 
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945|946/947]948/9401950195 1/9521953]95495595610571958/959 

1) :3| 3| 7] 43] 3| PL 34] 3| P| 7| 3 P 

3| P| 7, 3| P P| 3| p|13| 3) 43) P| 3| P| 2 

789| 3ju3 3| P| 7| 3|!3| P| 3| Pia 

3/37 P, ao» p. 3 root su49 6p 3i 7) 1t 
3|s3| P| 3] 7| pl 3| P 33) 7] 3} P 

7 5| 3 P| 3/59 7. 3227| P| 8| 3 3 
71 53/263 47| 3| 7| 53| 3| 13| "1| 3| Pl Pl p 5| 
R57, 3.31 7. 3| pit 3 73| Pj 3) 313, P 3 

P. Pl 3| P r1 3|23 pl 3| 7199 | e al tal 7 

3| 7| 1| 3| Pl P| 3/167] 7| 3| !9| n 3| P 

Pi P| 3} 43) pl 3| 7 P| 3 an P^ 3j ?| 3| 79) 13 
|s.89. P. s 4s| 3| 3 ras. sri p. 3 p?9 a P 

P| 3| Pj:3| 3| 31 59| 3| P. pl 3| 7| Pl 3| Plo 3 

15 P| 3| 7|6:| 3) Plz9 3| P| 7| 3} 831 P| 3| 47| 23 

29| 3| 17!01| 3| pits9| 3| 7/138] 3| :9|!3| 3| P. 7| 5 

7. P| 3| 721: 3| '3| 7| 3| P| P| 3| P[SO. 3239,97 

3| Pl Pl 3| 17| P| 3101 89| 3|67| P^ 3| 7 !9| 3|37 

Pl 3 Fi 31) 3| 5| 79 3] P|23| 3| P| 7 3] 67] 1| 3 

3 P 3| P| pl 3| 2 13] 3» 7| at 3jren 3| P 
Be» p. 3| 7| P| 3 P| P| 317 7 DEEP EM 
163 3| P| 7| 3| P|4!| ap P| 11] 3) 23) 97) 3| 19) 3| 1/229 
3 P| 3| 29 33 3) fol n| 3 a] Bl al aa] 53 341 7| 3 11 
P 3|t$7] 14} 3}103] 13| 3/269| 19| 3| p|t67| 3| 7| 23) 3| P| P 
3|13 T1, 3/59, P. 3/7 29|_3} 23] 43} 3| 11 7| 3 r31 3 P 
n Pu27. 3| pl 7| 3|13 pl 3| ''| P| 4 P 3| 17257, 5 
3197| P| 3|i81:93. 3| 11 3| 7| 47 3.1271 3 17 7 

107| 7| 3| 111137) 3| 19] 23| 3| 59| Pl 3| Pjz27| 3| 7|37| 3 
|-3.11.17, 3.41 97 3| 7 13 3| 47. P| 3 2| 3 e| 19 
ay aay ay EE 1g| apBi p^ 329 53 3| P 

P 3| p 17 3| P|73| 3 !3| P| 3| 7| 31 35 P3 
23| 3. Pl 7| 3| P|17| 3 PI os7)307| aa n| 3 7 
-29| Pi 3j271| 13! 3| 79] 17| 3/7 Pj 3| Ppru 3|!9 7| 3 

3| seo 3 73| P. 3| tol ps: (| 3| piós 3| P|4' 

7| 3| P| Pl 3} 13239| 3| prt s| P| pj 3| 7| P| 353 

3 37 t9. 3) Pl 7| 3| 43 3| PL 3) 6uros] 3) rn P 
3| 3 64] 11 3| P| | 3.7 17] s u| pi 35 P 
pn 3} 7|23 3|3r ?| 5| t| 17 p Ps 
3/13 7| 3] P P s ri ^P| a|to9| 13| 3| 7 59 

P 3 pj28s) s ar 233| 3) 29) p| 3| pj 7j 5 
Pi $3) 3| U| 47, 3| 157| 19] 3} 7} 85| 3| 1 17. 

















































































































_|1960]961,962)9631964]90s 19661967 9681969)070.9711972I97 3197419751976, 

ew pl #7] 3] 23| P| 3| P1 3 7| pl 3|!3 P P| 7 

03] 3| 7| 7| 3j49| 1! 5| | 3 3| P 3) 1 

ej 19 rí| 3/193] 17| 3| 7] !3| 3. P| P i| 7| 3|2817| P| 

99. 3 13 23 3249, 7| 3 97!3'. 3 tt] 19. 3| 31] r3 3 P. 

in 3| P|'9| 3103] 17] 3| ta] “pl 3| a] en 3 ? 3 3 
13) pj23| 35 7| 62| 3| 11 5 3|199. 7| 3| P|23| 3| 13 179 
17) 3| 13] 131 3] pl 79} 3| 7| 5| 3 67 ou 7| 3 3 
19| Tjer? si 61. p| 353 7. 3|19| 3| ajorgoz. ajtrs| 31 LP 
n H 3| 131263| 31311 p| a| pl 17] 5| 3j 3| 4! 181 
25 3| P j| 3| 3| plro3} 3| 13| 7 P| 3 3 
27 97] 4 P| 397 pl s| 7| P| 3| P| ttl i233 P 
29 3 7 83] 13 3, 37. 7. 3,23, 11 | 3 3 
5 i 3 37! 3| p 11 3| P 3| 7 37 P 
33j 3)2511 Pj 3» 3| 7 "| 3| 19137| 3 7| 35 1c 
37 3 3| 4€ P| 3) 31] 23] 3| 7 11/163 7 
895 327 16 .19| 3- Bi79| 3; p| 7| 3 r'i39. 325" 37 
41 34157 agj2gt) 3|113| 13| 3| rt 3| po3| 3| à 
431 P| 79| 3 3| p|89| 3 753 3|47 3| 23 P 
^] 3/109} rt27) 3| p|29| 3) 19) 34 3| 7| 3 
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Of Rational Numbers that exprefs the Sides of 
Right-angled Triangles, 


COMM 


A PROBLEM. 





"Article 1. To find as many right-angled triangles as we 
pleafe, of which the three fides (hall be expreffible in ratio- 
nal numbers. 


SOLUTIO N 


—— — 

Let the numbers that exprefs the lengths of the two fides 
that contain the right angle, be denoted by the letters ss 
and. Then will the number that denotes the hypotenufe 
of the triangle, or the line that fubtends the right angle, be 
greater than either of the two numbers m and, and its ex- 
cefs above either of the faid numbers will be a rational 
number : for, if it were not, the number itfelf which ex- 
preffes the faid hypotenufe would not be a rational number. 
Let the excefs of this number, which expreffes the hypote- 
nufe, above the number m, which expreffes one of the fides 
containing the right angle, be called e. Then will the 
number which expreffes the hypotenufe be m + e, and its 
Íquare will be mm + 2me + ce. But (by El. 1, 47,) the 
{quare of the hypotenufe of a right-angled triangle is equal 
tg the fum of the fquares of the two fides of it, Therefore 

3H . "m 
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_ mts ame + ee will be equal to mm + nn; and, confer 
quently (fubtracting mm from both fides), 2me + ee will be 
equal to #5 and (fubtra&ing «e from both fides, which is 
evidently lefs than ame 4 ee, and confequently muft be lefs 
alfo than na, ar the right-hand fide of the equation ame 
+ ¢¢ = n,) ame will be equal to xn — ee; and (dividing 
both fides of the equation by 2e,) m will be equal to 
SS, and confequently m + ¢ will be equal to 277. + «, 


are o, 3X me | ace mee 
pr to ——— + TM, or to T + =, orto TC And 
fonfequently the three numbers m, z, and s + e, that will ex- 
prefs the three fides of a right-angled triangle, will be equal 
pe 4 - : 
io ME) a, and SE, or 7, 22, and EE, or, if 
we take any number whatfoever, and call it e, and take any 
ther number whatfoeyer that is greater than e, and call 
it m, the three numbers m8, 2m and ME, will be 
‘ 2e 26 26 t 


three rational numbers that will exprefs the three fides of a 








right-angled triangle. QE I. 





Examples of this Method of finding fach Rational Numbers, 


Art. 2. Thus, for example, if e is = 1, and # js = 2, 
(which are the fimpleft numbers we cqn.chufe,) we (hall 


have ee = 1, and m = 4, and confequently "=" (= 


4rt arty 3 am 7_ 2XUX2) _ 4 

tists as and [> (= 3X1 )- 3? and 

na hee 4tr . 41. 5. 

ca (= ax: 77 = ru and confequently 
i 


73 
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AL, 4, and +L, will be three rational nuinbeis dmt will 


exprefs the lengths of the three fides of a right-angled 
triangle. And accordingly we fhall find that the fquare 


of the laft of theíe numbers, to wit, ái which expretfes 
the hypotehufe of ilie triangle, is equal to the fum of the. 
fquares of the two former numbers, to wit, -3- and t 
which exprefs thé two fides that contain the right angle. 


For the fquare of & is 3, and the fduares of = and. 
5 are P. and 28; and 2$ is = 2. 4.38 
oue cv and 7; and 2 ds Lo +7. 


Secondly, let e be = 2, and s» be = 3; 
Then we fhall have ee — 4, and. 5 = 9, and 2e — 4j 


m-—e 





and confequently = (= 3t) = 4, and = 
ao 22%3) | d mike, 94 _ 15 
(= HP) =, and SI (= $5 = Be 


Therefore t z and i, will be three rational numbers 
that will exprefs the three fides of a right-angled triangle. 
And accordingly we fhall find that the fquare of 2 will be 
equal to the fum of the fquares of + and - For the 
13 4 _ 169 i Ss i2 

Íquare of 78] ye and the fquares of 4 and 4 We 
s 14. 169... 2 144. 
Ei and 16 and 75 is = eu 

Thirdly, let e be = 3, and 5 be = 5. 

Then we fhall have ze = 9, and #n = 25, and 2e = 6, 





mak , 25-9 16 am 
and confequently =“. (= “5=2) = 7, and xs 
— 2X%3X = 2 mee (2549) — 134 
(= Lxx = AR and UT (= EY) = Ht. 


3H: Therefore 
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Therefore x, &, and A, will be three rational numbers 
that will exprefs the three fides of a right-angled triangle. 


And accordingly we fhall find that the {quare of 24 will be 


equal to the fum of the fquares of 5 and 32, For the 


34 ; 1156 : £16 30 256 

fquáre of V Se and the fquares of v and L- are 39 
goo. 1156. __ 256 , goo 
and £7; and => is — 39 * 3 


Thefe three numbers 4 2 and x, might have been 
seduced to fmaller numbers, by dividing both their nurhe- 
rators and denominators by 2. For they would then have 


been +, A, and i. Therefore thefe three numbers 


XS, and T, will exprefs the three fides of a right- 


angled triangle. 
Fourthly, let e be = 3, and s = 7. 


Then we fhall have ee = 9, and s = 49, and 2e = 6, 


m—e , 0 49—9... 49 2t 
and confequently “= (= 7) = J and = 
mm -2X3X7) o4 me ,_ 4949) _ 58 
(2 —— ) 2 v an T0747) 


; 40 41 8 20 2t 29 : 
Therefore =, go and S er and > will be 


three rational numbers that will exprefs the fides of a right- 
angled triangle. And accordingly we fhall find that the 


fquare of 2 will be equal to the fum of the fquares of EI 


and > For the fquare of 2 is “, and the fquares of 


20 21 400 441 Sqr. 400 44r 
— and — are ^— and =; and— is = — 4+ =. 
3 3 9 9? 9 9 t. 


Fifthly, 
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Fifthly, let e be = 3, and x = 11. 
Then we fhall have e¢ = 9, and m= 121, and 2e = 





6, and confequently nd (= a) = Ds and = 
(= S44 =&, ana mete = Bu» = 2 There- 


fore E s and T, or 2 E » 3 and 4, will be three 
rational numbers that will exprefs the three fides of a right-^ 


angled triangle. And accordingly we fhall find that the 
Íquare of z will be equal to the fum of the fquares of z 


and 3, For the fquare of 2 ^ is No and the fquares of 


"e a8 are 313° ez and DN and 4225 jg = 3136 4 1989 . 
3 9 9 9 7 


Sibi, lete be = 5, and 2 = 13. . 
Then we fhall have ee = 25, and s = 169, and 2e = 


am —e ,_ 169-25, _ 144 an 

10, and confequently 9— ^ (= —5—) = 3G, and 7 
— 10x me} 130 ane ,.. 1694+25, _ 194 

(= —) = o? and = (c Ex =a 


“Therefore ue, Uy and =, or zo T and 1, will be 


three rational numbers that will exprefs the three fides of a 
right-angled triangle. And accordingly we fhall Gnd that 


the fquare of 2 will be equal to the fum of the fquares of 
E and 5. Fer the fquare of 2 is m, and the fquares 
of = and 5. are £235 and ei. and 249 is — 5184 + 
5 5 25 25 23 25 
4225 
"ag 
Thus we have obtained fix different fets of rational num- 


bers, which exprefs the lengths of the fides of as many dif- 
ferent 


ase Of Rational Numbers ibut expres thé 


ferent right-angled triangles ; to wit, «1ft, Ez 4, and 4; 


1 t 8 i 
and, 2d, á =: and ae and, 3dly, > and 7; 
ly, 29, 24, and 225 and, ‘stitty, 5S, 33, and £8; 
and, athly, 73° and 3! and, ‘sthily, S and 3! 


and, 6thly, 2, 2, and S^, And, by changing either 


both the numbers denoted by e and n, or only orte of thofe 
numbers, and computing the values of the three fractions 
man—ce 208 d mde 
“ae? e&t ze ^ 
Sets of numbers as we pleafe. 





we may obtain as many more fuch 


Art. 3. All thefe numbers are fractions, becaufe they are 


nan—ee zen 


derived from the general fractional expreflions 77—7, 77, 


mn ee 


and But, if we multiply the three fractions of each, 


of thefe fix fets of fra&ions by their common denominator, 

the products will be whole numbers expreffing the fides of 

greater right-angled triangles fimilar to the former triangles, 

of which the fides were expreffed by the foregoing fractions. 
4 


"Thus, if we multiply the three fra&ions 4, +t, and i, 


by their common denominator 2, we fhall have the whole 
numbers 3,,4, and s, for the fides of a greater right-angled 
triangle-.f@milar to the former triangle, of which the fides 


were expreffed by the fra&ions 4, +, and +. And, 
if we multiply the three fra&ions 4, 4 and 4, by their 


common denominator 4, we fhall have the whole numbers 
5, 12, and 13, for the fides of a greater right-angled tri- 
angle fimilar to the former triangle, of which the fides were 


z 3, and z. And, if we multiply the three fraétions 
8 
X) 


3 
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+, 4, and T, by their common denominator 3, we 


fhall haye the whole numbers 8, 15, and 17, for the fides 
of a greater right-angled triangle fimilar to the former tri- 


angle, of which the fides were EZ LT, and EN And, in 


21 


' 
like manner, from the fractions EZ > and 22 E 49. we may 


.derive the whole numbers 20, 21, and 29; and from the 
d he whol b " d 29 d fr h 
fractions £, A, and 5, we may derive the whole num- - 


bers 56, 33, and 65 ; and from the fractions 2,3 $5, and 


iz, we may derive the whole numbers 72, 65, and 97; 


al which fets of whole numbers will exprefs the fides of 
right-angled triangles fimilar to the three former triangles, of 
which the fides were expreffed by the fractions 2 


- and 


2 , and the fractions E, 2, and & 2S, and the fractions z 


6 
zs and a 

Art. 4. And thefe whole numbers might have been ob- 
tained at once by computing only the numerators of the 
nu—ee oim nd nn bce 


three general fractions » V5 an , to wit, the 








expreffions nu — et, aen, nd An + ee, which are the pro- 
duéts of the multiplication of the faid three fractions into 
their common denominator 2e, For then we fhould have 
found, in the firft example, in which e is = 1 and s is 
== 2, that the faid expreífions s — ee, 2en, and 3 + es, 
would have been equal to (4 — 1, 2 X 1 X 2, and 4 4 z, 
Or) 3, 4; and 5; and, in the fecond example, in which 
4 was = 2, and 2 = 3, we fhould have had ss — ee, 2en, 
and m + 6, equal to (999 4, 8 X 2 X 3, and 9 + 4, or) 

5» 12, 
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5, 12, and 13; and, in the 3d example, in which e was 
= 3, and » = 5, we fhould have had zz — ee, 2e», and 
nn + ec, equal to (25 — 9, 2 X 3 X 5, and 25 + 9, or) 
16, 30, and 34, which, when divided by 2, become 8, 
15, and 17 ; and in the 4th example, in which e was — 3, 
and « — 7, we fhould have had ms — ce, zen, and wz + 
et, equal to (49 — 9, 2 X 3 X 7, and 49 + 9, or) 40, 
42, and 58, which, when divided by 2, become 20, 21, 
and 29; and, in the sth example, in which eis = 3, and 
mis = 11, we fhould have had an — ee, 2en, and nn 4- ee, 
equal to (121 —9, 2 X 3 X 11, and 121 + 9, or) 112, 
66, and 130, which, when divided by 2, become 56, 33, 
gad 65; and in the 6th.and laft example, in which e was 
= 5, and s was = 13, we fhould have had s — ce, 2en, 
gad my + ee, equal to (169 — 25, 2 X 5 X 13, and 169 
+ 25, or) 144, 130, and 194, which, when divided by 2, 
become 72, 65, and 97. And thus we fhould have ob- 
tained the fix foregoing fets of whole numbers to exprefs 
the fides of different right-angled triangles, to wit, 1ft, the 
numbers 3, 4, and 5; 2dly, the numbers 5,:12, and 13; 
3dly, the numbers 8, 15, and 17 ; 4thly, the gumbers 20, 
"21, and 29; sthly, the numbers 56, 33, M. UN and, 
6thly, the numbers 72, 65, and 97. ^ 








A SCHOLIUM. 
————M 


Art. 5. It may be obferved, that in the four firft of 
the foregoing fix fets of numbers, which exprefs the fides 
of right-angled triangles, to wit, in the numbers 3, 4, and 
5, and in the numbers 5, 12, and 13, and in the numbers 
8, 15, and 17, and in the numbers 20, 21, and 29, the 
fir& number of each fet is lefs than the fecond ; but in the 
fifth and fixth fets of thofe numbers, to wit, in the numbers 
69, 33, and 65, and in the numbers 72, 65, and 9» de 
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firt number of each fet is greater than the fecond. Now 
this depends upon the proportion in which the number s 
(which is always greater than e,) exceeds the number e. 
For, if 7 were not a number, but a quantity incommenfur- 
able to 1, which bore the fame proportion to the number e 
as 1 bears to 4/4 — 1, or to the excefs of /2 above 1, or 
as the fide of a fquare bears to the excefs of its diagonal 
above its fide, the general expreflion a — ee, from which 
the firft terms of all thefe fets of numbers are derived, 
would be exa&ly equal to the general: expreffion ze”, from 
which the fecond terms of the fad fets of numbers are de- 
rived: and, when the proportion of a toe js. lefs than that 
of 1 to V2 — 1, or n is lefs than e x FEES the general 
expreffion am — ee will be lefs than 2¢#:° and, when the 
proportion of z to e is greater than the faid proportion of 1 
to V/2 — 1, or z is greaterthan e x T the general 
expreffion m» — ze will be greater than 2ez. Thefe things 
may be demonftrated in the mianner following. 


Art. 6, In the 1ft place, if mis =e x a we fhall 


» and me — ec (= 


have m = ee x ——À = ——À 
x Vem) 2-234241 

























et e 2 ae xe 
— "- EE 
21-2231 ° Vie 
^ ec "7o — 
2—:y2431 ^ — T" ITIyiTi 
(See — 3 Va x ee — ec -—36€d4azXxe | 
"a—aWati ~ a-aádgida 2—2 21 
24/2Xe —206 — zt X J2—V. __ ze. 
+ z2—-2/z+1 — i-ayayi) = Ja ai 3 and we 
uH 1 _ £e 
fhall alfo have 2e (= 2e x e x Wor )z Wot 


And confequently mm — ce will in this cafe be equal 
to 2er. Q; E. D. 


3I adly, 
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adly, If » is lefs thane x zip the compound quan- 


tity mm — ee will be lefs than 267. 


For, if we fuppofe #, from being equal to e x Wo 
to become lefs than that quantity, but ftill to be greater 
than e, and the decrement of s, or its difference from its 
firft value, to be denoted by the letter d, it is evident that 
while x is decreafing from s to n — 4, the compound quan- 
tity am — ee will decreafe from a — ee to n — d — e, 
that is, to mm — and + dd — ee, or to nn — ee — 2nd + di, 
or to zn — ee — ( 2nd — dd, or will be lefs than it was be- 
fore by the quantity 2nd — dd; and in the fame time the 
quantity 2ex will decreafe from its firft value, 2em, (which 
was equal to am — e£) to 2e x n—d, or 2en — aed, or 
will be lefs than it was before by the quantity 2e. Now, 
becaufe » — d is greater than e, it follows that » muft be 
greater than ¢ + Z, and confequently that » — e muft be 
greater than d. Therefore 2d x » — e will be greater than 
2d x d, or 2nd — aed will be greater than 2dd, and con- 
fequently and will be greater than 244 + 2ed, and and — dd 
will be greater than dd + 2ed. Therefore, à fortiori, and 
— dd will be greater than 2ed; that is, the decrement of 
the quantity zz — ee while z decreafes from s to x — d, will 
be greater than the decrement of the quantity 2e» in the 
fame time: and confequently the quantity s — ce — 
(and — ad, to which s — ee will have decreafed, while s 
was decieafing from s to 1 — d, will be lefs than the quan- 

, tity 2ez — 2ed, to which the quantity 2e» (which was at 
firft equal.to s» — ee,) will have decreafed in the fame 





H * . H Li 
time ; or, if » is of any magnitude lefs than e x uiv 


but greater than e, the quantity zz — ee will be lefs than 
the quantity 2er. Q; E. D. 





And, 3dly, if # is greater than e x ya the com- 


pound quantity n — ce will be greater than aer. E 
t Or, 


| 
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For, if we fuppofe n, from being equal tg e x gent . 


to become greater than that quantity, and the increment 
of », or its difference from its former value, to be denoted 
by the letter d, it is evident that, while » is increafing from 
nto # 4- d, the compound quantity ns — ee will increafe 
from m» — ee to n 4- d|* — ee, that is, to; + and 4- dd 
— et, Or to ms — ee 4- 2nd + dd, or it will be greater than 
it was before by the quantity 2zd + dd; and in the fame 
time the quantity 2em will increafe from its firft value, 20m, 
(which was equal to am — ¢e,) to 2e X n 4- d, ot 2m + ded; 
or will be greater than it, was before by the quantity 4ed. 
Now, becaufe s is greater than e, it follows that 254 mutt 
be greater than 22; and confequently, 2 fortiori, 2nd 4- dd 
will be greater than 242; that is, the increment of xm» oe 
during the increafe of » from s» to » + d will be greater 
.than the contemporary increment of 2e. Therefore the 
quantity mn — ee 4+ and 4- dd, to which s — ce will. have 


increafed while 5 increafed from 2 to n + 2, will be greatet - 


than the quamity 2e + 2ed, to which the quantity 2e 
(which was at firft equal to s5 — e) will have increafed 


in the fame time; ot, if » is of any magnitude gfeater that... 


ex a the quantity #2 — ee will be greater than. tbe 


quantity 2ex. Q; E. D. 


Arn. 7. If we take two numbers for e and » that are 
nearly in the proportion of V/2 — 1 and 1, we hall find 
that an — ee will be very nearly equal to 2ex. Now V/2 
is = 1.414 &c. "Therefore v ris = 1.414 Kc — 1 


zz 0.414 &c, and We — 1 is to 1 pretty nearly in the pro- 


portion of 0.414 to 1, or of 414 to 1000, or of 207 to 

oo. Therefore, if we fuppofe e to be = 207, and # to 

e — $00, the value of m — ce ought to be nearly equal 
to that of 2e. And fo we fhall find them to be." For, 
upom thefe fuppofitions, we (hall have er (= 207%) 3 
42,849, and hm (= s00}*) 240,000, and à — de (= 
$50,000 vue 42,899) 33 207,451; ^ And. gen wit be (28 
n gia : 2X 


i 
I 
| 
| 
I 
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2 X 207 X 500 = 207 X 1000) = 207,000; which is 
very nearly equal to 207,151, or an — ee, 


Art. 8. And, upon thefe fuppofitions, ## + ee will be 
(= 250,000 + 42,849) — 292,849 ; which gives us a fe- 
venth fet of numbers that exprefs the fides of a right- 
angled triangle, to wit, the numbers 207,151, 207,000, 
and 292,849. And accordingly we fhall find that the 
fquare of the number 292,849, which reprefents the hypo- 
tenufe of the triangle, will be equal to the fum of the 
fquares of the other two numbers 207,151 and 207,000, 
which reprefent the fides that contain the right angle. For 
the fquare of 292,849 is 85,760,536,801, and the fquares 
of 207,151 and 207,000, are 42,911,536,801 and 
42,849j000,000 ; and 85,760, 536,801 is = 42,911,536,801 
+ 42,849,000,000. 


Art. 9. If we fuppofe eto be = 2, and s» to be = 5$, 
we fhall have ms — ce (= 25 — 4) = 21, and aes (= 
2 X 2 X 5) = 20, and ms 4+ ee (= 25 + 4) = 29. - 
"Therefore 21, 20, and 29, will be three numbers that. will 
exprefs tbe lengths of the three fides of a right-angled tri- 
angle. And thefe numbers, we may obferve, are the fame 
with the three numbers 20, 21, and 29, obtained above in 
art. 4, by fuppofing e to be equal to 3, and » to be equal 
to 7, excepting that the order of the two firft numbers 20 
and 21 is different in the two fers, 20 being the firft number 
in the firft fet, 20, 21, and 29, and being the fecond num- 
ber in the fecond fet, 21, 20, and 29; the reafon of which 
is, that 20 is derived from the firft generat expreffion 
$5 — ce in the firft fet of numbers, 20, 21, and 29, and 
it is derived from the fecond general quantity aex in the 
fecond fet of numbers, 21, 20, and 29. This, however, 
has an odd appearance, that, when the original numbers 
n aud e, from which the general expreffions an — ee, 2en, 
and sm 4- 4e are derived, are made to bear different pro- 
portions to each other (for the proportion of gto a is greater 
than the proportion of 7 to 3, being equal to that of 7 to 
2,8, or of 70 to 28,) the tree numbers obtained by meant 
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of thofe general expreffions fhould ftill be the fame, though 
placed in a different order: and therefore it may no 
amifs to inquire a little further into it. H 


. Art. 10. In order therefore that the reafon of this feem+ 
ing irregularity may appear the more clearly, we will recur 
to the obfervation made above in art. 5, concerning the 
change in the proportion of the general expreffion s» — ee 
to the general expreffion 2ex, when the proportion of s 
to e, from being at firít a le(s proportion of majority than 
that of 1 to W2 — 1, or of 1 to 0.414, &c, becomes 
equal to, and greater than, the faid ratio; to wit, that, 
when the ratio of s» to e is lefs than the ratio of 1 to 0.414, 
&c, the quantity m — ee is le{s than the quantity 2e»; and 
that, when the ratio of to e is equal to the ratio of 1 to 
0.414, &c, the quantity ms — ce is equal to the quantity 
zen; and that, when the ratio of * to e is greater than the 
ratio of 1 to 0.414, &c, the quantity m= — «e is greater than 
the quantity 27. And to this .obfervation we muft add 
that, if the ratio of 7 to e, after having been equal to the: 
ratio of 1 to o.4r4, &c, is fuppofed to increafe gradually 
ad infinitum, the ratio of sw — ee to gen will increafe gradu- 
ally at the fame time ad infinitum, or fo as to become greater 
than any affigned ratio whatfoever. For the ratio of an— ee 


a" -— e zem 


to 2e is equal to the ratio of to (= or) 1, orto © 





2en 
the ratio of 7 — -—. to 1, or to the ratio of = — 5 to 
2m ^ aem ae ae 

1, which evidently increafes ad infinitum, while the ratio of 
7» to e increafes ad infinitum. Therefore while the ratio of 
n to e increafes, from being equal to the ratio of 1 to 0.414, 
&c, ad infinitum, the ratio of an — ee to 2ex will increaíe 
gradually from a ratio of equality ed infinitum, and confe- 
quently will become fucceffively equal to all ratios of ma- - 
jority whatfoever. Therefore, if the ratio of » to e is at 
one time taken equal to the ratio of 7 to 3, (which is lefs 
than the ratio of 7 to 2.898, &c, or of 7 t0 7 x 0.414, 
&c, or of 1 to 0.414, &c,) and is afterwards fuppofed 7 
increa! 
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1hcreaíe gradually till it becomes equal to the faid ratio of 
3 to 0.414, Kc, and then to increaíe further aZ infmitum, 
the ratio of the compound quantity zs — ee to the quantity 
2en (which is equal to the ratio of 20 to 21, when the ratio 
of x to ¢ is equal to the ratio of 7 to 5,) will firft become 
& ratio of equality, to wit, when the ratio of » to e- becomes 
equal to the ratio of 1 to 0.414, &c, and afterwards will 
iacreafe continually from being a ratio of equality, (which 
may be confidered as an infinitely fmall ratio of majority, 
and is ufually fo confidered by writers who treat of the 
ütudes and meafures of ratios,) till it becomes fuccef. 
fively equal to every ratio of majozity whatfoever. [t there- 
fore muft at one point of time during. its faid increafe be- 
come equal to the ratio of 21 to 20; or, theré will be a 
certain ratio of majority, greater than that of 1 to 0.414, 
&c, to which when the ratio of:x to « fhall have become 
. equal, the ratio of zy — se to 2en will be equal to the ra- 
tio of 21 to 20. And this ratio of majority is that of 5 to 
2, as bas been thewn in the foregoing, or gth, article. 


Art. 11, I will jut add one more example of the fores: 
ing, method of finding three whole numbers that hall ex- 
prefs the lengths of tbe fides of a right-angled triangle. 


Let e be = 5, and s be = 17. And we fhall have 
e$ = 25, and nn = 289, and ma = ee (= 189 — 25) = 
264, and 2e (= 2 X 5 X 17 = 10 X 17) = 170, and 
ma per (= 289 + 25) = 314. Therefore 264, 170, and 
314, or (dividing all thefe numbers by 2,) 132, 84, and 
. 157, will be three whole numbers that will exprefs the three 
fides of a right-angled triangle. 


And accordingly we fhall find that tbe íquare of the 
muümber 157, which reprefents the hypotenufe, or line fub- 
tending the right angle, will be equal to the fum of the 
fquares of the two numbers 134 and 85, which reprefent 
the fides that contain the right angle, For the fquare of 
157 i 24,649, and the (quares of 134 and 85 are 17,424 
aad 72255 and 24,649 is = 17,424 + 7225. 

We 
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We have therefore now found the nine following fets of 
whole numbers for expreffing the three fides of digerent 
right-angled triangles ;' to wit, e 

1ft, The whole numbers 3, 4, and 5; 

2dly, "The wholé numbers 5» 12, and 13; 

3dly, The whole numbers 8, 15, and 17; 

4thly, The whole numbers 20, 21, and 29; 

sthly, The whole numbers 56, 33, and 65; 

6thly, The whole numbers 72, 65, and 973 

7thly, The whole numbers 207,151, 207,000, and 

292,849; 
8thly, The whole numbers 21, 20, and 29; and 
gthly, The whole numbers 132, 85, and 157. 


And we may eafily findas many more fets of fuch num- 
bers as we pleafe, by fubftituting different numbers for ¢ 
and 2, or for either of them, in the three general expref- 
fions st — ee, 2en, and mt + ee. 


Art. 12. The foregoing fubje&t may alfo be treated in 
a fomewhat different manner, by folving the - tollowing 
Problem. 


————— 





A PROBLEM. 
— É— ———— 
To divide a given fquare number into two other fquare 


numbers, either wholé numbers, or fractions, or mixt num- 
bers. 


SOLUTION. 
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SOLUTION. 





Let the given fquare number that is to be fo divided, be 
denoted by the letters aa, and let xx be one of the two 
Íquare numbers that are fought, and yy be the other. 


Then, fince the two numbers fought are together to be 
equal to the given number, we fhall, in the firft place, have 
ax ++ yy = as. 

Now, fince xx - yy is = 44, it follows that yy will be 
= aa—xx. But aa — xx is — a Bats Xa—x. 'Ther- 
fore yy will be = a + x x a— x. Therefore y will be 
a geometrical mean proportional between a 4- x and a— x, 
and confequently will be lefs than a + x. Let the pro- 
portion of a + x to y be that of the two numbers m and », 


of which m is the greater. Then will y be =+ Xate, 
and yy will be = = x a+ 4 (== x 2a + zx + sx) 
= xa OIL x nax + = x xx, Therefore xx 


ox willbe = xv += x aa + = x 28x + = x 


x (=x we + 2 x 4n 2% x cor + = x 


min m 


Xxx) = X xx OT OX dà OT x lax. But 


_ mm dons m 
XX + yy ds = aa. Therefore m X3 bX a8 


T = X 20x will alfo' be = aa, and confequently = 


T7 x ea Therefore mim 


x LEE X aax will 


mm —m 





X 44, and con- 


bec = x aa— = x a = 
fequently 
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-fequently (muliiplying ail the terms by mm,) mm + nn| x 
Gu oom x 24x will be = mmem ml x ad and (dividing 


{x 24k will be 





all the terms by: sm 4- m5) xx + == 


OE X ao Therefore mE =< X. 44 to 


mm mm ons nm Ts 





both fides of the equation,) we fhall have wx 4- 


—— - 

"rm 

X vee ux -E3LX€tL a X 
mm — am X mmm aa m — xt 


ma an x mm + xo + ta kee Se 








am 








X aa. Therefore (ex- 





at Lom 
X46 + Iu "7 ES 
trating the {quare-roots of both fides) we fhall have x + _ 
E mm 


mn + nn 





mm 

pa 7 uA X a, and confequently « = 
an _ mm = an 

xa UG xkes x 4 Therefore 4+ x 





ma an 
: _ mm —m mm + ne mm — 10 
will be = a TTX 9 (= up X^ +. eae 


x 4) = LL x a; andy, or 5 X a ox, will be = 
" 2mm Lo ams + 
+ x aaa X 4— uu a, that is, x, or the 


root, or fide, of the firft of the two {quares fought, to 

— mn 

Tm 

the root, or fide, of the latter of the faid two fquares, will 
2mn 


be equal to Fr 


firft of the faid two fquares itfelf, will be equal to 
mm — m» 


mm s 





wit, xx and yy, will be equal to = X a, and y, or 


X a; and confequently xx, or the 





X aa, and yy, or the latter of the faid two fquares 


3K itfelf, 
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. , “mal . asta . 
itfelf, will be equal to =". x aa, oS --. X 


or, if m and » be any two numbers whatfoever, of which s 
man aa and yx as will be 





is the greater, 





mm + an)* mm om 
two fquare numbers that will together be equal to the origi- 
nal fquare number aa. Q EL 
mm —xn\* 


Art, 13. That thefe two fquare numbers 





mim 7 


and =. x 4a, will together be equal to the original 
fquare number aa, will be evident by adding them together. 





om a 4m m^ — 24a? 4 at 

2 X aa are — comet 

For ay * "une a tia te 
ami nf ema + nt 


X68 urpis po X= arua X OOS at. 
QE D. 


This folution of the foregoing Problem feems to me 
more eafy and natural than that of Dr. Saunderfon in his 
Algebra, Vol. 2, page 366, et fequentibus. 


—H———— 


Examples of the foregoing Solution, 





^ Art. 14. Let the given fquare number aa be 25, and let 
nbe 1, and m be 2. 


Then will zs be z 1, and mm be = 4, and mm — mm 
will be (= 4—1) = 3, and mm + mm will be (= 4 + 1) 
= §, and confequently sm — nn)* wil be = 9, and 
mm + nn\* will be = 25, and 4m'»* will be ( 4 x 4 x 1) 
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‘nm — m) ; E] = 
te 16, and zs x aa will be = 7 X 25 = 9, and 


4m P — 16 "n - 
= X aa will be By % a= 16. Therefore 9 


end 16 will be two fquare numbers that will together be 
equal to the given {quare number 25. And it is evident 
that 9 and 16 are equal to 25. 


‘Secondly, let az be = 25, and 2 — 1, and m = 3. 


Then will zs be = 1, and mm be = 9, and confequently 
mm — n will be (= 9 — 1) = 8, and mm + m will be 
= 9 + 1 = 10, and 4m*n* will be (= 4 X 9 x 1) = 36. 
Therefore mm— nn)\* will be = 64, and mm + nn\* will 





— mm — 2n\* " 2. $4 — 64 
be — 100, and ———À X ae will be = L5 X 24 — 15 


— 16 _ 4m Ul be — 
XagmiXagc 16, and nm, Yos will be = 


E: X aa zz Ex asc $ox acq. Therefore 16 and 


9 will be two fquare numbers that will together be equal 
to the given fquare number 25. Acd it is evident that 
they are equal to 25. . 
Thefe two fquare numbers 16 and 9 are the fame with the 
two former fquare numbers 9 and 16, derived from the 


fuppofition that m was = 3, except in the ofder of their 
pofition. 


Thirdly, let aa be = 25, and » be = 1, and - be 
za . 

Then we fhall have an = 1, and mm = 16, and confe. 
quently mes — an (= 16 — 1) = 15, and mm + an (= 
16 +1) = 17, and mm — mn} (= 15)) = 225, and 
mm +- m] (= 17) = 289, and 4m*n* (= 4 x 16 x 1) 

) AR» 2$ 
Therefore PAR 18g 

5Ka = 





= 64 X aa will be (= x aa) 
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= i£ nd mst i - 
- X 25, and FED X aa will be (= 385 x a4) 


— $94 6 . 
= Hh X 25. Therefore 73 X 25 and ES x 25, will be 


two fquare numbers that will, together, be equal to the 
given fquare number 25. And it is evident that thefe two 


fquare numbers are equal to 25: for E X 25+ E x 25 
+6 8 _ 
até == PM x 25 =e x 25 = 25. 


If we miultiply thefe three numbers 23 X 25, X 25, 


and 23, by 289, we fhall thereby obtain the three follow- 
ing whole numbers, to wit, 225 X 25, 64 x 25, and 
‘289 X 25, which will be, all of them, fquare numbers, and 
of which the two former wil], together, be equal to the lat- 
ter. And, if we divide thefe three laft numbers by 25, we 
fhall obtain the three following leffer whole numbers, to wit, 
225, 64, and 189, which wilt be, all of them, fquare num- 
bers, and of which the two former will, togéther, be equal 
to the latter. 


Fourthly, let 24 be == 25, and z be = 1, and m be 
= 5. t | 

Then we fhall have nz — 1, and mm = 25, and confe- 
quently mn — 11 = 24, and mim + m = 26, and mm —nn," 
(= 24) = 576, and mm + my (= 261) — 676, and 


mm — nn| 


x " 
"u (=m = 
4mm? (= 4X 25 Xx 1) = 100. Therefore Z2 X aa 





ill be (= 9$ = ss P uet 
will be (= gg x aa) = Es X 25, and LX 
m he g-9 L 4. 100 » 576 
will be (= ae ES aa) = 876 x 25 Therefore 676. X 25 
TOO. 
6;6 
gether, be equal to the given fquare number 25. And 
accord- 


and. 7X 25 will be two fquare numbers that will, to- 
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accordingly it is evident that theíe ‘two fquare numbers arc - 
equal to 25: for £i x 25 * X 25 are — as 
X25 = gd x 25 = 25. 


Jf we multiply thefe three fumbers, £22 E 3. S x 25, en x5 


and 25, by 676, we fhall thereby obtain the three follow- 
ing'whole numbers, to wit, 576 X 25, 100 X 25, and 
676 x 25, which will be, all of them, fquare numbers, 
and of which the two former will, together, be equal to 
the latter, And, if we divide thefe three laft numbers by 
25, we fhall thereby obtain the three following leffer whole 
numbers, to wit, 576, roa, and 676, which will be, alt 
of theni, {quate numbers, and of which the two former 
will, together, be equal to the latter. And, if we divide 
thefe lait numbers, 576, 100, and 676, by 4, we fball 
thereby obtain the three following fill leffer whole num- 
bers, to wit, 144, 25, and 169, which will likewife be, all 
of them, fquare numbers, and f which the two former 
will, together, be equal to the latter. 


Art. 15. In the sth place, let aa be, as before, = 25, 
and let » be = 2, and s be = 3. 

"Then we fhall have sm = 4, and mm = 9, and confe- 
quently m» — m (= 9—4) = 5,and mm + m (= 


9 +4) = 13, and mm — ws] = 25, and mm + s" 


= 169, and 4" (= 4 x M x 4) = = 144. Therefore 


mm — nn)* 

ona x aa will be (z 2 dg X aa) = X 25, and 
aen =u 144 x ac. TI 

zm ap 9 £4) = 16 X 25 bere- 

fore * X 25 and E X 25 will be two íquare. nombers 

that will, together, be e equal to 25. And accordingly it is 

evident that thefe two fquare numbers E X 25 and EE 


x25 
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nal to 25378 yu 
x 25areequalto 25. For they are equal to Tx9 x3 


= 42 x 35 = 25. 


= 
‘ 25 144 7 
If we multiply thefe three numbers, 369 X 25> qu X 


25, and 25, by 169, we fhall thereby obtain the three fol- 
lowing whole numbers, to wit, 25 x 25, 144 X 25, and 
169 X 25, which will be, all of them, fquare numbers, 
and of which the two former will, together, be equal to the 
later. And, if we divide thefe three lat numbers 25 X 25, 
144 X 25, and 169 X 25, by 25, we fhall thereby obtain 
the three following leffer whole numbers, to wit, 25, 144 
, and 169, which will be, all of them, fquare numbers, and 
ef which the two former will, together, be equal to the 
tter. 


Sixthly, let aa be, as before, = 25, and let » be = 2, 
&nd m be — 5. 

Then we fhall have st» — 4, and sm = 25, and confe- 
quently mm — sm (= 25 — 4) = 21, and mm + xm (= 
25 + 4) — 29, and mm — mm (= 21") = 441, and 
mm + mm* (= ag") = 841, and 4m'* (= 4 Xx 25 x 4) 





FEL : 
= 400. Therefore T x ae will be (= x as) 
=H pa 


pm . _ 4o 
Em X 25, and x aa will be = Dm X 25. 
Therefore & x 25 and E X 25, will be two fquare 
numbers that will, together, be equal to the given fquare 


number 25. And fo we fhall find them to be: for En 
X 25 ia X 25 are = MEUS x og = Gt x 25 
= 25. 


it 
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Tf we multiply thefe three numbers, & X 25, Em x 25, 


and 25, by 841; we thall thereby obtain the three following 
whole numbers, to wit, 441 x 25, 400 X 25, and 841 x 
ie which will be, all of them, fquare numbers, and of 
which the two former will, together, be equal to the latter. 
And, if we divide thefe three whole numbers by 25, we 
fhall obtain the three following leffer whole numbers, to 
wit, 441, 400, and 841, which will be, all of them, fquare 
numbers, and of which the two former will, together, be 
equal to the latter. . 


Seventhly, let aa be, as before, = 25, and let s» be = 2, 
and m be = 7. 


Then we fhall have a = 4, and mm = 49, and confee 
quently mm — an (= 49 — 4) = 45, and mm + nm (= 
49 + 4) = 53, and mm — na\* (= 43) = 2025, and 
tum ck nn] (= 53") = 2809, and 4m's* (= 4 X 49 x 4) 
mm — nn\* 








= 784. Therefore PM X aa vill be (— E x aa) 
Lo 2026 ama . — 784 

= lo X 25, and =p x aa will be = 3809 x 25. 
Therefore 2325 x 25 and Z6 X 25, will be two fquare 


numbers that will, together, be equal to the given fquare 
number 25. And accordingly it is evident that thefe two 


2025 3 784 
{quare numbers 2555 X 25» and zàog X 2S are equal to 
2025 + 784 2809 


25. For they are equal to iE — X 25 = kg X 25 


= 25. 





If we multiply thefe three numbers, B X 25, E x 25 
and 25 by 2809, we fhall thereby obtain the three follow- 
ing whole numbers, to wit, 2025 x 25, 784 x 25, and 
2809 x 25, which will be, all of them, fquare numbers, 

. ‘ an 
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and of which the two former will, together, be equal to the 
latter. And, if we divide thefe three whole numbers by 25, 
we fhall thereby obtain the three following leffer whole num- 
bers, to wit, 2025, 784, and 2809, which will, all of them, 
be fquare numbers, and of which the two former will, to- 
gether, be equal to the latter, 


Art. 16. In the 8th. place, let aa be, as before, equal to 
25, and let z; be = 3, and m be = 5. 


Then we fhall have an = 9, and mm = 25, and con- 
fequently mm — nn (= 25 — 9) = 16, and mm + mm (= 
25 + 9) — 34, and mm — shy (= 16)*) = 256, and 
mm + m (= 34?) = 1156, and 4mm (= 4 x 25 X 9 


= 100 x 9) = 900. Therefore E X aa will be 
mm na\* 





— 236 — 256 ania . 

(= T6 X aa) = 155 X 25 and PR x 4a will 
— 999 — 999 256 

be (= 1156 X aa) = 3156 x 25. Therefore 156 x 25, 


and I X 25, will be two fquare numbers that wil, to- 
gether, be equal to the given fquare number 25. And 
accordingly it is evident that thefe two {quare numbers 


256 z 
ug X 2 


__ 256 + goo 1156 


999 oe , 
and 116 X 25, ate equal to 25. For they are 


wae X257 Ty K 25 = 25. 
If we multiply thefe three fquare numbers, xx X 25, 


z X 25, and 25, by 1156, we fhall thereby obtain the 
> . 

three following whole numbers, to wit, 256 x 25, 900 x 
25, and 1156 x 25, which will be, all of them, fquare 
numbers, and of which the two former will, together, be 
equal to the latter. And, if we divide thefe three whole 


numbers by 25, we fhall thereby obtain the three following 
! ! . ' leffer, 
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leffér whole numbers, to wit, 256, goo, and 1156, which 
are, all of them, fquare numbers, and of which the two 
former.are, together, equal to the latter. , 


Ninthly, let aa be, as before, = 25, and let » be = 3, 
and m be = 7. 


Then we fhall have ss = » and mm = 49, and ‘conte. 
quent mm — nx (= 49 — 9) = 40, and mm + sm (= 


* 49 +9) = 58, and mm — nn\* (= 4°) = 1600, and 
mm + un\* (= 58*) = 3364, and 4m*n® (= 4 X 49 x 9) 








mmm . — 1600 
= 1764. Therefore ur X aa will be (= 55; X aa) 
mof m ill be (== 124 
= Max and TAY X aa will be (= 356 X aa) 


= 11% 1600 3764 i 

= ON X 25. Therefore 36 X 25 and 3364 * 25, will 

‘be two fquare numbers that, together, will be equal to the 

given fquare number 25. And accordingly it is evident 
N 1400 


that thefe two numbers are equal to 25. For 3364 X 75 
1600 + 1764 3364 


1764 
*oge X215 uem Uy 


= 25. 


3364 . 


1600 . 
3564 X 75> 5504 
X 25, and 25, by 3364, we fhall thereby obtain the three 
whole numbers 1600 X 25, 1764 X 25, and 3364 X 25, 
which will be, all of them, fquare numbers, and of which 
the two former will, together, be equal to the latter. And, 
if we divide theíe three whole numbers by 25, we thall 
thereby obtain the three following leffer whole numbers, 
to wit, 1600, 1764, and 3364, which are, all of them, 
Íquare numbers, and of which the two former are equal to 
the latter, — — ! 


If we multiply thefe three numbers, 


5L . Tenthly, 


X25 = = X 25. 


21766 | 
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Tenthly, let aa be, as before, = 25, and let a be = 3 
and e be — 11. 


Then we (hall have mm = 9, and mm = 121, and con- 
fequehtly mm — m (= 121 — 9) = 112, and mm + m 


(= 121 + 9) = 130, and mm — sa (= Tal) = 
12,544, and mm 4- my (= 13c|*) = 16,900, and 4m's* 
(= 4 x 121 X 9 = 484 X 9) = 4356. Therefore 











Tum 3 . LOU — 12544 
ae X aa will be (= 16900 X aa) = Mago X ?5 
. ams : — 4356 4356 
—————— X aa will be (= ——— . 
and mm + an? ¢ 16,900 a) 76,900 € 25 
12,544 4356 n 
"Therefore 16590 X 25% and Tog0o X ?5 will be two 


fquare numbers that will, together, be equal to the given 
{quare number 25. And accordingly it-will eafily appear 


that thefe two numbers are equal to 25. For miM x 25 
" 4356 X 25 are = 12,544 + 4356 16,902 








16,900 16,900 5— 16,900 x 25 

= 25. . 
] 126544 4356 
If we multiply thefe three numbers, 169» X 35^ 16g 


X 25, and 25, by 16,900, we fhall thereby obtain thc 
three following whole numbers, to wit, 12,544 X 25; 
4356 x 25, and 16,900 x 25, which are, all of them, 
iquare numbers, and of which the two former are, together, 
equal to the latter. And, if we divide thefe whole num- 
bers by 25, we fhall thereby obtain the three following leffer 
whole numbers, to wit, 12,544, 4356, and 16,900,, which 
are, all of them, {quare numbers, (to wit, the fquares of 
the numbers 112, 66, and 130,) and of which the two 
former are, together, equal to the latter. 


Art.17. In the 11th place, let'za be equal, as before, 
to 25, and let z be = 5; and m be = 7. Th 
en 
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Then we fhall have ax = 2 5, and mm = 49, and cone 
fequently mm — n (= 49 — 25) = 24, and mm + nn 
C= 49 + 25) = 74) and mm — am] (= 24") = 526, 
and mm + nn\* (= 74") = 5476, and 4m (— 4 x 49 


— pen mm — nn\* 
X 25 = 100 X 49) = 4900. Therefore zz x 4a 


4m 





i = 576 EA 
will be (— nn n) ir Hun d zz 
= — 492° 516. - 
will be (— a x aa) = fus X 25 Therefore v. 
e 


x 25, and 97 * X 25, will be two fquare numbers that. 


will, together, [A equal to the given fquare. number 25. 
And accordingly, if we add thefe numbers together, -wé 


— 516 +49 4999 X — 5476 
Íhall find. them to be (= 77 25> = 6 x 25) 
= 25. y 
. .. » 576 
If we multiply thefe three numbers, 277 $66 X 25, 5925 ET ee x P 


and 25, by 5476, we fhall thereby obtain the three follow: 
ing whole numbers, to wit, 576 X 25, 4900 X 25, a 
5476 X 25, which are, all of them, fquare numbers, and! 
of which the two former.are, together, equal to the latter.” 
And, if we divide thefe whole numbers by 25, we fhall 
thereby obtain the three following leffer whole numbers, 
to wit, 576, 4900, and 5476, which are alfo, all of them,’, 
{quare numbers, and of which the two former are, together, 
equal to the latter. 


Twelfthly, let «« be, as before, = 26s and let s be: 
= 5 and mbe = 11, : locas NT" 


Then we fhall have zj—. 25; and mm =x na, and cone. 
fequently mp — 5n (— 121 25) 72796, and m+ ns. 


(= 141 + 25) — 146, and mm — ay. (= 96 P) 92167 
ghz and 
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' and mo ^k mel (= 1460]) = 21,316, and gmtn® (= 4 x 
parr 
PII 


X. a4 wil be (= S X a) = E X 25, and 





121 X 25 — 121 X 100) = 12,100, Therefore 


Mox ill- — 12,100 — 12,100 
mora X4 Will be (= The x 4) mug X 3$ 
B 9216 s . 
Therefore 5 X 25, and e x 25, will be two 
Ígnare numbers that will, together, be equal to-the given 
Íquare number 25. And fo we íhall eafily find them to be. 


12,100 X 25, arc equal to 92 +h 12,100 





For 995 y a5 + 


2131 21,316 21,316 
D 21,316 un 
WR2$ = say X 36 = 2S 
13 Jes 96 18,100 
‘If we multiply thefe three numbers, inae X ?5 ae 


X 25, and 25, by 21,316, we íhall thereby obtain the 
three following whole numbers, to wit, 9216 x 45, 
*i,100 X, 25, and 215316 x 25, which -are, all of them, 
{guare-numbers, and of. which the two former are, together, 
equal ta tbelater. And, if we divide thefe three whole 
numbers by 25, we thall thereby obtain the three leffer 
whole numbers 9216, 12,100, and 21,316, which are, all 
af them, {quare numbers, (to wit, the {quares of the num- 
bers 96, 110, and 146,) and of which the two former are, 
together, equal co. the latter. . 


“An. 18: We have now obtained, by means of the three 





an — m\* amm 
general exprediqns — 5. x aa, =, and aa, the 
twelve following fets of three whole numbers each, that 
avo, all: of thems fquase numbers; and. of. which the two 
fast: numbers. in. every fotsare, together, equal to the third 
nygber ; to-wit, 
- Jh 
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1, Fhe numbers.9, 16, and 25; 
adly, The numbers 16, 9, and 25, which differ from the 


three former numbers 9, 16, and 25,-only in the order in. 
which the two firft numbers g and 16 are placed ; 


3dly, The numbers 225, 64, and 289; 
4thly, The numbers 144, 25; and 169 ;. 
5thly, The numbers 25, 144, and 169, which differ from 
the three foregoing numbers only in the order in which the 
two firft numbers 25 and 144 are placed; 
6thly, The numbers 441, 490, and 841; 
‘gthly, The numbers 2025, 784, and 2809 3. 
Sthly, The numbers 256, 9oo, and 1156; 
gthly, The numbers 1600, 1764, and 3364; 
10thly, The numbers 12,544, 4356, and 16,900; 
11thly, The numbers 576, 4900, and 5476; and, . 
32thly, The numbers 9216, 12,100 and 21,316. 


Art. 19, The fquare- roots of the foregoing twelve fets of 
numbers are as follows ; to wit, 


1ft, The numbers 3, 4, and 5$; 

2dly, The numbers 4, 3, and 53. 
gdly, The numbers 15, 8, and 1735. 
athly, The numbers 12, 5, and 13 5 
sthly, The numbers 5, 12, and 13; 
Gthly, The numbers 21, 20, and. 29. 
gthly, The numbers 45, 28, and.53 5 
Bthly, The numbers 16, 30, and 34; 
9thly, The numbers 40, 42, and 58 ; 
10thly, The numbers 112; 66, and. 530 ; 
qithly, The numbers 24, 70, and 74; and 
12thly, The numbers 96, 119, and 146. 


fut, 30. Tf we divide the: numbers of fome of die- fore: 
gong 
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going (ejs of numbers by 2, (which will not alter the pro 
portion of fuch'numbers to each other,) the faid twelve 
fets of numbers will be as follows ; to-wit, 


ift, 3, 4, and 5; | 
adly, 4, 3, and 5; 
gdly, 15, 8, and 17; 
4mly, 12, 5, and 15; 
5thly,. 5, 12, and 13; 
6thly, 21, 20, and 39; . 
gibly, 45, 28, and 53; 
Bthly, 8, 15, and 17; 
gthly, 20, 21, and 29; 
10thly, 56, 33, and 65; 
rttbly, 12, 35, and 37; and 
12thly, 48, 55, and 73. 
* And all thefe twelve fets of numbers will exprefs the 
lengths of the fides of different right-angled triangles. 


Art. 21. In the three foregoing general expreffions 
um —any® ao, im mm onn 
mm 4 an)? i ? un 4- sib 
obtained in art. 12, the letter # anfwers to the letter e in the 
three former general expreflions nn — ee, 25e, and mm + ee, 
obtained in art. 4 ; and the letter s in the three expreffions 
obtained in art. 12, aníwers to the letter » in the three 
former expreffions obtained in art, 4. And accordingly we 
find that, where the fame two numbers have been fubfti- 
tuted inftead of the letters m and » in the general expreffions 


-——)* ami "mam 

Lee C "pu X a ten 
were fubftituted in art. 4, inftead of the letters » and e 
refpe&ively, in the general expreffions s» — ee, ane, and 
ma + ee, they have produced the fame three numbers to 


reprefent the lengths of the three fides of a right-angled 
7 triangle. 


X aa, and aa, 





aa, 
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triangle. The only difference between thefe two fets of ge- 





+ am ant 
neral expreffions is, that the three expreffions ULM x aa, 
. ] d mm + nn\* 
Amat mm + nl : 
aa. ——— ive us the fquares 
mae X 7^ and meia» ^58 4 


of fuch numbers as will exprefs the fides of right-angled 
triangles, and the three expreffions m — ce, 2ne, and 
un + €t, give us the faid numbers themfelves. 





Art. 22, The whole numbers that exprefs the lengths of 
the fides of a right-angled triangle, cannot, when they are 
reduced to the loweft numbers poffible by dividing them 
by their common divifors, be, all of them, even numbers. 


For, if they. were all even numbers, they might all be 
divided by 2, either once, or more than once, till at’ laft 
fome of the quotients would be odd numbers. Thus, for 
example, the three even numbers 16, 30, and 34, which 
have been found above to exprefs the three fides of a right- 
angled triangle, are all divifible by 2, and are by fuch di- 
vifion reduced to the three lefler numbers 8, 15, and 17, of 
which the two latter are odd numbers. 


Art. 23. And further, the faid numbers that exprefs the 
lengths of the fides of a right-angled triangle, cannót be, 
all of them, odd numbers. 


For, if the twa numbers expreffing the lengths of the 
two fides of the triangle that contain the right angle, were, 
both of them, odd numbers, their {quares would alfo be 
odd numbers ; becaufe the fquare of every odd number is 
an odd number taken an odd number of times, and confe- 
quently muft be an odd number: and. confequently the 
fum of the faid two fquares muft be an even number, be- 
caufe two odd numbers added together always make an even 
number. Therefore the fquare of the number reprefent- 
ing the hypotenufe of the triangle, being equal to the faid 
fum of thé two other fquares, muft be an even number: 
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And confequently the fquare-root of the faid number, that 
is, the number reprefenting the hypotenufe of the triangle, 
muft be an even number likewife, which is contrary to the 
fuppofition. Therefore it is impoffible that all the three 
numbers which reprefent the lengths of the fides of a right- 
angled triangle, fhould be odd numbers. 


Art. 24. "There is alfo another way of finding feveral 
whole numbers’ that fhall reprefent the lengths of the fides 
of different right-angled triangles; which confifts in form- 
ing a lift, or table, of the {quares of the natural numbers 
1, 2, 3; 4 5» 6, 7, 8, 9, 10, 11, 12, 13, &c, fet down 
in their proper order; and a lift of the differences of the 
faid {quares, (which, it is weH known, are the feveral odd 
numbers g, 5, 7, 9, II, 13; I5» 17, 19, 21, 23, 25, &c, 
taken in their natural order,) and adding together the faid 
differences that follow any given fquare number in the lift 
of íquares till their {um amounts to another {quare number. 
Such a table, carried as far as the fquare of 100, will be as 


foljows. 


4 TABLE 
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A TABLE of tbe Squares of the Natural Numbers 3, 2% 3s 

4» 5> 6, 7s 8, 9, 10, 11, 12, 13, Fc, as far as 100, 

and of their feveral Differences from each otber, and likewise 

of the Differences of thofe Differences, er of. the Second Dif- 
Serences of tbe faid Squares. 








The Di E TeDces, 
The Natural] tbe or the Differences of 
Numbers. | Numbers. faid Squares. | their Differences. 








. 
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"The Natural] 
Numbers. 


6 4225 

66. | 4356 2 

67 | 4489 2 

68 4624. 2 

69 4761 2 

7o 4900 2 

71 5041 2 

72 | 5184 2 ' 

73 5329 2 

74 | 5476 2 

75 5625 2 

5 5776 ... 2 

7 $929 

78 6084 |. 2 

79 6241 2 

8e 6400 2 

$1 6561 2 

82 6724. 2 

85 6889 02 

^ 7056 2 

5 225 2 

86 ec 2 

87 | 7569 2 

88 | 7744 a 

89 7921 2 

90 8100 2 

9r | 8281 2 

92 8464. 2 - 
.93 | 8649 a 

94 8836 2 

95 9025 2 

96 9216 2 

97 9499 wmf 2. 
98 | 9604 | od 

99 98o1 2 

100 {10,000 " - 

* m . Am 2 
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‘Squares of | The Differ- 
the Natural | ences of the 
Numbers, 









Their 2d Differences, 
or the Differences of 
their Differences, 

— 
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Art. 25. In the foregoing table the firft column contains 
all the natural numbers 1, 2, 3, 4, 5, &c, as far as 100; 
and the fecond column contains the fquares of the faid 
numbers fet down even with the faid numbers themfelves, 
or fo that every {quare number fhall be in the fame hori- 
zontal line with the natural number of which it is the 
fquare; and the third colümn contains the differences of the 
fquare numbers in*the fecond column, fet down in lines 
between the linés in which the {quares thémfelves, of which 
they are the differehces, are fet down; and the fourth co- 
lumn contains the differences of the foregoing: differences 
that are fet down in the ‘third column, or the fecond dif- 
ferences of the fquare numbers that are fet down in the fe- 
cond column; and each of thefe fecond diffetences is fet 
down in a line that lies between the two lines in which 
the two firft differences, of which it is the difference, are 
fet down. And we may ‘obferve, that the differences fet 
down in, the third ‘column are the ódd. numbers 3, 5, 7, 
9, 11, 13, I5, &¢, taken in their natural order; and the 
fecond differences fet down in the fourth column, being the 
differences of the faid odd numbers, ‘are all equal to each 
other, and to the number 2. 


Art. 26. From the conftruétion of this table, it is obvi- 
ous that, if we take any number whatfoever in the firft co- 
lumn, and look out its fquare in the fecond column, and 
then add together the feveral differences in the third column 
that follow the faid fquare number ia the fecond column, 
till the fum of the faid differences fhall amount to a fquare 
number, the fquare-root of the faid fquare number, or 
the number in the firft column that is placed even with it, 
and the number firlt taken, will expreís the lengths of the 
two fides of a right-angled triangle that contain the right 
angle, and the number in the firft column that immedi- 
ately follows: the ‘laft of the‘ faid differentes’ in the third 
column, fo added, together, will exprefs the length of the 
hypotenufe of the’ fame triangle. ‘Thus, for-example, if 
we take the number 3 in the firft-column, ‘ahd find its 
fquare, to wit, 9, ‘in the lecond column, ‘and-‘then add ap 
. . c 
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the differences 7, 9, 11, 13, &c, in the third column, 
which come after the fquare number 9, till their fum be- 
comes equal to a íquare number, (for which purpofe we 
need only add together the two differences 7 and 9, be- 
caufe their fum is 16, which is a fquare number,) the 
fquare root of the faid fquare number 16, or the number 
in the firft column which is placed even with it, to wit, the 
number 4, and the number 3, which was taken at firft, 
will expsefs the lengths of the two fides of a righf-angled 
triangle that contain the right angle, and the number 5 in 
the firft column, which immediately follows the laft of the 
faid ‘two differences, fo added together, to wit, 9, will ex- 
“prefs the length of the hypotenufe of the fame triangle. 
So that we we thatl hereby obtain the whole numbers 3, 
4, and 5, to exprefs the lengths of the three fides of a 
right-angled triangle: which numbers we had before ob- 
tained by both the former methods of inveftigation. 


Art. 27. If we look in the 3d column, or column of 
differences, for thofe differences that are themfelves fquare 
numbers, without being added to any of the foregoing, or 
following, differences to make them fo, (which differences 
are ‘but few in number, being only the following fix num- 
bers, to wit, 9, 25, 49, 81, 121, and 169, in the whole 
table) we may at once obtain from each of thefe differences 
a (t of numbers that will exprefs the lengths of the three 
fides of a right-angled triangle. 


For, fince 9 is a {qyare number, and is likewife the dif- 
ference between the two contiguous (quare numbers 16 and 
25, and confequently 9 + 16 are = 25, it follows that the 
Íquare-roots of thefe three numbers 9, 16, and 25, that is, 
the three numbers 3, 4, and 5, will exprefs the three fides 
of a right-angled triangle. 

And, .in like manner, fince 25 is a fquare number, :and 
is likewife the difference becween. the two contiguous íquare 
numbers 144 and.169, and confequently 25 + 144 are = 
169, it follows that the íquare-roots.of the three:numbers — 

E A5» 
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25, 144, and 169, that is, the three numbers 5, 12, and 
13, will exprefs the three fides of a right-angled triangle. 


And, fince 49 is a fquare number, and is likewife the 
difference of the two contiguous {quare numbers 576 and 
625, and confequently 49 + 576 are equal to 625, iit fol- 
lows that the fquare-roots of the three numbers 49, 576, 
and 625, that is, the three numbers 7, 24, and 25, will 
exprefs the three fides of a right-angled triangle. 


And, fince 81 is a fquare number, and is likewife the 
difference of the two contiguous {quare numbers 1600 and 
1681, and confequently 81 + 1600 are = 1681, it follows | 
that the fquare-roots of the three numbers 81, 1600, and 
1681, that is, the three numbers 9, 40, and 41, will ex- 
prefs the three fides of a right-angled triangle. 


And, fince 121 is a fquare number, and is likewife the 

difference of the two contiguous fquare numbers 3600 and 

. 3721, and confequently 121 + 3600 are = 3721, it fol. 

lows that the fquare roots of the three numbers 121, 3600, 

and 3721, that is, the three numbers 11, 60, and 6r, will 
exprefs the three fides of a right-angled triangle. 


And, laftly, fince 169 is a fquare number, and likewife 
is the difference of the two contiguous fquare numbers 
7056 and 7225, and confequently 169 4- 7056 are = 7225, 
it follows that the fquare-roots of the three numbers 169, 
7056, and 7225, that is, the three numbers 13, 84, and 85, 
will exprefs the three fides of a right-angled triangle. 


Art. 28. In this way of obtaining three numbers that fhall 
exprefs the three fides of a right-angled triangle, namely, 
by chufing fuch numbers in the 3d column, or column 
differences, as are themfelves fquare numbers, it is evident 
that the number expreffing the hypotenufe of the triangle 
will always exceed the greater of the other two numbers, 
that exprefs its fides, by an unit. But, when we take feve- 
ral fucceffive differences, of which the fum is equal to a 
fquare number, the number that expreffes the hypotenufe 

the triangle, will exceed the number taken at Art and 

tween 
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between the fquare of which, and the fquare of the number 
reprefenting the hypotenufe, the feveral differences that are 
added together lie, by as many units as there are differ- 
ences that have been fo added together in order to make 
a fquare number. Of this it will not be amifs to give a few 
examples. 


Art. 29. Let us take 8 for the firft number, Then, 
fince the fquare of 8 is 64, we muft begin with the differ- 
ence 17, which comes immediately after 64, and we mutt 
add together this difference 17, and the following differences 
19, 21, 23, 25, 27, &c, till their fum amcunts to a fquare 
number. For this purpofe we need add together only two 
of thefe differences, to wit, 17 and 1g. For 17 + 19 are 
= 36, which is a fquare number, to wit, the fquare of 6. 
Therefore the firt number 8, and the number 6, (or the 
Íquare-root of the fum of thefe two differences), and the 
number 10, (or the fquare-root of the fquare number roo, 
which comes immediately after the laft difference 19), will 
be three numbers that will exprefs the three fides of a right- 
angled triangle. For Bl + él* will be = 1c", or 64 + 36 
will be = 100. And the number ro, (which reprefents 
the hypotenufe of the triangle,) exceeds the firft number 8, 
(which repréfents the greater of its two fides,) by 2, or two 
units, or the fame number of units as there were differ- 
ences added together, in order to produce the {quare num- 
ber 36. . . 

And, if, inftead of taking only two of the differences 
17, 19, 21, 23, 25, 27, 29, &c, we take nine of them, 
we fhall find their fum to be equal, to another {quare num- 
ber, to wit, 225, which is the fquare of 15. For 17 + 19 
+ 21 + 23 c 25 + 27 + 29 + 31 + 33 are = 225. 
Therefore the firft number 8, and the number 15, (or the 
Íquare-root of the fum of thefe nine differences,) and the 
number 17, (or the fquare-root of the fquare number 289, 
which comes immediately after the laft difference 33,) will 
be three numbers that will exprefs the three fides of a.right- 
angled triangle. For 8r + 15)? will be =17, or 64 + 

225 
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225 will be = 289. And the number 17, (which repre. 
fens the bypotenute of the triangle,) exceeds the firi 
number 8, (which reprefeuts one of the fides that inclofe 
the right angle,) by 9, or nine units, or the fame number 
of units as there were differences added together, in order 
to produce the fquare number 225. . 


Art. 3o. Now let the firft number be 20. Then, fince 
the fquare of 20 is 400, we muft begin with the. difference 
41, which comes immediately after 400, and muft add to- 
gether this difference 41, and the following differences 43, 
45; 47» 49, 51, &c, till their Tum amounts to a fquare 
number. And for this purpofe it will be neceflary to add 
together nine of thefe differences. For 41 + 43 + 45 + 
47 +49 + 51+ 53 + 55 + 57 are = 441, which 
is the fquare of 21. Therefore the firft number 20, and 
the number 21, (or the fquare-root of the fum of thefe 
nine differences,) and the number 29, (or the fquare-root 
of the fquare number 841, which comes immediately after 
the laft difference 57,) will be three numbers that will ex- 
prefs the three fides of a right-angled triangle. For 20* + 
Z21l will be = 2gl*, or 400 + 441 will be = 841." And 
the number 29, (which reprefents the hypotenufe of the 
triangle,) exceeds the firt number 20, (which reprefents 
one of the fides that inclofe the right-angle,) by 9, or nine | 
units, or the fame number of units as there were differences 
added together in order to produce the {quare number 


4M. oc 


Art. 31. Now let the firft number be 28. "Then, fince | 
the fquare of 28 is 784, we muft begin with the difference | 
57» which comes immediately after 784, and we muft add 
together this difference 57, and the following differences | 
59, 61, 63, 65, &c, till their fum amounts to a fquare | 
number. And for this purpofe it will be neceffary to add | 
together feven of thefe differences. For 57 + 59 + 6t + 
63 + 65 + 67 + 69 are = 441, which is the fquare of | 
21. Therefore the pumber 28, and the number a | 

‘or 


| 
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- Cor the fquare-root of the fum of thefe feven differences,) 
and the number 35, (or the fquare-root of the fquare num- 
ber 1225, which comes immediately after the laft difference 
69,) will be three numbers that will expres the three fides - 
of a right-angled triangle. For 28]* + 21 will be = ass 
or 784 + 441 will be = 1225. And the number 35, 
(which reprefents the hypotenufe of the triangle,) exce 
the firft number 28, (which reprefents one of the fides that 
inclofe the right angle,) by 7, or feven units, or the fame 
number of units as there were differences added together, 
jn order to produce the fquare number 441; ~ 


Thefe examples, I apprehend, are fufficient to explain 
this method of obtaining different fets of whole numbers 
that hall exprefs the lengths of the fides of different righte 
angled. triangles. And with them I (hall conclude this 
Jittle cra&, " 


End of the Difcourfe concerning the Methods of finding Rational 
Numbers that exprefs the Sides of _Right-angled- Triangles, 
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OF THE 


DIFFERENCES 


o» THE 


CUBES 


OF THE 
NATURAL NUMBERS ''t, 2, 3 4, 5 6)  &c. 
enamel 


Article 1. We have feen in the table of the fquares of 
the natural numbers 1,°2, 3, 4, 5, 6, 7, &c, [^ down 
in the foregoing Trac, that the firft differences of the 
fquares of thofe numbers are the odd numbers 3, 5, 7, 9, 
IL, 13) 15, 17, &c, in their natural order, and their e 
cond differences, or the differences of their firft differences, 
are all equal to each other, and to the number 2. We 
will now fet down a table of the cubes of the feveral natural: 
numbers 1, 2, 3, 4, 5, 6, 7, 8, 9, &c, and of their dif- 
ferences, and the differences of thofe firft differences, and 
the differences of thofe fecond. differences; by which it will 
appear that the cubes of the faid numbers have three orders 
of differences, and that their differences of the third order 
are all equal to each other and to the number 6, This 
Table will be as follows : 
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A TABLE of the Cubes of the Natural Numbers 1, 2, y 
4 5 6, ? 8, 9, Ge, as far as 100 ; sogetber with thir 
Firft, Second, and Third, Differences. 
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qNeuml| Thai Coben. | Pisces fe bits. of tenes of tha 
umbers . former Diffs. |faid Cubes. 
30 * 27,000 27 
5 abet 77] 91 
go | 32,768 2977 m | S 
33 | 35937 “| 3109 TE 
34 | 395304 7) 299 204 | § 
35 | 42875 5h H 
36 46,656 37:81 ^| & 6 
7 50,653 3997 6 
38 | 54,872 iu é 
39 931 ” 
2 | gag 
41 68,921 4921 $ 
42 74:088 5167 6 
43 | 2950] “| 36 v] 258 7 $ 
te | du l| SU B 
4 1,25 77 941 
4 e: m pn 279 | E 
47 | 103,823 6487 be 6 
48 | 110,592 6769 288 6 
49 | 117,649 T5 a $ 
50 | 125,000 "| 7351 o 6 
51 132,651 7 2651 6 
52 140,608 1957 6° 
53 | 148,877 8269 318 oy 6 
34 | 157454 8587 Pec) f 
55 | 166,375 “|. Sort 330 é 
56 175,616 924t 6 
57 [135399 —] 237 é 
58 195,112 6 
59 | 205,379 $ 
60 216,000 6 
61 | 226,981 6 
6e | 238,328 6 
63 | 250,947 6 
64 | 262,144. 12097 6 
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274,625 
287,496 
300,763 
3145432 
328,509 
343,000 
357,911 
373,248 
389,017 
403,224. 
421,875 
438,976 
456,533 
4740552 
493,039 
512,000 
531,441 
551,968 
571,287 
592,704 
614,125 
636,056 
658,503 
681,472 
794,969 
729,000 
753571 
218,688 
804,357 
830,584 
857,375 
884,736 
912,673 
941,192 
970,299 
1,000,000 
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Art. 2. And in like manner it will be found that the 
fourth powers of the natural numbers 1, 2, 3, 4, 5, &c, 
will have four orders of differences, and that their fifth 

owers will have five orders of differences; and, in gene- 
ral, that their sth powers, # being any whole number what- 
foever, will have # orders of differences. This is a curi- 
ous property of the powers of the natural numbers 1, 2, 3; 
4» 5» 6, 7, &c, and has been long known to Mathemati- 
cians. The celebrated Mr. Leibnitz, of Hanover, had 
taken notice of it before the month of February, 1673; 
and it had been obferved before him by a French Mathe- 
matician, named Mouton, (who was a Canon of’ the Church 
of Lyong,) in a. book on the apparent diameters of the 
Sun and Moon; but which Mr. Leibnitz declared’ he had 
npt feen at the time he made the fame difcovery. Mr. 
Leibnitz’s manner of confidering the fubje& is explained 
pretty fully in a large extra& from a letter of his to Mr. 
Henry Oldenburgh, the Secretary of the Royal Society of 
London, dated at London-on the 3d of February, 1675, 
which has been publifhed in the Commercium Epiftolicum of 
Mr. John Collins and other Mathematicians of that time. 
This extract, as it contains feveral interefting particulars re- 
-lating to thefe numbers, I fhall here infert at length from the 
faid Commercium Epiftolicum, pages 108, 109, 110, = - - = 
114. It is as follows. —~ 








Art. 3. Excerpta ex Epiftold Domini Gothofredi Gulielmi 
Leibnitzii 2d Dominum Oldenburgh, Londini, Anno 1674, 
3'i* die Februarii, data, 


Hujus Autograpbon in feriniis Regie Societatis extat, et exemplar 
ejus in Libro Epiftolarum ditte Societatis, N°. 6, pag. 35, 
geeriptum legitur. 

——  —M M — 
CUM heri apud illuftrifimum Boylium incidiffem in cla- 


qifimum. Pellinm Mathematicum infignem, ac de Numeris 
incidiffet 
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incidiffet mentio, commemoravi ego, ductus occaflone Ser. © 
monum, effe mihi methodum ex quodam differentiarum ge- 
nere, quas voco generatrices, colligendi terminos Seriei cu- 
jufcunque continué crefcentis vel decrefcentis. Differentias 
autem generatrices voco, fi date Seriei inveniantur differen- 
tig, & differentia differentiarum, & ipfarum ex differentiis 
differentiarum differentiz, ce. & feries conftituatur ex ter- 
mino primo & prima differentia, & prim differentia differ- 
entiarum, & primá differentia ex differentiis differentiarum, 
€. ea Series erit differentiarum generatricium, ut fi Series 
continué crefcens vel decreícens fuerit 4, 5, ¢, d. 


Pofüd wr differentia Notá,) differentias generatrices erunt; 


1a.22nb. ganbnbnc.46nbnbnbn 
R——MÁ— 
bnenend. 
4 anbnbnenbnenend 
3 anbnbne “ buncnend 
2 and boc «eod 
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Aut in Numeris; fi Series fit Numerorum cubicorum 
deinceps ab unitate crefcentium, differentie generatrices 
erunt numeri o, 1, 6, 6. Voco autem gemeratrices, quis 
ex iis certo modo multiplicatis producuntur termini Seriei ; 
cujus ufus tum maximé apparet, cum differenti generatrices 
funt finite, termini autem Serici infiniti; ut in propofito 
exemplo Numerorum Cubicorum. 


o o o 7 


e 1 8 27 64 125 216 


Hoc cum audiffet clariffimus Pellias, refpondit, id jam 
fuiffe in literas relatum à D. Mouton, Canonico Lugdysenf, cx 
obfer- 
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obfervatione nobilifümi viri Francifei Regnaldi Lugdunenfis, 
dudüm in literario Orbe celebris, in libro laudati D. Mouton 
de diametris apparentibus Solis & Lune. Ego qui ex Epif- 
tola quádam à. Regnaldo ad Monconifium {cripta, & Diario iti- 
nerum Monconifiano infertà, nomen D. Moeutosi & defignata 
ejus duo didiceram ; Diametros Luminarium apparentes, & 


confilium de menfuris rerum ad pofteros tranfmittendis 5” 


ignorabam tamen librum ipfum prodiiffe : quaré apud D, 
Oldenburgium Societatis Regalis Secretarium, fumtum mutud 
tumultuarié percurri, & inveni veriffimé dixiffe Pellium. Sed 
& mihi tamen dandam operam credidi, ne qua in animis 
relinqueretur fufpicio, quafi, tacito * inventoris nomine, ali- 
enis meditationibus honorem mihi quarere voluiffem 4, & 
{pero appariturum effe, non adeó egenum me medititio- 
num propriarutn ut cogar alienas emendicare. Duobus au- 
tem argumentis ingenuitatem meam vindicabo. Primó, fi 
ipfas Schedas meas confufas, in quibus non tantüm inventio 
mea fed & inveniendi modus occafióque apparet, monftrem : 
deinde, fi quedam momenti maximi Regnaldo Moutonóque 
indi&a addam, que ab hefterno vefpere confinxiffe me non 
fit verifimile, quaéque non poffunt facilé expectari à Tran- 
fcriptore. 

Ex Schedis meis occafio inventi hec apparet : querebam 
modum inveniendi differentias omnis generis poteftatum, 
quemadmodum conftat differentias Quadratorum effe nume- 
ros impares ; inveneramque regulam generalem ejufinodi. 

Data potenti gradüs dati precedente, invenire fequentem 
(vel contra) diftantie datz vel radicum datarum ; feu in. 
venire potentiarum gradáüs dati utcunque diftantium differ- 
entias, Muktiplicetur potentia gradüs, proximé praecedentis 
radicis majoris per differentiam radicum ; & differentia po- 
tentiarum gradds proximé praecedentis multiplicetur per 
radicem minorem : produ&orum fumma erit quehta. differ. 
entia potentiarum, quarum radices funt date, bandem re- 
gulam ita inflexeram, ut fufficeret, prater radices, cujuf- 
libet gradds, etiamfi non proxime? pracedentis, potentias da- 
tasum radicum dari, ad differentias potentiarum alterius cu- 


* Id eft, celata, 
30 jufcunque, 
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jufcunque, licet altioris, grads inveniendas. Et oftendl 
uod in Quadratis obfervatur, numeros impares effe eorum 
P nte id non nifi regule propofite fubfumptionem 
e. 

His meditationibus defixus, quemadmodum in Quadratis 

. differentie funt numeri impares, ita quoque quafivi quales 
effent differentie Cuborum, quz cum irregulares videren- 
tur, quazfivi differentias differentiarum, donec inveni differ- 
entias tertias effe numeros fenarios. Hec obfervatio mihi 
aliam peperit: videbam enim ex differentiis precedentibus 
generari terminos differentiá(que fequentes, ac proinde, ex 
rimis, quas ideó voco generatrices, (ut hoc loco 0. 1.6. 6,) 
equentes omnes. Hoc conclufo, reftabat invenire, quo ad- 
diuonis, multiplicationifve, aut horum complicationis, gene- 
re, termini fequentes ex differentiis generatricibus produce- 
rentur. Atque ita refolvendo experiundóque deprehendi 
primum Terminum o componi ex primá differentia genera- 
trice o fumtá femél, feu vice und: Secundum 1 ex prima o 
femel & fecundá 1 femal: Tertium 8 ex primá o femel, fe- 
tundá 1 bis & tertid 6 femel: nam o X 1 - 1X 2+ 
6 x 1-98. Quarum 27, ex primá o femel, fecunda 1 
tér, tertiá 6 tér, quariá 6 femél: nam o x 1 1 x 3 4 
6x346x127, €. idque Analyfis mihi univer- 
fale effe comprobavit. Hec fuit occafio obfervationis mex, 
longé alia à Moutoniand, qui cum in Tabulis condendis la- 
boraret, in hoc calculandi compendium cum Regnaldo inci- 
dit: nec vel illi vel Kegnaldo adimenda laus ; quod & Brig- 
gius in Logarithmicis fuis jam olim talia quedam, obfervante 
Pillio, ex parte advertit. Mihi hoc fupereft ut addam non- 
nulla illis indi&a, ad amoliendum Tranfcriptoris nomen ; 
neque enim intereft Reipublice quis obfervaverit, intereft 
quid obfervetur. Primum, ergo illud adjicio, quod apud 
Moutonium non extat, & caput tamen rei eft: quinam fint 
ill numeri, quorum Tabulam ille exhibet in infinitum con- 
finuandam, quorem ductu in differentias generatrices, pro- 
ductis inter fe jun&is, termini Serierum generentur. Vides 
€nim ex ipfo modo quo tabula ab co pag. 385, exhibetur, 
non fuiffe id ei fatis exploratum ; alipqui enim verifimile eft 
jta Tabulgm fuiffe difpofiturum, ut ea numerorum connexio 
t : atque 
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atque harmonia appareret; nifi quis de induftrià texiffe die 
cat: ita enim fe habet pats Tabule. 


1jr 

2|: ga 

gir 2 1 

(0|: 3 3 t 

5]! 4 6 4 1 
6|1 § 10 10 5 1 
7|: 6 aig 2 15 6 
8|1 7 21 35 3$ 2 
git 8 28 56 70 56 
10|1 9. 36 84 126 126 
11|I1 10 4$ 120 210 252 


Apparet ex hujus Tabulz conftru&ione folam haberi ratios 
nem correfponlüs numerorum generantium cum numero 
"Termini generati ; ut cum terminus eft quartus (4) produ- 
citur ex primá differentia femel, fecundá ter 5, tertid ter 3, 
quartá femél 1; ided in eádem (4) Linea traníversá locantur 
1.3. 3.1. Sed vel non obfervavit vel diffimulavit autor 
come(ponfom numerorum, fi à fummo deorfüm eundo per 
columnas difponantur hoc modo, 


rt 
arx: 
3|1 2«1 
44 3 3wN ! 
H 1.4 6 4y 1 

1 10 10 5 3 
7|: é 15 20 "b 6 
$|1 7 ?1 35 35 291 H 
o|1 8 28 56 7o 56 
Ja{xr 9 36 84 126 126 
i1i|]1 10 45 120 210 252 


Ita enim ftatim vera genuináque eorum natura ac genera. 
tio apparet; effe, fcilicet, eos numeros quos Cunbinatorios 
appellare foleo, de quibus multa dixi in differtatiuncula de 
Arte Combinatoria ; quófque alii appellant Ordines numeri- 

302 cos 
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cos; alii fpecie primam columnam Unitatum ; fecundam 
Numerorum naturalium, tertiam "Triangularium, quartam 
Pyramidalium, quintam Triangulo-Triangularium, &¢. de 
quibus integer extat Tractatus Pa/cbali fub titulo Trianguli 
Arithmetici; in quo tamen proprietatem numerorum ejuf- 
modi tam illuftrem támque naturalem * non obfervatam 
fum miratus. Sed eft profe&ó cafus quidam in inveniendo, 
qui non femper maximis ingeniis maxima, fed fepe etiam 
mediocribus nonnulla offert. 


Hinc jam vera nymerorum iftorum natura, & Tabula 
conftru&io, five à Regnalde five à Moutonio diffimulata, in- 
telligitur: femper enim terminus datus columng datz com- 
ponitur ex termino precedente columne tim praecedentis 
quàm 'date: Atque illud quoque apparet, non opus effe 
moleíto calculo ad Tabulam à Moxtorio propofitam continu- 
andam, ut ipfe poftulat ; cum hz numerorum Series paísim 
jam tradantur calculentárque. 


Caterüm Moutonius obfervationg iftà ad interponendas 
medias proportionales inter duos extremos numeros datos; 
€go ad inveniendos ipfos numeros extremos in infinitum 
cum eorum differentiis, utendum cenfebam. — Hinc ille, non 
nifi cum differentia ultima! evanefcunt (aut pené evanef- 
cunt) ufum regula invenit; ego detexi innumerabiles cafus, 
regula quádam inobfervatà comprehendendos; ubi poffum 
ex datis numeris finitis certo modo multiplicatis producere 
numeros plurimarum Serierum in infinitum euntium, etfi 
differentiz earum non evanefcant. 


Ex iifdem fundamentis poffum efficere. in progredionibus 
Problema plurima; aut in Numeris fingulagibus, aut in 
tionibus vel Fractionibus: poffum enim progreffiones ad- 


* Im) obfervata fuit, Vide PaíchaUi Triangulum Arithmeticum, Parifiis 
Anno 1665 editum, pog. 2. ubi. definitionuns antepenultima bac eft. 

Le nombre de chaque cellule off egal à celuy de la cellule qui la précáda dens 
Son rang perpendiculaire, plus à celuy de la cellule qmi la précéde dans fon ra 
parallile. Ainfi la cellule F, eft à dire le nombre de, la cellule F, égale 
callale C. plus la cellule E j & ainfi des auirtis 

dere. 
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dere fübtraheréque, imà multiplicare quoque & dividere, íd- 
que compendiose, ! 


x x x n 
y * * *. * * s 
. 1 1 : 
eS (fo wee Te 5o ee 
B x 1 1 
To 5 woos roe se 
D A A Py 
Te + wre T8 ^ TF 
Gc Gc. Fe. Gr. 


Multa alia circa hos numeros obfervata funt à me, ex 
«uibus illud eminet, quod modum habeo fummam inveni- 
endi Seriei Fra&ionum in infinitum decrefcentium; qua- 
rum numerator Unitas, nominatores vero numeri ifti Tri- 
angulares aut Pyramidales, aut Triangulo-Triangulares, &c. 


End of the Extraft from Mr. Leibnitz’s Letter. 





Art. 4. By the help of the foregoing table of the cubes 
‘ef the natural numbers 1, 2, 3, 4, 5, 6, 7, &c, as far as 
100, we may find the cube-root of any number exact to 
two places of figures, without the trouble of any calculation’ 
wharfoever, or by the mere infpection of the table. Thus, 
for example, if I wanted to find the cube-root of 2000, I 
need only look along the fecond column of the table, 
(which contains the cubes of the numbers fet down in the 
firft column,) till I found the two cube numbers which are 
neareft to the propofed number 3000, the one above it and 
the other below it. ‘Thefe numbers I íhould find to be 
2197 and 1728; of which the former is the cube of 13, 
and the latter is the cube of 12, And hence I might con- 
clude with certainty that, fince the propofed number 2000 
is greater than 1728, or the cube of 12, but lefs than 
2197, or the cube of 13, its cube-root muft be greater than 
12, but lefs than 13, and ‘confequently that the two firft 
figures of it muft be 12. And from the two firft figures 

the cube-root of any propofed number, we may derive 
the following figures of it to five, or fix, or any grener 

Do number 
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number of figures that we may defire, by the method of 
approximation invented for this purpofe by Monfieur De 

- Lagney, which has fince been approved and adopted by 
Dr. Hailey and other Mathematicians, as the moft conve- 
nient that can be taken. This method is as follows. 


—_———— 
Monfieur De Lagney's Method of approximating to the Value 


of the Cube-root of any propofed Number, when tbe Two, or 
, Three, firfh Figures of the faid Cube-root are known. 


A 


Art. 5. If the number of which the cube-root is to be 
extracted be called c, and a number, confifting of two, or 
more figures, that ‘is fomewhat lefs than the true value of 
the faid cube-root be called a, the remaining part of the 
faid cube-root will be very nearly equal to the quantity 
eralxa Lx and confequently the whole of the faid cube- 

€ + 22 


root will be very nearly equal to a 4- ex but it 





will always be a little greater than the faid quantity. Alfo 
, the faid remaining part of the cube-root of c, which is to 
be added to its firft value a, will be very nearly equal to 


the quantity VW’ E - +, and confequently the whole 
of the faid cube-root will be very nearly equal to a + 


v e — torto c V E ; but it will always 
be a little lefs than that quantity. And this latter expreffion 
will be a little nearer to the true value of the cube-root 
of c than the former expreffon a + LIE 


difference will be fo {mall as to be hardly worth confi- 
dering. 
Art. 6. 








3 but the 
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Art. 6. And, if a, or the firft near value of the cube- 
root of the propofed number c, be a little greater than its * 
true value, the quantity to be fubtraéted from a, in order 
to make it equal to the faid true value, will .be. very nearly 
ade 

e+ 203 





equal to the quantity » and confequently the faid 


à -4 xe. 

c4 24 ? 
it will be always a little greater than the faid quantity. 

Alfo the faid difference between 2 and the true value of 


the cube-root of c, or quantity which is to be fubtra&ted 
from a, in order to make it equal to the faid cube-root, 


€ube-root will be very nearly equal to a — but 


will be very nearly equal to the quantity f —v e 


and confequently the faid cube-root will be very nearly equal 
] - - * E 
t0 4 = -vES, or to = TV fal C but it will 








laa 
always be a little lefs than the faid quantity. And this lat- 


ter expreffion IÍ TV e will be a little nearer to the 

true value of the cube-root of ¢ than the former expreffion 

ioe X 5; but the difference will be fo fmall as to be 
e+ 223 

hardly worth confidering. 


a 


Art, 7. The number of figures that will be exa& in the 
fecond near value of the cube-root of the propofed num- 
ber c that will be obtained by either of thefe four expreffions 


—alxa a 4c — a$ (a —xa a 
4 IT uu tV 1422727 and + 


c4 223? 2 
v €" (which laft expreffion, we may obferve, is the 
yery fame with the fecond expreffion,) is ufually triple, or 
triple wanting one figure, and in the worít cafes is triple 
wanting two figures, of the number of figures that are exact 
jn the firft near value, 4, . 


ts 
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dn Example of the Extraction of the Cube-rect af a Number, 
by means of the foregoing Methed of Approximation. 





Art. 8. Let it be required to extra& the cube-root of the 
number 2; which anfwers to the folution of the Problem, 
fo much celebrated amongft the Antients, of doubling the 
cube, or finding the length of the fide of a cube that íhall 
be double of a given cube. 


Here I obferve, in the firft place, that, fince the number 


2000 is equal to 1000 X 2, or to 10 X 10 X IO X 2, | 


the cube-root of 2000 muft be equal to 10 times the cube- 
root of 2. But it appears from the foregoing table of cube 
numbers, that the cube-root of 2000 muft be greater than 
12, but lefs than 13, and confequently that the two firft 
figures of it muft be 12. Therefore the cube-root of à 


12 IO 
mutt be (= 25 = 3 4- i5) = 1.2, or the two firft figures 
of the faid cube-root muft be 1.2. “Here then we have 
€ = 2, or 2,000,000, and a = 1.2, and confequently a? = 
1.728, and 2a = 3.456, and ¢ + 20° (== 2 + 3456) = 
$-456, and c — a? (= 2.000 — 1.728) = 0.272, and 
exu 


6-al xe (= 0272 x 1.2) 3.264, and tia «(= 


26, =a j 
ES 720.059,82. Therefore & xL wil be — 


1.2 + 0.059,82, or 1.259,82; or the fecond near value of 
the cube-root of 2, which is obtained by means of the firt 
cal xe 

expreffion a + — du 
The number of figures that are exa& in this fecond near 
value, 1.259,82, of the cube-root of 2, is four, to wit, the 
figures 1.259, that is, three times as many figures, wanting 
two, as are contained in 1.2, or 4, tbe firft near value of 
che 





given in art. 5, is 1.259,82. 
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the faid cübe-root, the more accurate value of which is 
3.259,921,049, &c, which is greater than 1.259,82 by 
O.000,1, &c. . 
: veni 4 pnw 
The other expreffion given in art. 5, to wit, 7 + VO? 
may be computed as follows. - 





* Since @ is = 1.2, and ¢ is = 2, we fhall have 12 4 (= 
12 X L2) — 14.4, and I = 0,6, and 4¢ = 8:000, and 


4€ — 4! (= 8.000 — 1:728) = 6.272, and e (= 


6. = " 
AGE) = 0435)555,555, &c, and WPS (= VF 0.435, 


5551555. &c,) = 0.659,96, and = 4 4E (= 





0,6000,00 + 0659,96) = 1.259,96. THerefore = + 
v 


which is obtained by means of the fecond expreffion given 
in art. 5, is 1.259,96 ; which is exact in the firft five figures 
1.2599, and is greater than the true value of the faid cube- 
root, to wit, 1.259.92, &c, by only 0.000,04, &c, which 
is lefs than the difference’ 0.000,1, by which’ 1.259,82, or 
the fecond value of the cube-root of 2, obtained by means 
waxes, fell fhort of the 
true value of the faid cube root. But either of thefe fecond 
near values of the faid cube-root, 1.259,82 and 1.259,96, 
is a great improvement upon its firft near value, 1.2, though 
lefs than it would have been if the two firft figures of the 
cube-root of the propofed number had been higher figures 
than 1 and 2. ‘ " 





a » or the fecond near value of the cube-root of 2, 


124 


of the former expreffion a + 


Art. g.. And, if we repeat this procefs of approximation 
with either of the two expreffions a ++ 


ex a 


B 
puc ando 


3P v. 
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v f IT taking the firft four figures of the fecond values 


of the cube-root of 2, which have been already found, 
(and which are the fame in both the foregoing calculations, ) 
to wit, the four figures 1.259, for the bafis of the next 
operation, we fhall obtain the value of the faid cube-root 
to a very great degree of exa&nefs. This may be done in 
the manner following. 


Let a be fuppofed = 1.259. 


Then we fhall have &' (= 1.259) = 1.995,616,979, 
and confequently 2a’ (= 2 X 1.995,616,979) = 3.991, 
233,999, and c + 24! (= 2 + 3.991,233,958) = 
5.991,233,958, and c — a’ (= 2.000,000,000 — 1.995, 
616,979) = 0.004,383,021, and ¢ — al xa(= 


983,021 X 1.259) = 0.005,518,223,439, and T7177 





(= 0.00556 18,22 35439. 
TS 015995233958 


e—al 


a SS will be (= 1.259 + 0.000,921,049,55, &c,) 


= 1.259,921,049,55, &c; which is exact in the firft ten 
figures 1.259,921,049, the more accurate value of the 
cube-root of 2 being 1.259,921,049,89, which is greater 
than 1.259,921,049,55 by only the very {mall quantity 
0.000,000,000, 34. 


. Alfo we fhall have 4c (= 4 x 2) = 8.000,000,000, 
and 4¢ — 4! (= 8.000,000,000 — 1.995,616,979) = 
6.004,383,021, and 12a (= t2 x 1.259) = 15.108, and 
4-7 (= 6.004,383,021 


12a 15.108 ^ 
(= 4/o.397,430,700,3) =: 0.630,421,050,01. Therefore 
+ +V e will be (= 2 + 0.630,421,050,01 = 
0.6295 + 0.630,421,050,01) — 1.259,921,050,01 ; which 
exceeds the more accurate value of the cube-root of 2, to 
. wit, 


) = 0.000,921,049,55, &c. Therefore 


-2 
) = 0.397:430,900,3, and vi 





ly Mr. de Lagney’s Method.of Approximation. — 4g 
wit, 1.259,921,049,89, “by only the very fmall quantity 


0.000,000,000,12, which is ftill léfs than the fmall quantity 
0.000,000,000;34. 


Fe 





Anviber Example of the Extrattion of the Cubes root of a Noni 
ber, by tbe fame Method of Approximation, ' 





Art. ro. Let it be propofed to find, in inches and deci- 
mal parts of an inch, the fide of a cube that is equal to the 
Englifh meafure called a gallon, which contains 231 cubick 
inches; or, in other words, let it be required to find the 
cube-root of the number 231. 


New, if we look along the column of cube numbers ini 
the foregoing table, we fhall find that 216 is the cube of 6, 
and that 343 is the cube of 7. "Therefore we may con- 
clude that the cube-root of the propofed number 231 muft 
be greater than 6, but lefs than 7. We will therefore take 
6 for the value of a, or for the firft near value of vohis 
swith which we are to begin our approximation, 


Now, fince c is, in this example, equal to 231, and a is 


= 6, we fhall have 2* \= oY) = = 216, and 24! = 432, 
and c + 22 (= 231 + 432) = = 663, and c — a? (= 


231 — 216) = 15, and c — 2] x a (= 15 x 6) = go, 





£—a|xa,.99 — ca) xe 
and crus (= Gy 913 Therefore a + aa 


will be (= 6 + 0.13) = 6.13; which is therefore the fe- 
cond near value of the cube-root of 231. 


Now let 4 be taken = 6.13,. in order to obtain a third 
near value of the cube-root of 231. . 


"Then we fhall have 2? (= 6.13!) = 230. 946,397; and 
2a" (= 2 x 339346,397) — 460692794 and ¢ + 2a? 
3*2 07 
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(= 231 + 460,692,794), = 691.692,794, and .¢ — a’ (= 
231,000,000 — 230,346,397) 70.65 3,603,.and c—a'l x 4 


=a 
(= 0,653,603 x 6.13) = 4.006,586,39, and ET 

006,586, —ai)xa 
(= va) 2-016057 92436. Therefore a -+ bu 


will be (= 6.13 + 0.005.792,436) = 6.135,79234363 
which is ‘therefore the third near value of the cube-root of 
231, or of the length, in inches and decimal parts of an inch, 
of the fide of a cube that contains an Englith gallon. Q, E. r. 


This number 6.135,792,436, is exa& in the firft nine 
figures, 6.135,792,43; the.more accurate value of the cube- 
root-of 231) being, according to Dr. Halley, (from whofe 
tta&t: upon this. fubje& im the Philofophical Tranfactions 
this example is taken, ) 6.135,792,439,661,958, &c. There- 
fore the number of figures obtained exactly in this inftance 





by meáns of the expreffion a + zz XI is jut triple of 


the number of figures that are contained in a, or 6.13, 
agreeably to what is obferved above in art. 7. 


UM Art, 11. The other expreffion of the third near value of 
the cube-root of 231, to wit, the expreffion it 
may -be computed as follows. 


Z5 





12a 


* Since cis 231, and a is = 6.13, we fhall have 4c (= 
4x 231). — 924, and = (= E = 3.065, and 12a (= 


32.X 6.13). == 73.56, and at (=, 6.13?) = 230.346,3975 

and 4c —- 4! (= 924,000,000 — 230.346,397) = 693.653,60, 
(p 40— a, 6936535 

and Sr (= 2) =. 9429,766,218,053,289,8, 

^. and V/ [e (= VW 9.429,766,218,053,289,8) = 

3.070,/792:441«. Therefore —— -- v/ E will be (= 3.065 


ta uM 
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+ 3.070,792,441) = 6.135,792,441; or the third near 
value of the ‘cube-ropt of 231, obtained by means of the 


will be 6.135,792,441. 
Q, E. I. 





Art. 12. This number 6.135,792,441, obtained by means 
of the expreffion I 4 Vv os exceeds the more ac- 


curate value of the cube-root of 23i, to wit, 6.135,792,439, 
&c, by only the {mall fraction 0.000,000,002 ; which is 
fomewhat lefs than the fmall- fraction 0.000,000,003, by 
which the former number 6.135,792,436, that was obtained 
by means of the expreffion a 4- =, falls fhort of the 
faid more,accurate value. But both thefe differences enter 
in the fame place of decimal fractions, to wit, the ninth 
place, and therefore the {mall difference of exa&ngís in 
thefe two expreffions a. + US and + TV £e 
is not worth attending to. But Dr. Halley gives the pre- 


a 4c a) 
ference to the latter expreffion stv o. on another 
account, to wit, becaufe he thinks the extraction of the 
fquare-root of the fraction e 





a lefs laborious operation 


than the divifion of c — a’, x @ by the great divifor ¢-+ 2”. 
His words are as follows, ** And this Formula [the irra- 
** tional formula I +V eas, though he ufes a fome- 
** what different notation,] is de(ervedly preferable to the 
. £— al xa 7 
ETT"RD 
** great divifor, which is not to be managed without a 
“ great deal of labour; whereas the extraction of the 
** fquare-root proceeds much more eafily, as manifold ex- 
** perience has taught me." : l 





** rational [or, 4+ ] upon the account of the 


Thee 
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Thefe two examples are taken from a very ingenious and 
ufeful tra& on this fubje&, intitled, 4 mew, exaZ, and ef 
Metbod of finding tbe Roots of Equations Generally, and that | 
without any previous Reduétion; written by the celebrated 
Dr.'Edmund Halley, and publifhed firft in the Philofophi- 
cal Tranfa&ions for the month of May 1694, Number 210, 
and afterwards in the year 1708, in the fecond volume of 
the Collection of Mathematical and Philofophical Tracts, 
intitled Mifcellanea Curiofa, in three volumes octavo. — Se 
the ad volume of the faid Mijcellanea Curiofa, pages 70, 71, 
72, 73» 74» and 75. : 











A Third Example of the Extraction of the Cube-rcot of a 
Number, by the fame Method of Approximation. 





Ar. 1 3. This example fhall be that which is given by 
Mr. Raphfon in his Analyfis /Equationum. Univerfalis, Pro- 
. blem 2d. It is ta find the cube-root of the number 37,945. 


Now, if we look along the column of cube-numbers in 
the foregoing table, we fhall find that 35,937 is the cub: 
of 33, and that 39,304 is the cube of 34. Therefore, 
fince the propofed number 37,945 is greater than 35,937, 
but lefs than 39,304, it follows that the cube-root of 37,945 
will be greater than 33, but lefs than 34, and confequently 
that. the two firft figures of it will be 33. 


Here then we have c = 37,945, and 4 = 33. Therefore 
&' will be = 35,937, and a4! will be(— 2 X 35,937) = 
71,874, and c + 243 will be (= 37,945 + 71,9874) = 
109,819, and c — a? will be (= 37,945 — 35,937) = 
2008, and ¢ — a x a will be (= 2008 x 33) = 66,264, 


and confequently EI will be (— S) = 0.6033. 





Therefor: 
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coal xa 
Therefore a + TINO 
cube-root of the propofed number 37,945, will be (= 33 
+ 0.6033, or) 33.6033 ; of which number the five fi 
figures 33.603 are exact, the more accurate value of the 
faid cube-root being 33.603,526,179,43, &c. 

Now let us fuppofe a to be = 33.6033, or the fecond 
near value of the cube-root of 37,945 that has been already 
found; and let us, in order to obtain a third near value 
of it, repeat the foregoing proces. 


or the fecond near value of the 





Then we fhall have a’ = 37,944.233,801,747,937, and 2a* 
(= 2 X 37:944.233,8015747,937,) = 75,888.497,603,495; 
874, and c4-22! (= 37,945.000,000,000,000 + 75,888.467, 
603,495,874) = 113,833.467,603,495,874, and c — 2^ (= 
37,945.000,000,000,000 — 375944-233,801,747,937) = 
0.766,198,252,063, and c—a|x a (= 0.766,198,2 52,063 
X 33-6033) = 25.746,789,723,548,607,9, and confe- 
£—a| xa ,__ 25.746,789,723,648,601,9 
cru (= 113,833:467,603,495,874 
179,4375:95.  Therefore.a + = 257 will be (= 33-6933 
+ 0.000,226,179,437,95)) = .33:603,526,179,437,95 + 
that is, the third near value of the cube-root of c, or 
372945, that is obtained by means of the rational expreffion 


) = 0,000,226, 








quently 





c—a}| xa 


4 + Taare Will be 33.603,526,179,437,95 5. which I 
believe to be exa& in the firlt fifteen figures 33:603,526, 
179:437:9, if not in the laft, or fixteenth, figure 5 like- 
wife. ‘ 


Art. 14. The other expreffion of the third near value of 
the cube-root of 37,945, to wit, the irrational expreffion 


I -V eae may be computed as follows. 


Since c is = 37,945, and a is = 33.6033, we fhall have 


= (= BSB) = 16.801,65, and 124 (= 12 X 33.6033) 
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= 403.2396, and 4c (— 4 X 35,945) = 151,780, and 


2! (= 33-6033!) = 37,944.233,801,747,937, and 4—é 
(= 151,780.000,000,000,000 — 37,944.233,801,747,93]) 
= 113,835.766,198,252,063, and “a (Cz 

CURE PPM UL) = 181.503,43, 49,165,069 zi 


vi = V 282.303,043,149,165,069) = 16.801, 
876,179,437,96. — Therefore E + CET will be (= 


16.801,65 4- 16.801,876,179,437,96) = 33.603,56 
437,96; that is, the third near value of the cube-root of 4 
Or 37,945, that is obtained by means of the irrational at 


» will be 33.603, 526,179,437,96- 





4 “eat 
preffion = 4v (e 
Art, 15. This number 33.603,526,179,437,96 mutt (i 
there has been no miftake made ia the calculation, ) be fome 
what greater than the true value of. the cube-root of c, of 
3709453 and the former number 33.603, 526,179:437:9 
. : . ena xe 
obtained by means of the rational expreffion a ++ Te 
muft be.fometbing lefs than the faid true value, Thí: 
two numbers differ only by an unit in the la(t, or fixteenth, 
figure. And hence it follows that the firft fixteen figurts 
of the faid true value muft be the fame with thofe of ix 
leffer of thofe two numbers, or 33.603,526,179,437:9* 
Mr. Raphfon, however, computes it to bé 33.603,526,17 
438,08. But I fufpe& that his three laft figures are nu 
exact. But, whether they are exact or not, we may, 4 
leaft, conclude that, fo far as thefe different calculations 
agree with each other, they muft be exa&, and confequeatly 
that the firft thirteen figures of the cube-root of the numb 


® 37,945 are 33.603,526,179,43. 


44 for 


by M». de Lagney's Method of dpprisimatión, — 485 


wf Fourth Example of ihe ExtraBion of the Cubé-root of à 
Number, by means of the foregoing Method of Approximation. 





Art. 16. This example fhall be one that is given by 
Monfieur de Lagney himfelf, in his book intitled, Nox- 
ueauce Liements d’ Arithmétique et d'(lgébre, which was publith- 
ed at Paris in Duodecimo, in the year 1697. It is to find 
the cube-root of the number 696,535,483,318,640,035,07 35 
641,037, which confifts of twenty feven figures, and may 
be expreffed in the words following, to wit, 696 quadril-, 
lions, or fourth powers of a million, 536,483 trillions, of 
third powers of a million, 318,640 billions, or fecond 
powers of a million, 035,073 millions, and 641,037 units. 


This number is fo great that it will be convenient to divide 
it into thefe two parts, 696,536,483 ,000,000,000,000,000,000 
and 318,640,035,073,641,037, and to begin by feeking the 
cube-root of the firft part, 696,536,483,000,000,000,000, 


000,000. . 


Now this number 696,556,48 3,0c0,600,006,000,000,000 
is = 696,536,483 X  1,000,000,000,000,000,000, or 
696,535,483 x the cube of 1,000,000. Therefore its 
cübe-root will be equal to 1,000,000 X the cube root of 
696,536,483. Therefore, if we can find the cube-root of 
696,536,483, we need only multiply it by 1,000,000, in 
order to obtain the cube root of 695,536,483,000,000,000, 
000,000,000. We will therefore endeavour to find the cubes 
root of 696,536,483. 


Now this number 696,536,483 is greater than 696,536,000, 
or than 696,536-x 1000, or than 696,536 x the cube of 
10. Therefore the cube-root of 696,536,483 will be greater 
than the produ& of the multiplication of the cube root of 
696,536 into 10, Therefore, if we can find the cube-root 
of 696,536, we need only multiply it by 10, in order to 
obtain the eube-root of 696,536,000, which will be fomething 

BQ leíg 
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lefs than the cube-root of 696,536,483, and may ferve as 2 
bafis from which to begin our approximation to the tue 
value of the faid cube-rcot. We will therefore now en- 
deavour to find, to a fmall degree of exactnels, the cube-roct 
of 696,536. 


Art. 17. Now, if we look into the foregoing table of the 
cubes of the natural numbers 1, 2, 3, 4, 5, 6, 7, &c, as 
far as 100, we fhall find that 681,472 is the cube of 88, 
and that 704,969 is the cube of 89. It follows therefore 
that the cube-root of 696,536, (which is greater than 
681,472, but lefs than 704,909,) muít be greater than 88, 
but lefs than 89, and. confequently that the two firft figures 
of it muít be 88. Therefore the cube-root of 696,536,002 
muft be greater than 88 x 10, or 880, but lefs than 89 x 
10, or 890, and confequently the two firft figures of it 
will be 88.° Therefore 880, being lefs than the cube-root of 
the number. 696,536,000, will be lefs alfo than the cube- 
root of the number 696,536,483, which is greater than 
696,536,000 ; but it will approach fufficiently near to it to 
enable us to begin a further approximation to it by means 
of the foregoing expreffions of Monfieur de Lagney. 


Art. 18. Let us therefore fuppofe 2 to be = 880; and, 
in order to find a fecond near value of the cube-roct 
of c, or 696,536,483, let us compute the expreffion a + 
c—a)xa 
eia 

Here then we fhall have a? (= 882]?) = 681,472,c00, 
and 22! = 1,362,944,000, and ¢ + 24! (= 696,536,483 
+ 1,362,944,000) = 2059,480,433, and c — a? (= 
696,536,483 — 681,472,000) = 15,064,483, and c —@ 
X a (= 15,064,483 X $80) = 13,255,745,040, and con- 


-2e x 5256,74. uv 
feqvenly = (= as) = 6.436,9. Therefore 
a + XS will be (= 880 + 6.4369) = 886.4569; 


et2a 
and confequently 886.4369 will be a fecond near value of 
the cube-root of the number c, or 696,536,483. 

Art. 19. 
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Art. 19. Therefore (by what is fhewn in art. 16,) 
886.4369 x 1000,000, or 886,436,900 will be nearly 
equal to, but fomewhat lefs than, the cube-root of the num- 
ber 696,536,48 3,000,000,000,000,000,000, and, à fortiori, 
will be Jefs than the cube-root of the propofed number 
696,535.483,318,640,035,073,641,037. And, as 886,436, 
goo is not much lefs than 886,437,000, it feems probable 
that 886,437,000 will likew:fe be fomewhat lefs than the 
cube-root or the faid number 696,536,483,318,640,035,073, 
641,037. And fo upon trial we fhall find it to be. For 
the cube of 886,437,000 is 696,535,296,998,05 5,453,000, 
000,000, which is lefs than the faid propofed number. 


Art. 20. Now let a be fuppofed to be = 886,437,000, 
and let us endeavour to find a nearer value of the cube-root 
of the propofed number 696, 536,43 3,318,640,03 5,073,641, 





037, by computing the éxpreffion = tav fe, 


12a 


Then, fince c is = 696,536,483,318,640, 935,073:641, 
037, and a is — 886,47,900, and confequently a? is = 
a 


696,535,206,998,055,453,000,000,000, we fhall have T 


(= Signes = 443,218,500, and 


46 (= 4 X 696,536,483,318,640,035,072,641,037) 
= 00 2,786,145,933.274:560,140,294,564, 148 
and 4c — a! (= 2,786,145,933,274,560,140,294,564,148,. 
—  696,535,206,998,055,453,000,000,000) 
= 2,089,610,726,276,504,697,294,564,148, and 124 (= 
12 x 886,437,000) = 10,637,244,000, and d (= 


2,089.6 10,726,2 76,504,687, 294,564,143 
7 1965544000. TM) = 196,442,868,686,532, 





985, and VIE (= V 196,442,868,686,332,983) = 
= 443,218,759. Therefore + 4 vise will be (= 


24 


m 3Q2 4435 


He numbers SF Uy by A 


are 
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443,218,500 + 443,218,759) = 886,437,2593 and con. 
fequently the cube-root of the propofed long number 
696, 536,483,318,640,035,073,641,037, will be very nearly 
¢qual to 886,437,259. QE I, 


Monfieur de Lagney determines this cube-root to be 
only 886,437,166." But this is owing, as I apprehend, to 
his intirely neglecting the laft eighteen figures, 318,640, 
©35,073,041,037, of the propofed number, and confe- , 
quently giving ‘us only the cube-root of the number 
696, 536,483,000,000,C00,000,000,000, which is lefs than 
the propofed number : whereas in the laft operations of the 
foregoing procefs we took notice of all the figures of the 
propofed number, when we found the value of 4c, and 


gxtracted the {quare-root of the fra&ion $2, 


Mr. de Lagney adds, as a proof of the great ufefulnefs 
of this method of extracting cube-roots, that the moft fkil- 
ful Arithmetician would not be able to find the cube root of 
this long. number, 696,536483,318640,035073,641037, ta 
the fame degree of exaétnefs, or to nine places of figures, 
by the common method of extracting the cube-root, in the 
{pace of a whole month. See Monfieur de Lagney’s Nox- 
geaux Eléments d' Arithmitique et d’ Algébre, page 307. — 


Purse di 


A SCHOLIUM. 


Art. 21. This very ufeful method of approximating tq 
the cube-roots, and other roots, of numbers was firft pub- 
lifhed by Mr. de Lagney, at Paris, in the Yournal des 
Spavants for the 14th of May 1691, and afterwards was 
publifted again at greater length, and with a demonftra- 
tion, in a feparate tra& in quarto, in the month of May of 
the following year 1692. “But Mr. Jofeph Raphfon had 
puplithed: his don 4Equationum Univerfalis, (which con- 

(S> 343, 255,425, YB,8/0,570 272 
p 7 ere c, Mon (irae? 
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tains a general method of finding the roots of all forts of 
equations by approximation) in the year 1690: and his 
method of approximation is not very different from this of 
Mr. de Lagney ; and the ground, or principle, of it is ex- 
a&ly the fame, So that, if Mr. de Lagney had feen Mr. 
Raphfon’s Analyfis Ziquationum before be had difcovered his 
own method of approximation, it would have been eafy 
for him to have deduced his own method from Mr. Raph- 
fon’s; and in that cafe it would have been candid in him. 
to acknowledge that he had feen Mr. Raphíon's book, and 
had been led by it to the difcovery of his own method. 
This, however, he has not done; at leaít, not in his Nouveaux 
Eléments d'dritbmétique et d' Algébre, which is the only book 
of his that I have feen. And therefore I fuppofe he invented 
his method of approximation by his own efforts, and with- 
out having met with Mr. Raphfon’s book. 


"Art. 22. It may further be obferved, that Mr. Raphfon 
himfelf was not the firft inventor of the method of retolvin, 
equations by approximations of the kind he has made ule 
of, that is, by approximations performed by transforming 
the original equation into another equation that involves in 
jt the powers of the unknown difference between the firít 
near value (already obtained, by conjecture or otherwife,) 
of the root of the firft equation and its true value, and by 
refolving the fajd transformed equation in the manner of a 
fimple equation, or by dropping all the terms that involve 
in them any higher powers of the faid unknown difference, 
or root of the fecopd equation, than its fimple power. But 
this excellent method of difgovering the roots of high equa- 
tions had been found out by the great Sir Ifaac Newton 
more than twenty-four years before the publication of Mr. 
Raphfon's Analyfis Aquationum Univerfalis, to wit, in the 

ear 1666, when he wrote his learned hte tract, intitled 

e Analyfi per equationes numero terminorum. infinitas, which 
is printed in the Commercium Epiftolicum of Mr. John Col- 
lins and other Mathematicians, pages 67, 68, 69, &c. - - 

3» of the ad edition. This tract was firft printed in the 

ar 1732) ip the fif edition of the faid Commercium Foie, 
, . licum. 


. 
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licum. But it had been fhewn in manufcript to Dr. Tfaac 
Barrow, and by him fent to the faid Mr. John Collins, with 
Mr. Newton’s leave, in the month of July 1669, and fhewn 
to the Lord Vifcount Brouncker, (a great Mathematician 
of that time,) and, probably, to many other learned Mathe- 
maticians that were Fellows of the Royal Society, to which 
Mr. Collins was then a Secretary. And afterwards a part of 
it, containing a fhort fpecimen of Mr. Newton’s method 
of refolving equations by approximation, was publifhed by 
Dr. Wallis in the g4th chapter of his Algebra in the ycar 
1685, which was five years before the publication of Mr. 
Raphfon’s Analyfis /Equation"m Univerfalis. Whether this 
fpecimen fuggeíted to Mr. Raphfon the difcovery of his 
method of approximating to the roots of equations, (which 
differs but little from that of Sir Ifaac Newton,) it is diffi- 
cult to determine. He has not mentioned Newton's method 
in his treatife ou this fubje&, though he was a great ad- 
mirer of his genius, and ever ready to commend him : and 
therefore I am inclined to think that the above-mentioned 
fpecimen of Newton's method of approximation was not the 
circumftance that led him to the difcovery ef his own. But, 
whether it was or not, it is certain that the honour of 
priority with refpe& to this very ufeful invention is due to 
Sir Ifaac Newton. 








Of tbe Ground, or Principle, of the invefligation of the fere- 
going Exprefions, invented by Monfieur de Lagney, for Ap- 
proximating to the Value of the Cube-root of a given Number. 


ee 


Art. 23. The invefligation of all the foregoing expref- 
fions invented by Monfieur de Lagney for approximating 
to the cube-root of a given number, when a firlt near value 
of the faid cube-root that is exact to one, or two, or more, 

places 
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Places of decimal figures, is already known, is not difficult. 
t refults from the contemplation of the compound quanti- 
ties that are equal to the cubes of a binomial quantity, (fuch 
as a + 4,) and a refidual quantity, (fuch as ¢ — 2) ac- 
cording as a, or the fir(t near value of vafe which is al- 
ready known, is lefs, or greater, than v/?(c; and therefore 
it ought properly to be divided into two parts, the one re- 
lating to the cafe in which a, or the firft near value of the 
cube-root of the given number c that is already known, is 
lefs than the cube-root of c, and the other relating to the 
cafe in which a, or the faid firft near value of v? fc, is 
greater than the faid cube-root. The firít of thefe invefti- 
gations, (by which we fhall alfo obtain Mr. Raphfon’s ap- 
proximation to the value of the faid cube-root, in the fame 
cafe, or when a is lefs than v/? (c) is as follows. 





e€—a|xa 
lj € 4 2a) 

I +V| te. given by Monfieur de Lagney, for a Second 
near Value of the Cube-root of a given Number c, when a, 


or a Firft near Value of it that is already known, is lefs 
than its true Value. 


An Invefligation of the two Exprefions, a -r > and 





Art. 24. Let z be put for the unknown difference by 
which a, or the firft near value of the cube-root of the 
given number ¢, falls fhort of its true value; fo that a + z 


fhall be = fe. 


Then willa + z/ be =. Buta + 2) is = a? + 3eaz 
+ gazz 4- 2^. Therefore a? + 3aaz + jazz + 2 will 
alfo be 2c. This cubick equation is the foundation both 

of 
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of Mr. Raphfon’s and of Monfieur de Lagney’s methods of 
approximating further to the true value of ve. 


Art. 25. Mr. Raphfons approximation is obtained as fol. 
lows. Since z is lefs, and ufually much lefs, than a, to wit, 
about a 1oth or a sooth part of it, or, perhaps, ftill lefs,) 
it follows that both 3azz and x? will be lefs, and ufually 
much lefs, than 3aaz, and confequently that a? + 3aaz will 
be nearly equal to a 4+- 3aaz + 3azz + 2^, and therefore 
to c. Let them therefore be fuppofed to be equal to c 
Then, fince &' + 3aaz are = «e, we fhall have 3aaz = 
—a 

t uae » which fraction con- 
fifts intirely of known quantities. Therefore « + x will be 

cod 


€ — a, and confequently z = 





zac 





, and a+ = will be a fecond near value 
of 4/?{c, or the cube-root of the given number e. QE. 1. 


This is Mr. Raphfon’s approximation to the cube-root 
of ‘c, when a is lefs than the faid cube-root ; and it is the 
fimpleft and eafieft approximation that can well be imagined, 
and approaches very confiderably beyond a to the true value 


of %(c. For it ufually gives us twice as many figures 


exact as we lind before in a, or the firft near value of 1. 
And it is lefs operofe, or difficult to compute, than Mr. de 


Lagney’s firft, or rational, expreffion a + xa xe be- 


cis ^ 
caufe it is eafier to divide c — a* by 3aa, or three time: 
the fquare of a, than, firlt, to multiply c — 2* by a, and 
then to divide the produ& by c + 22^, which is a longer 
number than jaa. And for theíc reafons Mr. Raphfon, ii 
the Appendix to the fecond edition of his dneljis ZEgaa- 
tionum Univerfalis, (which was publifhed in the year 1697, 
feveral years after the publication of Mr. de Lagney's me- 
thod of approximation,) declares that he continued to prefer 
his own approximation to thofe of Mr. de Lagney, not- 
withftanding their greater exa&nefs, 





We 
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We will now proceed to inveftigate Mr. de Lagney’s firít, 
or rational, expreffion above-mentioned, in obtaining which 
Mr. Raphfon’s approximation is made ufe of as a neceffary. 

P. . 


Art. 26. Mr. de Lagney’s firft, or rational, expreffion, 
cr alxe 
a+ Ta 
well as the term 3aaz, of the cubick equation 2? + 3aaz+4 
gazz + 2° = c, or by fuppofing a’ + 3aez + 3azz to be 
equal to e, and refolving the quadratick equation a* + 3aaz 
+ goemz — e, refulting from that fuppofition, in an ime 
perfect, or inaccurate, manner, by proceeding as follows. 
Since @* + 3aaz + 3azz is — e, we fhall have 3aaz + 
gezz = c — a’, and (dividing both fides by 3aa + 3x) 


sedis Let us now fubttiture, inftead of z, in the 


denominator of this fra&ion ——2"—, the neat value of z 
300 + 3a 


already obtained by the refolution of the fimple equation 





, is obtained by preferving the term 3azz, as, 




















@ + gasz = 4, to wit, the fraction =; and we thal} 
thereby obtain the equation z = ML ; which 
ae tex 
sos e-a e — a 
laft quantity is equal to ———3 (= wre 
a a re 
t-8 0 ——À4 
E RE x TE pao Therefcre z 


will be — os and confequently s + 2 will be = 


ET" Q, 3. T. 
3R Art. 27; 
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Art. 27. This expreffion a + <=" %* of the fecond 


mer 
near value of 4/? (c, will always be lefs than its true value; 
as may be demonftrated in the manner following. 


Since c — a3 is = 3aaz + 3avz 4+ z', and 3saz + 3a:z 
+2) is = 300z + azz + 20zz + 25, it follows that c — 2 
willbe = 3aaz + azz 4 24zz + z", and confequendy will 


2 will be 





be greater than 32az - aez. Therefore = 
- ; —a o. 
greater than’ ets, or than gaz + zz. But “—* is 


= 3 x ELIT . Therefore 34 x x will be greater 


than 322 + zz ; and confequently (adding 34a to both fides,) 
304 + 3a x E will be greater than 322 + 342 +4 zz. 
Therefore — —— — . will be lefs than —1— 5 _, 
3 jaa + 3ax Wk sx 
jaa + 3a X jaa 
cma ] cra Xa cme 


" sore cpa? Md pe 
34a + 34 
i gaa 


is = the true value of z. Therefore 572.4 will be lefs 
e+ aa 


than the true value of z. Therefore a 4- Ix ill 


be lefs than the true value of a + z, or than /°(¢. 
Q, E. D. 





















But 








This expreffion, a + LA gives ufually three times 


as many figures of the value of 4/?[z exa& as were given 
exa&ly by 2, or the firft near value of the faid cebe-root. 
But in fome cafes the figures which it gives exa&ly are only 
three..times as many wanting one, and in fome unfavour- 
able cafes only three times as many wanting two, as mA 
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exaft in @; as we have feen in fome of the foregoing ex- 
amples. 


a“ 28. Mr. de Lagney’s fecond, or irrational, expreffion, 
a+ viz, for the fecond near value of the Cube. root 





of €, when a is lefs than the faid cube-róot, is : obtained by 
preferving the term 3azz, as well as the term 3aez, of the 
cubick equation a + 3a0z + 3azz + z^ = c, and refolv- 
ing the equation thence refulting, to wit, the quadratick 
equation 2! + 3aez-+ 3azz = ¢, in an accurate manner. 
This may be done as follows. 


I€ we fuppofe a? + 3aaz + jazz to be equal to c, we 
fhall have 3aaz + 3422 = c — a’, and (dividing all the 


terms by 34) az 4- zz = =. Therefore (adding - to 


e-a 








both Mu we fhall have 7 dax bxxI = + +. 
i Ph 34, 4m 
(t E = = eise 3 )= —" nM 


ing the fquare-roots of both fides;) + ÍT: ES. 


Therefore z will be = V eae —— and « + z will be 


=a+ vies —4) =+ ve. Therefore 





w^ [c will be nearly equal to the fame quantity + 


4 — a 
v Mu QB I. 
. 
Art. 29. This expreffion = + V [uc muft always 


be greater than the true value of «/*(¢, or than the true 
value of a + z in the original cubick equation é + 30az 
+ 3enz 4x5 — e 


. For it is derived from a fuppofition that a* + 3aaz + 
3Ra gaz 
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-gezz is equal toc, or to a? + 3aaz + 3022 + z", or is 
greater than it really is: from which it will neceffarily fol- 
low that the value of z deduced from that fuppofition mut 
“be greater than its true value, and confequently that the 
val.e of a + z deduced from that fuppofition, that is, the 


expreffion + TV e, will be greater than the true 
value of &'4- z, or than 4/? (c. Q. E. D. 





Art. 30. The irrational expreffion E TV E will 
approach a little nearer than the rational expreffion a 4 


£A x to the true value of V/^(z, becaufe it is obtained 
by refolving the quadratick equation a! + 3242 + 3azz 
== ¢ accurately, whereas ‘the rational exprefüon a + 


EL is obtained by refolving the fame quadratick equa- 


"tion inacturately, by fubftituting = inftead of z in the 
ear : : ea’ 

quantity ‘362 in the denominator of the fraction ez 
im art. 26. But the difference of the two expreffions in 


point of exa&nefs is not confiderable; and the principal 


: : a a Genet 
“seafon for preferring the irrational expreffion = + v 


“to the rational ‘expreffion a + oa. is, that there is 
much lefs labour in extracting the fquare-root of the fraction 


£^, than in dividing the numierator ¢ — a") x a by the 
‘denominator ‘¢ 4- 245, when that denominator isa very long 


- number, 





by Mr. de Lagney's Method of Approximation. — 493 


4 Brotligation of the Ta Expreffons, -— “=AX*, and 


+ V[ESE, given by Monfieur de Lagney fer a Second 
near Value of the Cube-root of a.given Number c, when a, 
or a Firft near Value of it that is already known, is greater 
thon its true Value. 





Art. 31, Let z be put for the unknown difference by 
which @, or the firft near value of the cube-root of the given 
number e, exceeds its true value; fo that a — z be 
ze. 


Then will & — z/ be: = e. But a — 3) isa ee 
j4ez + jazz — 2, Therefore a? — 344z + jazz — 2° 
will alfo be = c. This cubick equation is the foundation 
both of Mr. Raphfon’s and of ‘Monfieur de Lagney’s me- 


thods of approximating further to the true. value of 4/? (v. 


-Art. 32. Mr. Raphíon's approximation is obtained as 
follows, 

Since z is lefs, and ufually much lefs, than-a, (toit, 
about a- 10th, or a 100th, part of it, or, perhaps, ftill lefs,) 
it follows that both gazz and z? will be lefs, and ufually 
much lefs, than 3eez, and confequently that a? — gaz 
will be nearly equal to à? — 3222 + 30z% — z?, and there- 
fore to c. Let them therefore be fuppofed to be equal to e, 
Then, fiice a3 — 3aez are = ¢, we (hall have a? = ¢ + 


gaax, and gasz = a} —¢, and confequently z = = E 


"Therefore a .— z will be = a— ES and confequently 








the expreffion-s (“= will be a fecond near value of 
P 


E . 
V? (6, or the cube-root of the given number ¢. Q, = d 
. This 
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This is Mr. Raphfon’s approximation to the cube-root 
of ¢, when a is greater than the faid cube-root ; and it is 
the fimpleft and eafiet approximation that can well be ima- 
gined, and approaches much nearer than z to the true value 
of the faid cube-root. For it ufually gives us the value of 
the faid cube-root exact to twice as many decimal Places of 
figures as were exact in a, or the firít near value of the faid 
cube-root. And it is lefs operofe, or difficult to compute, 
than Mr. de Lagney’s firft, or rational, expreffion, s — 
(5-3 Xa 

€ d a 5 
three times the fquare of a, than, firft, to multiply ^ —¢ 
by a, and then to divide the produ& by c + 24’, which is 
a longer number than jae. And for thefe reafons Mr. Raph- 
fon always preferred it to Mr. de Lagney’s approximations, 
notwithítanding their greater exactnefs. 


We will now proceed to inveftigate Mr. de Lagney's firft 
expreffion above-mentioned, to wit, the rational expreffion 


becaufe it is eafier to divide c — a? by 3aa, or 


fae—cxea - 
et 2a? in 
mation is made ufe of as a neceffary ftep. 


s— obtaining which Mr. Raphfon’s approxi- 


Art. 33. Mr. de Lagney's firft, or rational, expreffion, 
Ga xa 
cie . 
' well as the term 3aaz, of the cubick equation a’ — 3aez 
+ gazz — 2? = c, or by fuppofing a? — 3aaz + 3azz to be 
equal to c, and refolving the quadratick equation a? — 
34az + 3azz = c, refulting from that fuppofition, in an 
' gmperfe&, or inaccurate, manner, by proceeding as follows. 


s — is obtained by preferving the term 3azz, as 





Since à! — 3aaz + 3azz is fuppofed to be equal to c, 
we fhall have à! + 3azz = c 4 3aaz, and 2? — c 4 3aez 
— jazz, and a! — c = 3aaz — gezz, or 340z — 3azz 
= 4! — c, and (dividing both fides of the equation by 

a . er 
ges — 342z,) z= eo Mr. de Lagney then fubfti- 

. tutes, 
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tutes, inftead of z, in the denominator of the fra&ion 

2. ; 1 . 
32a — sex e 
lution of the imple equation 4! — 3aaz = ¢, to wit, the 
fia&ion “= 


324 





, the near value of z already obtained by the refo- 





, and thereby obtains the equation z sm 


€ 





3 which laft quantity is equal to ——2— 


(a? —c [a3 — c 














3 — 30 X LS 34 -|—— 
 -c a—c a-—c :3 
(= ——— SS = o—a x 
Dalene wate ar. 7 
woos eas E 
A) = SE XS, Therefore z will be = 2=2%4 
tyi = Ga. m — Vr 


E E ‘@—dx a 
and confequently a — z will be = « — Tint There- 


fore the true, value of ¢ — z, or of the cube-root of the 
las—cl xa 
c¢+23 ^ 
Q, E. I. 


given number ¢, will be nearly = a — - 


fa-àx. 


viis» OF the fecond 


near value of /?[c, will always be greater than its true 
value; as may be demonftrated in the manner following, 


It has been fhewn above in art. 31, that a* — 32ez + 
gazz — zis = c. Therefore a! + 3azz will be = ¢ ++ 
gaaz + 2}, and a? will be = ¢ + 3aaz — 3azz + z^, and 
4! —c will be = 3aaz — gazz + 2%. But gaaz — 3azz 
+ 2 is = 34az — azz — 2azz + z'. Therefore a? — c will 
be = 300z — azz — a20zz + z'. But, becaufe z is lefs 
than 4, z will be lefs than azz, and, à fertiori, \efs than 
2azz. Therefore 3auz — azz — 2azx -- z? will be lefs than 
gaez — azz; and confequently a — c (which is = gasz 
— azz — 20%% + 2',) will be lefs than 34az — azz. 


Therefore “=< will be lefs than ==", or than gex 


ZZ. 





Art. 34. This expreffion, a — 
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zz. But A is = ga x = t. Therefore ge x E 
will be lefs than 32z — zz. Therefore, if both thefe quan- 
tides be fubtra&ed from gus, the remainder jae — 3a 


x E will be greater than the remainder 300—|3ax--zz, 


or than 346 — 34m + zz. Therefore.———5 —— will 


atmo 


be lefs: than Pe But A. 
gaa — ge X r7 


S-Àxe S—À* ane 
ITE Therefore => will be lefs than janyent” 


But ——=* — is equal to the value of z in the cubick 


34s — gaz ax 
equation a? — 3aaz + 3azz — z* = €, or to its true value. 








Therefore ex = will be lefs than the true value of x, 
@—Ax a 

€ 26 

true value of a — z, or than the cube-root of ¢. o. s. D. 








And confequently ¢ — will be greater than the 


Art. 35. Theother, or irrational, expreffion 2. ty, 


given by Mr. de Lagney for the fecond near value of the 
cube-root of c, when a is greater than the faid cube-root, 
is obtained by preferving the term jazz, as well as the 
term 3eaz, of the cubick equation a? — 3aaz +4 34zx — 2? 
= c, obtained in art. 31, or by fuppofing the trinomial 
quantity 2! — 3aaz + 3azz to be equal to c, and refolving 
the quadratick equation 2! — jaan + 3azz = c in an ace 
curate manner. This may be done as follows. 





Tf we fuppofe at — 3aaz + 34zz to be = ¢, we fhall 
mE gazz = ¢ + 3aaz, and a* = c + 342z — 3azz, 
4 o— 6 X $004 mm BORN, OF 2K —— 302 = at mw f, 
endi: Therefore 
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Therefore (dividing both fides of the equation by 32,) we 
aac 





fhall have az — zz = 


The compound quantity az — zz, which forms the left. , 


hand fide of this equation, is = a — 2] X z, and cone. 
quently (by Euclid's Elements, Book 2d, Prop. 5,) muft 


be lefs than the fquare of 4, or than v And confequently 
the other. fide of the equation, or the quantity > will 
alfo be lefs: than T They may therefore both be fübtracted 
from - Let them be fo fubtra&ed. And we fhall then have 


ye” 


a =<(= 3e (at ae _ gelatine sem aatt acy — 


aa A, 
tle wf * or — am onn - 





3s 328 124 — 128 124 
= Therefore the fquare-root of the trinomial quantity 
= — az + zz, will be equal to the {quareroot of the 


fraction £— Now, if z could be of two different values, 


the one greater than , and the other lefs than +, the tri- 
nomial quantity © — az + zz might have two fquare- 
roots, to wit, + — z, and z — 2. But, as z in the pre- 
fent problem is fuppofed to be much lefs than i » the latter 
of thefe fquare-roots, to wit, z — i cannot exift, and the 


other fquare-root, lf— z, will be the only one confiftent 


with the conditions of the Problem. Therefore we ‘thall 
38 have 
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have x —z=Vv ea, and confequently (adding zto 


124 


both fides) $= v/[45—7. + 2, and (fubtrating ,/ 572 





from both fides,) z = E —.J|£— 2' Therefore a — z 





laa 
: f^ (x= =. 
will be = 2 — fo VIGS Cit 4 <= ) 
= $+ v eae Therefore the fecond near value of 
VCE will be 2 + V[ES. Q Er 


Art. 36. This expreffion + + / fL will always 


"be lefs than the true value of the cube-root of the given 
number c. 


For, if we fuppofe z to increafe continually from o till 
it becomes equal to LI the compound quantity ez — zz, 
ora — z| X z, will increafe continually at the fame time 
B * al 4a 
till it becomes equal 12] > or "n and confequently the 


compound quantity 34 x (4z — zz, or the compound quan- 
tity 3aaz — gazz, will increafe continually till it becomes 


equal to 3a x z or E. "Therefore, when the compound 


quantity 3aaz — 342z is.equal to a} — c, the quantity z 
will be greater than when the compound quantity 322z — 
jazz is equal to a? — c — z?, which is les than &^ — c; 
that is, the value of z in the quadratick equation 322z — 
3ezz = a’ — c will be greater than the value of z in the 
Cubick equation 544z — 3azz = a3 — c — 23, or in the 
cubick equation 344z — 3azz + 2? = a? —— c, or in the 
€ubick equation a? — 3aaz 4 3azz — z' = «. But the 
value of z in the quadratick equation 3ezz — 3azz = 

o— 
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a—cist—/ “ns ; and the value of in the cubick 


equation a? — 3aax 4 gazz —2? = c is the true value 
of z, or of the excefs of 4 above V/*(c. Therefore the ex- 


preffion i — v|[£—- vill be greater than the true value 


of z. NE — , or +. VES 


will be lefs than the true value of 4 — z, or than the cube. 
root of the given number c. Q, E. D. 








Art. 37. The irrational Formula — + V, [e-— will 


2a 
m a little nearer than the rational Formula a — 
fas —2 
e+ 7 

the irrational Formula is derived from the quadratick equa; 
tion a? — 3aaz + 3azz = ¢ by an accurate refolution of 
it, and the rational Formule is derived from the fame equae 
tion by an inaccurate refolution of it. But the difference 
of exaétnefs between thefe two expreffions is not great, and 
either of them will ufually give us three times as many de- 
cimal figures of M? (c exact as were exact in a, or the firft 
near value of it. But, when the given number c itfelf 
confifts of nine, or ten, or more figures, and alfo when 4 
confifts of three, or four, figures, and confequently a con- 
fifts of nine, or ten, or more, figures, the irrational expref- 


fion + + [4 - 
Ss On ace 


compute than the rational expreffion a — Tus 


count of the labour of dividing a? — «| x a by the long 
number c + 22^; and therefore Dr. Halley thinks it ought 
to be preferred to the other, 


38a Art. 38, 


7 to the true value of the cube-root of .¢; becaufe 


» will be found to be much eafier to 





laÀ—c Xa 
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Art. 38. I have now given very full inveftigations of 
the four expreffions invented by Mr. de Lagney for the 
fecond near value of the cube-root of a given number c, 
of which a firft near value, denoted by the letter a, is 





already known, to wit, the four expreffons a + us 
[3 —2 x* - 
7" " and a — = =“, and i + VIE 








of which the two firft relate to the cafe in which a, or 
the firft near value of the faid, cube-root, is lefs than its true 
value; and the two laít relate to the cafe in which 2, or 
the firft near value of the faid cube-root, is greater than its 
true value, And I have given demonftrations of what is 
&fÜerted concerning thefe four expreffions in art. 5 and 6, 
to wit, that the firft of them, or a + TI Le 


ways lefs than the true value of 4^ ?(c, and that the fecond 
of them, or 2- EVA es, is always greater than the 


. H —clX @ 
faid true value, and that the third expreífion a — Ti 


is always greater than the faid true value, and that the 


> is ale 


fourth expreffion + tV e is always lefs than the 


faid true value. And the two firft of thefe affertions have 


£—a)|Xa re 4c — al 
two firft expreflions 2 + axe and t via, 


which relate to the cafe in which a, or the firft near value 
ef s (c, is les than its true value," I will now therefore 
give an example, or two, of the extraction: of the .cube- 
Iqots of numbers by means of the two latter expreffions 


acs 
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[2-3 = . : 
on SS and t+ [ÉL which relate to the 


cafe in which a, er the firft near value of /*(z, is greater 
than its true value, 





An Example of the ExtraBion of the Cubs-root of a given Num- 
ber, by means of Mr. de Lagney's Third and Fourth Expref- 
fons a — SA and [ES im wbicd a, 
or the Firft near Value of ./*(c, is fuppofed to be greater . 
shan its true Value. 








Art, 39. Let it be required to find the cube-root of 2, 
which was extrafted above in art. 8 and 9 ; and let a, or 
the firft near value of the faid cube-root, be 1.26, which 
is fomewhat greater than its true value, which is 1.259,921, 
049, && —. 

Here then we have c = 2, and a — 1.26... Therefore a® 
will be = 2.000,376, and 2a! will be = 4.000,752, and 
€ + 24! will be (= 2 + 4.000,752) — 6,000,752, and 
4! —.c will be (= 2,000,376 — 2) = 0.000,376, and 
@ == i X a will be (= 0.000,376 X 1.26) = 0.000,473,75, 


and confequently ons will be (= ry - 


, or the fecond 





e-—xae 
eta 
near value of the cube-root of 2, will be (= 1.260,000,000 
— 9.000,078,950) = 1.259,921,050; which is a little 
greater than its true value 1.259,921,049, &c, agreeably to 
what is aflerted in art. 6, and demonftrated in art. 34. 
And we fhall have 4c (= 4 x: 2) = 8.000,00d, and 
$ (225) = 0.63, and 196 (= 12 % Hab) = 15-12, 





0.060,078,950, Therefore « — 
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and 47 — e! (= 8.000,000 — 2,000,376) = 5-999,624, and 
-" (= n = 0,396,800, 529,100, 529,100, 529, &c, 


and vi (= 4/0.396,800,529,100,529,100,529, &c,) 


= 0.629,921,049,894,76, and = + V A4 (= 
0.639,000,009,000,00 + 0.629,921,049,894,76) — 1.259, 
921,049,894,76. Therefore the fecond near value of the 
cube-root of s, obtained by the irrational expreffion = + 


V “ne > will be 1.259,921,049,894,76 ; which is a little 


i24 
lefs than the true value of the faid cube-root, agreeably to 
what is afferted in art. 6, and demonftrated in art. 36, the 
more accurate value of the faid cube-root being 1.2 59,921, 
049,894,873,164,76, &c. 





Art. 40. The foregoing more accurate value of the cube- 
root of 2, to wit, 1.259,92 1,049,894,873,164,76, was obtained 
by taking 1.259,921,0 for a, or the firft near value of the faid 


€ube-root, and computing the expreffion = + /(“—*. 
For, if ais = 1.259,92130, Or 1,259,921, we fhall have 


+ = 0.629,960,5, and a (= 1.259,921]) = 1.999.999, 
762,390,486,961, and 4c (= 4 x 2) = 8.000,000,000, 
990,000,000, and 4¢ — a! = 8.000,000,000,000,000,000 
— 1.999,999,762,390,486,961 
] = 6.000,000,237,609,513,039, 
and 124 (— 12 X 1.259,921) = 15.119,052, and confe. 
4e — 4?" 4. 6.000,000,2375,609,513,039 ) 
quently 124 (= 15.119,052 = 
0.396,850,294,423,8 50,982,12 5,069,746,436, and vez. 
C= VW 0.396850,294423,850982,125069,746436 ) = 
€/629,960,549,894,973:164,76, &c. Therefore — -& 
PA 
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vi =" will be (= 0.629,960,5 ++ 0.629,960,549,894, 


124 


873.164,76, &c,) = 1.259,921,049,894,873,164,76, &c, 
which therefore will be a very near value of the cube-root 
» 2. 


All the twenty-one figures of this number 1.259.921, 
249,894,873,164,76, may be depended upon as exact, if 
no miftake has been made in computing the value of the 


*xpreffion 4/ (ec 3 becaufe 4, or the firft value of the 


cube-root of 2, to wit, 1.259,921,0, confiíts of eight figures 
which are all exact, and the number of figures that are 


exa& in + V/ 


one or two figures, of the number of figures that are exa& 
ina; as was obferved in art. 7. - 





~ is always triple, or triple wanting 





Art. 41. And in like manner in the fecond-example, re- 
lating to the extraction of the cube-root of 231, if we take 
2 equal to 6.14 (which is fomewhat greater than the true 
value of the faid cube-root,) inftead of taking it equal to 
6.13, (which is fomewhat lefs than the faid trug value,) and 

Ga: xa 


compute the two expreffions 4 — Fm 


and I + 
vA um we fhall find the former of thefe expreffions to 


be fomewhat greater, and the latter of them to be fomewhar 
lefs, than the true value of the faid cube-roor, agreeably 
:o what is afferted in art. 6. Thefe computations may be 
performed as follows. t 


If a is foppofed to be = 6.14, we fhall have 2(— $95 © 
ER and 122 (— 12 x 6.14) = 73.68, and a (= 
5.14) = 231.475,544, and 4! — c (= 231.475,544 —— 


231) = 0.475,544,and a? — «| x 4 (= 0.475,544 X 6.14) 
= 2.919,840,16, and 24! (= 2 x 231.475,544) & 
462. 
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462.951,088, and c ++ 22! (= 231 + 462.9§1,088) = 








, s-Àxa, 19184006. 
693.951,08, and confequently TF iat (= “G93,951,088) 7 
6.004,207,559. Therefore e — s will be (= 


56.140,000,000. — 0.004,207,559 ) == 6.135,792,44! ; 


which is greater than the true value of the cube-root 
831, agreeably to what is afferted in art. 6, and demon 
ftrated in art. 34, the faid true value being only 6.135,79, 
439,661,958, &c. See above, art. 10, page 476. 


And we fhall have 4c (— 4 X 231) = 924, and 4: — e 
WT 924.000,000 — 231.475,544) = 692.524,456, and 


£-- (= Seres) = 9.399,083,279,044,516,829, and 
V{ESE (= ¥9-399083,279044,516829) = 3.96575: 
489,004. Therefore + v[tzs will be (= 3.07 








2a 
+ 3.065,792,439,004,) = 6.135,792,439,004; which & 
lefs than the true value of the cube-root of 231, to wit, 
6.135,792,439,661,958, &c, agreeably to what is affenei 
in art. 6, and demonftrated in art. 36. 


Art. 42. Thefe two examples are fufficient to illuftrate 
and confirm what is afferted in-art. 6, and demonftrated 
in art. 34 and 36, concerning the two expreffions & — 

- -a "n se 
Au and = + y + 3 which are given by 
Monfieur de Lagney for a fecond near value of the cube- 
root of a given number c, when a, or the firft near valve 
of it, is greater than its true value. And with them I thal! 
conclude the prefent tract. 


End of tbe Tra& on the Cubes of the Natural Numbers x, 2, 
8» 4» 5» 6, 7, Ge, and ow Mr. de Lagney’s Method of 
Ettraiing the Cube-rcots of Numbers by Approximation. 
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A 


GENERAL METHOD 
! or 
EXTRACTING THE ROOTS OF NUMBERS 


BY 


APPROXIMATIO N. 





‘Article t. N the foregoing Tra& I have inferted Mon- 

fieur de Lagny's Method of Extra&ing the 
Cube-roots of Numbers by Approximation, and have both 
given full inveftigations of it, and illuftrated it by feveral 
examples that clearly prove its great utility. But Mr. de 
Lagny did not confine this method to the extra&ion of the 


cube-roots of numbers, but extended it to the extraction of. . 


their fifth roots, and their feventh roots, and all higher 
roots of them whatfoever. This he did by purfuing the fame 
principle by which he had before been enabled to find his 
approximations to the cube-root of a given number, to wit, 
by confidering the conftitution of the compound quantity 
that is equal to any given power of a binomial quantity, 
(fuch as @ + 2,) or of a refidual quantity, (fuch as a — 2,) 
and fubftituting the fum, or difference, between a, the firít 
near value of the root fought, (which is fuppofed to be al- 
ready known,) and z, its unknown difference from the true 
value of the faid root fought, inftead of the faid true value 
itfelf in the original equation derived from the conditions of 
the Problem, and then refolving the new equation, refult- - 
. 3T2 ing 
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ing from fuch fubftitution, as if it were a quadratick equa- 
tion, or negle&ing all the terms of it which involve any 
higher powers of its root, or the difference z, than the {quare. 
This method I fhall now endeavour to explain in the folu- 
tions of the two following Problems. - . 





PROBLEM I 





- Art. 2. Let N be any propofed number whatfoever, and 
many propofed whole number whatfoever ; and let a be a 
known number that is nearly equal to, but kfs than, the 
mth root of the given number N. It is required to find a 
fecond near value of the faid mth root of the given num- 
ber’ N, that fhall approach much nearer to it than a, or the 
former near value of it that is already known. 


pete mI ep qe ÓÁÉS 


SOLUTION. 





Let x be put for the unknown difference between a, the 
firít near value of the wth root of the given number N, and 
the true value of the faid number. Then, fince « is fup- 


pofed to be lefs than s/" N, it follows that a + z will be 
= v" N, and confequently that 2+ =|” will be N. 

But, by the binomial theorem in the firft and fimpleft cafe 
of it, to wit, the cafe of integral powers, adir will be 
m—t x a" -2 z 


2 
+ 





== the feries a” + m o" z mx 
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+ mx-—x xo +m XA KOK 
BOS ox "Ua tmx To XT x t y Tt x 


ay 4 Em 
a" 75525 4 &c, continued to s + 1 terms; or, if, for the 
fake of brevity, we fubüitute the capital letters A, B, C, 
-D, E, F, &c, inflead of the feveral numeral co-efficients 
a -1 mz 


2-3 and m x 2 x x = x, &c, refpec- 
tively, 4 4 2|" will be = the feries Aa" + Ba" a 
TCa77? 24° Da" $ 4 Es” te RFT 528 

++ &c, continued to ts -- 1 terms. Therefore the faid feries 
Aa" + Bo"! z + Ca" 7 2: + Da" 732 + Eat tet 


+ Fa77525 4 &c, continued to m + 1 terms, will be 
== N. This is the original equation, by the folution of 
which we are to find a near value of z, and confequently 


a fecond near value of a + z, or s/" N. 


Art. 3. Now, fince z is lefs than 2, and ufvally much 
lefs, being about a 1oth or rooth part of it, or fome fill 
letier part of it, it is evident that all the terms in the afore- 
faid feries that involve zz, and z*, and z*, and the follow- 
ing powers of z, will be lefs, and ufually much lefs, than 


the term Ba" z, which involves only the fimple power 
of z. And therefore, if all the faid terms of the feries be 
neglected or omitted, the two firít terms alone, to wit, 


Ac" + Ba"^'z, will be nearly equal to the given num- 
ber N ; and confequently (if we fubtra& A a^" from both 
fides of the equation,) we fhall have Ba" z nearly = 
N — Aa”, and (dividing both fides by Ba™~") = nearly 


IN 


V 


——p od (becaufe A is — L and B is — s): 
a 


; which fraction may be derived from t: 





known quantities N and a by the operations of Multiplia- 
tion, Subtraction, and Divifion. This therefore is an zp- 
proximation to the true value of z, and confequently «+ 
J = 

= *— will be an approximation to the true value of a +2 


ta^! 


or of J/" N, or will be a fecond near value of it that wit 
Approach nearer to it than a, or the firft near value of i 
which was already known. Bat it will evidently be fome- 


what greater than the true value of W ? N ; becaufe it aro 


from a fuppofition that A 2" + Ba" ^ z were equal tok 
whole feries of which they are only the two firft terms, or 
that they were greater than they really were, 


This quantity, ¢ + xa, is the expreffion given br 
ma 


Mr. Raphfon for the fecond near value of the mth root d 
the given number N. And it is a very ufeful approxim: 
tion: for it ufually gives us twice as many figures of the 


true value of V™ N exa& as were exact in a, or the fi 
near value of the faid mth root. And it is evidently uh 
moft fimple and eafy approximation to the value of the fai 
mth root that can well be imagined. 


Art. 4. But Mr. de Lagny, being defirous of finding x 
once a ftill nearer value of the mth root of the number N, 
retains the third term Ca”~*z*, as well as the two fist 
terms Aa" and Ba” z, of the feries Aa" + Ba": 
4-024772 Doá324 Ea2"755* + Foe™ 525 + 
&c, (which is equal to N,) and thereby converts the origini 

equation 
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equation Aa" + Ba"! z 4 C277 2* 4+ Da" 732 + 
Ea"752*.- F4" 525 + &c, = N into a quadratick 


equation, to wit, the equation Aa" + Ba" *z 4 Ca" *2* 
= N, inftead of converting it (as Mr. Raphfon does,) into 
the fimple equation Aa" + Ba" ^ z — N. And this 
quadratick equation he refolves firft imperfectly, or inac- 


curately, by fubftituting in one of its terms, inftead of z, the 
inaccurate value of z already found by the refolution of the 


fimple equation A 2” + Ba" ' z — N, to wit, the fraGtion 


x—e™ 





AL (by which fubftitution the quadratick equation is 
m 

reduced to a fimple equation,) and then refolving the faid 
fimple equation thereby obtained ; which produces a fecond 





value of z that is nearer than the former value ~ =< to 
ma "| 


its true valug. And this gives him a rational expreffion for 
the value of a + z, or the fecond near value of v/" N. 


And then he refolves the fame quadratick equation, A a" 


*-Ba"7'z 4a" 7^ z^, accurately, by the common 
methods of refolving quadratick equations ; which produces 
a furd, or irrational, expreffion for the value of z, and 
ronfequently another furd, or. irrational, expreffion for the 


yalue of g + 2, or for the fecond near value of /" N. 
Thefe refolutions of the faid quadratick equation A a" + 
Ba™="z—Ca"~*z* = N, may be performed in the 

following manner, 7 ‘ 
Art. 5. Since Aa" 4. Ba"! x + Ca™ “Siig = N, 
we fhall hae Ba" "2 + Ca" 2 = N— Aa"; that 
15, 
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is, zx Be" + zx C x o*~*x will be = N — 
As”, oz x[Ba77* + C x a" ^ ziwill be = N— 
Aa". Therefore (dividing both fides of the equation by 
the compound quantity Ba"7' + C x a"^7 x) we thall 


have x ——— — À—— 


XQ" 
Now lt "=!" or *=*", (which has already been 
se aa 


fhewn to be nearly equal to z,) be fubftituted inftead of z 
in the fecond term Ca™~*z of the denominator of the 





- 
fra¢tion laft obtained, to wit, the fra&ion ——~—** . 
t0 3477! + ca" 7. 

WN-—A a" 


And we fiall have z = —————M——— ——————, or 


sam! 4 co" 7? 





(becaufe A is = 1, and B is = m,) 





= 
n-« 
= 2 2 
mal 4 cna"? — cal" 
os 1 
watt 


Ml 
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T = (becaufe C is 





m—t 





» and confequently 2C is = m x m— 1, 
which therefore may be fubftituted for it,) 
x — a?l x 25477! 


ama + mx m—1|X na" ome mi) xe 
= (if we divide both the numerator and the denominator 


am—2 am—2 







m-i 
x — a" x 2a 

by») am—2 m-—2 2m—24 

ama!" | xXNXa -i-1ixe : 


*m-—üixuxa"7? 


TEC 














qgimne 


mix +m—1x wx a 





- re ee = (if we mul- 
mei) xa? tama x Ko 


tiply both the numerator and denominator into a,) 


m 





X 2a 





= (by dividing 


mtixa T5s-üxxxe"^ 
both the numerator and the denominator of this fraction by 


mrt x - d x 20 or 2a Xxw—a" 
nixa" 4 a-ixa m—1)Xun+tm4 i +a” 
2axn—a™ 
-—1| Xu + moi x «™ 
3U quently 


am—i 1 








Therefore z will be = and confe- 
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24 X wa" 


w-lxu^sbixa" 


will be a fecond near value 


quendy 2 + x will be = 4 + ———— 
2a X [P d 


ms-üxx4milxe 
of a + z, or of the mth root of the propofed number N. 
QB D 


ora + 





Li 


Art, 6, The quadratick equation. mentioned above in 


art. 4, to wit, the equation Aa" + Ba" 'z 4- C a"? 
= N, or (becaufe A is = 1, and B is = m, and C is = 
mx 2I) the equation a" + ma" x + mx TT x 
9"7^5* = N, may be accurately refolved in the manner 
following. 


By doubling both fides of this equation we fhall have 
ta" + ama "Te tom x m—1) x a” T» = aN; 
and, by multiplying both fides of this equation into aa, we 
fhall have 20"+? 4 2ma"*'z + m xX m—1 xa” 
X zz = 24 N; and, by fubtra&ing 22 mt? from both 
fides, we fhall have 2ma ®t! z +mxm—i\x oe” x 
=. 206 N — 2a" ** ; and, by dividing both fides of this 


lat equation by 5 x m—1 x a”, we [hall have 





ana" T Is tas teen neat? " so" tty 
mx w-ixa" »xm-)xa"  a-üxe* 


: pi m4 
az m————— (becaufe * is = e) = + 


w= 
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asm? 1x22" 
Rit ut I or Xe pags, 
m X n—il x a xX m1 Xe 
—— 
= 
2XN"— 
or X24 zx =——— . 





H : mx mi xa"? 
Now let the fquare of z (which is half the co-efficient 
of z in the term“) be added to both fides of this equa- 


: * d 
tion. And we fhall have =) X xztazz =< 








m m 
2Xw—e" | oa 2XA4—a.. 
+ = 


mXm-ixa" ? m-ip mexm-ixea7 
“if, for the fake of brevity, we put P for the quantity 











> 2a 





LET axe 1, we fhall have —7— 
wot mx marx a? 


X z 4 zz — P. Therefore, (extracting the 'fquare-roota 
of both fides,) we fhall have = +2z=VWP, andz= 


MP I Therefore a. + z, or /”(N, will be = 


2xN—a" 
PPP RM —— — 


mi w"Xxm-ixa 








eRVZP—; 





~ L—. Q, E, I. 


Art. 7. This irratiorial expreffion 


xn B 4 
I. SE —— oa 
stv mxm—ixa" mn? mai? * 


V/P — -"—, will approach fomewhat nearer to the true 











value of »/” (N than the former, or rational, expreffion, 
|gUa a+ 
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22 X € - d" : 
a+ —M—— —  ——— ; becaufe it proceeds from the 
m—] x € mdi x a^ , . P 

accurate refolution of the quadratick equation a" + ma" z 
+max = x @”~? zz = N, whereas the rational ex- 

vL. 
prefion a + ——“**—* _____ was derived from an in- 
: m—i x» + ti) xo” 
accurate refolution of the fame quadratick equation. But 
the difference of the two expreffions, in point of exa&nefs, 
is not great ; and either of them will ufually give us three 


times as many decimal figures of the true value of 4/"(N 
exact as were exa& in a, or the preceeding near value of it. 


See eee 
Examples of the Extrattion of the Roots of Numbers by 
Means of the foregoing Expreffons. 


— I — 
EXAMPLE I. 





Art. 8. Let it be required to find the cube-root of the 
number 2, having 1.259 for e, or the firft near value of the 
faid cube-root. . ! 

Here N is = 2, and m is = 3, and confequently ss — 1 
is (= 3 — 1) z 2, and m+ 1 is (— 3 + 1) = 4, and 





P. 
the expreffion a + ———* —* 


—— becomes = a + 
m— x N+ m+) Xa™ 











3a X Nad ax N—a! w—2|xae ^ 
are? ora + era » ora + or, (if 


we fubftitute the fmall letter ¢ inftead of the capital 
p 
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7NL) à + 2X5 which is the firft, or rational, exprefs 


€ 4 22? 
fion, given in the preceeding tra& for the cübe-root of the 
number c, And as @ is fuppofed to be = 1.259, this ex- : 


e—a)xa.. - a — 1259plx 1.26 
preffion a + err a will be == 1.259 + SS Tax qu 
— 2— 1.995,616,979| X 1259 
= 1.259 + 242 x 1995616919 = 1.259 + 


©.004,383,021 X 1.259 __ 9-005,518,223,439 EN . 
2+ 399193058 759 c ~Coorassgg8 = 1259 
++ 0.000,921,049,55, &c = 1.259,921,049,55, &c. There- 
fore 1.259,921,049,55, &c, will be a near value of the cube- 
Foot of 2. Q, E. I. 


See the preceeding Tra&, page 474. 
Art. 9. And if we compute this cube-root by meads of 
the irrational expreffion a + /P — —— ora - + 


a a axw-a" 
P, ora + vj + SST 


mxm—ixXa 
fhall find that this expreffion will, upon making the proper 
fubftitutions, co-incide with the irrational expreffion given 
for the cube-root of a given number c in the foregoing 


tra&, to wit, the expreffion = + / ERN and confe. 





quently give the fame value of the cube-root of 2, as was 
obtained in the foregoing tract by means of that expreffion. 


For, fince s is = 3, we fhall have m — 1 = 2, and 
s— if = 4, and m x m — 1 (= 3 x 2) = 6, and 





m —2 (= 3—2) — 1, and a" ^^ = a, and confequently 


2 8 and 2Xw»—a" a x wma 'x—a 
a-1p 7e x ZL—.47-9  Oxe . 3e 


and 
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-a™ 3 

and P, or = p —RXx-2 = wee’ zi 
, mx mor x a4 Tet 

Lo; yea t zgkax an neat . 

—~ 1268 tUm 12a y= Te? 95 a. we 


fubftitute ¢ inftead of N, in order to adopt the notation 
ufed in the foregoing tra&;) P = “=", and a — = Hi 


‘SVP (= o— St VP Ht Pe e+ 


SN al which is the irrational expreffon given in the 


foregoin tra& for the fecond near value of ‘the cube-root of 
the Sumber 6. So that the general, irrational, expreffion a — 


ihre t [n + LL 


* --1 
mxm-ixa 


which is obtained by the general inveftipation of the mth 
root of the given number N in the prefent tra&, agrees 


perfectly with the particular, irrational, exprefüon S 4 








VEL, which was obtained in the foregoing tra&, by 
the particular inveftigation of the cube-root of the given 
number c. 

And, fince ¢ is = 2, and a is = 1.259, we fhall have 


@ (= 1359!) = 1.995,616,979, and 4« — &! (= 8.000, 
000,000 == 1.995,616,979) = 6.004,383,021, and 124 


(z12x1.259) = 15.108, and £—7 (= E E = 


0.397:430,700,3, and |= (= ¥0.397430,7003) = 
stantes and = (= 57995) = 0,6295, and + 


tv e = 0,6295 ++ 0.630,421,050,01) — 1.2595 


921, 
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$81,050,01. Therefore 1.259,921,050,01 will be a fecond 
near value of the cube-root of 2. Q. E. I. 

The firft eight figures 1.259,921,0, of this number 
3.259,921,050,01, are exact, the more accurate value of the 
cube-root of 2 being 1:259,921,049,894,873,164,76, &c, 
of which I believe all the figures to be exact. See above, 
pages 502 and 503. - 


cu———————————— 


EXAMPLE I. 


rr 


Art. 10. Let it be required to find the fifth root of the 
number 2, which the celebrated Viera, cr Monfeur Viete, 
has found to be 1.148,697. . 


Here m is = 5, and confequently s — 1 is — 4, and 
m + 1 ds = 6, and the firlt general exprefüion & 4 





will be (= « + : ee a 


2aXu—a™ 
ma) x w+ m+1) x 6” 


— —à 
ax N—a5 N—a* Xa 


ee? ora + rri ; and the other general exprefiion 








will be (= a— — 4 VS xa 23. 
fes mat 36 1045 Ton — i625. ga 
Vint = -T VIS 1605! =f + 
vi cat EIUS Ll. VAS) = Ev. [au —30* 


“We mutt therefore compute one of the two expreffions 
a + TEXTU, and va vas, in order to obtain a 


au + 34) 
fecond 
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fecond near value of the fifth root of N, or 2, when we 
fhall have firft found a, or a firft near value of the faid fifth 
root that is lefs than its true value, to a fmall degree of 
exa&nefs. 


Art. 11. The value of 2, or the firft approximation to 
the fifth root of 2, may be found in the following manner. 


"The fifth root of 2 is the fecond of fix quantities in con- 
tinued geometrical proportion, of which 1 is the firft, or 
leaft, and 2 is the fixth, or greateft. Now the excefs of the 
fecond of thefe proportionals above the firft, is neceffarily 
lefs than the fifth part of the excefs of the greateft above 
the leaft, becaufe the exceffes increafe in the fame proportion 
as the terms themfelves. The excefs of the greateft of thefe 
fix terms, to wit, 2, above the leaft of them, or 1, is 1; 


of which the fifth part is e or E or o,2. Therefore the 
exceís of the fecond term above the firft will be lefs than 
+, or 0.25 and confequently the fecond term itfelf will be 
Jefs than 1 + E or than 1.2. Let us therefore fuppofe 


this fecond term, or the fifth root of 2, which we are feek- 

ing, to be equal to 1.1; and let us raife this number to 

the fifth power, in order to try how nearly it approaches to 
_ the truth. 


Now, if we raife 1.1 to the fifth power, or multiply it 
four times into itfelf, we thall find that 1.1] is = 1.61051; 
which is confiderably lefs than 2. Therefore 1.1 muft be 
confiderably lefs than the true value of the sth root of 2. 
But we have feen that the faid true value muft be lefs than 
1.2. -Let us therefore fuppofe it to be equally diftant from 
*1.L and 1.2, or to be = 1.15, and try whether this will not 
be pretty near the truth. 


Now 1.15\* is = 2.011,357,187,5 3 which is a little 
bigger than 2. Therefore 1.15 muft be fomething greater 
than the 5th root of 2, But the difference can be but fine 

g 
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‘We will therefore, in the next place, fuppofe the faid sth 
root to be = 1.14, and raife this number to the fifth power, 
in order to difcover whether the faid fifth power will be 
greater, or leís, than 2, and confequently whether 1.14 will 
be greater, or lefs, than the fifth root of 2. 


Now, if we multiply 1.14 four times fucceffively into it- 
felf, we fhall find that 1.14) is = 1.925,414,582,4; which 
is fomewhat lefs than 2. Therefore the sth root of 2 will 
be greater than’ 1.14, but lefs than 1.15 ; and therefore 1.14 
will be a very convenient firft near value of the sth root 
of 2, and will be very fit to be made the bafis of a further 
approximation to the true value of the faid sth root, by 
fabflituting it inftead of a in either of the two expreffions 





a kale Dx ind x + / P83, which have been de- 


2N + 3e! Boat 


rived from the foregoing Problem. 


Art 12. Now, if we fappofe 4 to be = 1.14, we fhall 
have aa = 1.2996, and a = 1.481,544, and a* = 1.925, 
414,582,4, and confequently N — a! {= 2.000,000,000,0 


— 1.9254414,582,4) = 0.074,585,417,6, and N — a'] x « 
(= 0.074,585,417,6 X 1.14) = 0.085,027,376,064, and 
2N (= 2 x 2) = 4, and 30° (= 3 X 1.925,414,582,4) = 
5:776243:747,2, and 2N + 345 (= 4 + 5-7765243,747:2) 
— N—a)xa ,.0.085027376,0644 ... 
= 9716243472, and os (= Tease) = 
0.008,697,34. Therefore a + = I will be (— 1.14 
+ 0.008,697,34) == 1.148,697,34; and coníequently 
1.148,697,34 will be very nearly equal to the 5th root 
of 2. Q. E. I. 


This number 1.148,697,34 agrees with that found by 
Vieta, to wit, 1.148,697, in all its feven figures, but is car- 
ried to two more figures. 


The other expreffion z TV X, may be computed 
_as follows. . 





3X Since 
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Since @ is = 1.14, we fhall have 3a (= 3 X 1.14) -* ] 
3-42, and E (= eH) = 0.855, and 8N (= 8 x 2) = 


16, and 3a5 (= 3 X 1.925,414,582,4) = 5-776,243,74732> 

and 8N — 34! (= 16.000,000,000,0 — 5.776,243)747»2) 

= 10.223,756,252,8, and 80a (= 80 x 1.481,544) = 

118,523,520, and 5E (= ee) = 0.086, 
(ax — aes 


259,303:240,40, and v Gan (= v/0.086259,303240. 
C 





ias 
Boat 
(= 0.855 + 0.293,699.34) = 1.148,699,34. Therefore 
the fifth root of 2 will be very nearly equal to 1.148,699,34- 
Q. E. I. : 








40) = -0.293,699,34, and confequently z LV 
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Art. 13. Let it be required to find the sth root of the 
number 307,68282,11067,15625. 


In order to find a firft near value of the sth root of this 
long number, we may begin by comparing it with the fifth 
powers of the numbers 10, 100, and 1000, and the follow- 
ing powers of 10. Now the fifth power of 10 is 100,000; 
which is very much lefs than the propofed number: and 
the fifth power of 100 is 10,000,000,000 ; which is alfo 
much lefs than the propofed number: and the fifth power 
of 1000 is 1000,000,000,000,000 ; which is alfo lefs than 
the propofed number: but the fifth power of 10,000 is 
100,000,000,000,000,000,000 ; which is greater than the 
propofed number. We may therefore conclude that 1000 


muft be lefs, and that 10,00 muft be greater than the fifth 
Toot 
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root of the propofed number. "Therefore the fifth root of. 
the faid number muft be of an intermediate magnitude be-: 
tween 1000 and 10,000. Le 


Further, the propofed number 307,68282,11067,15625 is 
greater than 307,00000,00000,00000, cr than 307 X 1000/. 
"Therefore the fifth root of the faid number will be greater 
than the product of the multiplication of the fifth root of 


307 by 1ceo, We will therefore inquire what is the fifth 
root of 307. ! ] : 


Now the fifth power of 2 is 32, and the fifth power of 3: 
is 243,and the fifth power of 4 is 1024. Therefore the . 
fifth power of 4 is much greater than 307, and the fifth 
power of 3 is a little lefs than 307. We may therefore 
conclude that the fifth root of 307 will be much lefs than’ 
4, and a little greater than 3; and confequently the fifth’ 
root of the number 307,00000,00000,00000 will be much: 
lefs than 4 x 1000, or 4000, and a little greater than 
3 X 1000, or 3000. We may therefore reafonably con- 
Je&ure that the fifth root of the propofed number 307, 
68282,11067,15625, will be nearly equal to 3100. ° And 
accordingly, if we raife this number 3100 to the fifth power,’ 
we [hall find the faid power of it to be = 286,29151,00000, 
00000, which is pretty nearly equal to, but fomewhat lefs 
than, the propofed number 307,68282,11067,15625. Theres 
fore 300 will be a proper number to make the bafis of a 
further approximation to the true value of the fifth root of 
the faid propofed number, by means of either of the two ex-. 


preffions ‘above-mentioned, to wit, @ 4- EI and E 
+ vag 


Boa? 


Art. 14. Here then we haye N = 307,68282,11067,15625,^ 
and @ c 3100, and confequently a$ = 286,29151,00000,. 
00000, and 34* (= 3 x 286,29151,00000,00000) == 
858,87453,09000,09000, and 2N (= 2 X 307,68282, 
11067,15625) = 615,36564,22134,31250, and 2N + 34* 

a 3X2 aA 
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(= 616,36564,22134,31250 + 858,87453,00000,00000) 
= 4474,24017,22134,31250, and N — a! (= 307,68282, 
11067,15625 — 286,29151,00000,00000) = 21,39131, 
11067,15625, and N—a x a (= 21,39131,11067,1 5625 


nralxe 


X 3100) = 66313,06443,08184,37 500, and ae (= 


$6315.06443,08184,87500, = 4498. Therefore a + N—alxe 
347492401 7)22134531250 an + 30° 
will be (= 3100 + 44.98) = 3144.98, which will tbere- 
fore be nearly equal to the fifth root of the propofed num- 
ber 307,68282,11067,1 5625. Q, E. I. 

| "The three firft figures, 314, of this number 3144.98, or, 
rather, the five firft figures of it, 3144.9, are exact, the 
error being only in the fixth figure 8, which ought to be 
3 g inftead of an 8. For the exa& root of the propofed 
number $07,68282,11067,15625 is 3144.999,999, ad iaf- 
nitum,.or the whole number 3145, as will appear by raifing 
the faid number 3145 to the fifth power. .* 


_ Art. 15. The other, or irrational, expreffion for the fe- 
cond near value of the fifth root of this number 307,68232, 
Qn — zat 


11067,15625, to wit, the expreffion 2 + Vigan my 





be computed as follows, 

Since a ig = 3100, we fhall have 34 (= 3 x 3100) = 
9300, and z (= um) = 2325, and a’ = 2,97910,00000, 
and 4° = 286,29151,00000,00000, and 80a* (x= 8o x 
2397910,00000) == 238,32800,0-000, and 8N (= 8 X 
307,68282,11067,15625) = 2461,46256,88537,25000, and 
32° = 858,87453,00000,00000, and 8N — 3a* (= 2461, 
462 56,88 537,25000 — 858,87453,00000,00000) = 1602, 
98803,88.537,25000, and 8y — 3a* (= 1602,58803,8851-,25000 


80a? 238,32¢0°,00000 
m 672,29.6091, and GE (= V 672429.6091) 
7 820.01, 


+ 
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820.01, and confequently E t "a (= 2325 + 
B20.01) = 3145.01. Therefore 3145.01 will be a fecond 
near value of the fifth root of the propofed number 397, 
68282,11067,15625. Qk. 


Art. 16. If we fhould chufe to find the fifth root of this’ 
number 307,68288,15067,15625, by means of Mr. Raphe 
fon’s expreffion for its value, tq wit, the exprefüon & - 


ESI d z-d4 : + - 
———, of a + +=, (which certainly has the merit of. 
eat je 


being much fimpler, and eafier to be remembered, than 
either of Mr. de Lagny's expreffions, and likewife much 
fafier to compute,) the computation will be as follows. 
Since s is = 3100, we (hall have &* = 9235,21000,000dB,. 
and ef = 286,29151,00000,00000, and se* = 46176, 
p§000,00000, and N — «4! (= 307,68282,11067,15625 
— 286,29151,00000,00000) = 21,39131,11067,15625, 
Net ,_ _1,39131,1067,15625. __ 
and (= ~qo176;05008,00000) = 46. Therefore o + 
X—* will be (= g100 + 46) = 31465 which therefore 
ot 3 4 3 . 


will be the fecond near value of the fifth root of the pro- 
pod number $07,68282,11067,15625, obtained by Mr. 
phíon's approximation. Qk C 








ummm€————Óa p ———————— 


A SCHOLIUM. 
uns 


This laft near value of the fifth root of the faid propofed 
number, which has been obtained by Mir. Raphíon's apprex- 
imation, is. greater than its true value, 3145, by only am 
unit, or the 3145th part of the faid true value. So that this 
very imple method of approximating to the roots of € 7 
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bers may be juftly confidered as extremely ufeful as well s 
eafy.' And, if this procefs were to be repeated, by takin: 
3146 for the value of a, and fuppofing a — xz to be equi 
to V/* N, (4, or 3146, being fomewhat greater than the tr: 
value of the fifth root which we are in fearch of,) and t; 
f—- » that would refult fron 

gee 
that fappofition, this fecond procefs would double the number 
of figures that are exact in a, or 3146, or give us about four 
times the number of figures that were exact in 3100, or tit 
former value of a5 which is more than is done by either o 


computing the expreffion « — 





the two expreffions, a -+ IET and x 4 Ps 


given us by Mr. de Lagny : So that two fteps of Mr. Ra 
Jfon’s method of approximation are more than equivalent © 
ene ftep of Mr. de Lagny’s method, It may therefore be 
doubted, whether Mr. Rapbjon’s method is not, upon t 
whole, to be preferred to Mr. de Lagny’s, as Mr. Rafa 
himfelf always thought it to be. For he tells us in the Ap 

ndiz to the fecond edition of his excellent Treatife, ir 
titled, Analyfis ZEquationum. Univerfalis, (which fecond edition 
was publithed in the year 1697, feven years after the [14 
edition of it, and five or fix years after the publication of 


AMonfieur de Lagny’s method,) that he himfelf had had thoughts 
of refolving the quadratick equation A a" + Ba" : 


+Ca"~*2* =N, ora" 4+ ma" sem x 2x 


4" 7*5 = N, in the imperfe& manner adopted by Mn 
Lagmy, in order to obtain his rational value of z, to Wh 


n—a" 0x 26 


a—\x N+ m+ilxa”™ 
mor 


m x “= x a" 7g of the faid quadratick equation, i 
ftead of z, the value of z already obtained by the refolution 


; to wit, by fubftituting in the tem 


-of the fimple equation a " =—-t l= N wit, He 
imple equation a" + ma z » to hs 
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fra&ion . 
= 
equation would be converted into the following fimple equa- 
N-—a - 
ma" 7i 


= N,) and then refolving the fimple equatign thence re- 





x= 
m" 
s 


— (by which fubftitution the {ld quadratick 


tion, a" + sa" x +m x "7 x a" "zx 


fulting, to wit, the fimple equation a" + ma" ^! x . 
. m 
+m x7 x oz x t= N, or sa" "sg 





in the ufual way, or by the fingle operation of Divifion, 
which would give us z (= 





as Mr. de Lagny’s Metbid of ExtraBing\ 











> 2xu—e™ . = 
= m—2 2 2m—: 
ama tmx a"? x noma Pe 
ot " 
— . 
= 
~ 3X»—4 : - 
— 2m—12 2m—2 -—1 
ma +a +m—iIlxa xw 
————————————————— 
. amt 
—- z;xx—-a" 
— 2-—1 PEDIS an! 
ma +a Tx.—ixa X» . 
"LE 


- = 
zeX Mo 22X € —à4 
2 LAU Se 


sa" pa" m1 Xa etihxe + moa xe 








= E m and confequently 4 + zat 
»-i xn mei xe” 
D MC] Xx 26 t 
—— 5 which is Mr. de Lagis rations 
m—uxu4mixa^" 
expreffion fer the fecond near value of the mth root of N. 
Mr. Repbfon (I fay,) tells us that be himfelf had had thoug:> 


of refolving the unen equation a" + ma" — ‘24 








wx 7 x 67 * =_N in this manner, in order to 
obtain a value of z foene bat nearer to the truth than the 


frebtion * ;» which he had obtained by the refolutios 





of the firaple equation a" + ma"; =N; but that he 
did not think proper to adopt this method, becaufe he 
thought his own method of approximation, (which he pub- 
lifhed in, the firft edition of his Analyfs /Equationum. Umzer- 
Jalis, in the year 1690, and which is derived from th: 
fimple equation a" + wa" '-z = N,) the eafieft and 
cleareft, and, upon the whole, the beft, and fitteft for prac- 
tice, that could be followed. His words, i in his AP, 

relating 
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relating to this fübje&, are as follows. x Dominus de Lagny 
Librum meum unquam viderat, néc-ne, prorsis nefeio. Quibifce 
modis non foltm fua methodus, fed et etidm alie quam-plurima, 
eodem. prorsis proceffu, et perpetud inde derivatd graduum Jcalá, 
inveniri pofrnt, bujéfee Appendicis eff offendere 5. ídque, quàm 
poffimus, breviffine, 

ipfe equidem de gradatim inferendis (quas prius. rejeceram in 
Thecremate Vietzo,! poteflatibus olim cogitavi: Sed tamen mon 
profecutus fui; utpote qui metbodum meam, barum omnium fun- 
damentalem, veluti facillimam femper ewiflimavi. — Subfeguenti 
proceffu earum omnium inventionem indagare cuilibet liceat. See. _ 
Mr. Raphíon's Analyfis Aiquationum Univerfalis, Edition 2d, 
1697, page 49. And again, in page 55, he concludes his 
Appendix with thefe words: Inmumeras etiam alias metbodos 
et abbreviationes (novarum quidem methodorum | »ómine infigni- 
endas,) adimvenire liceat ; que tamen omnia fundamentali buie 
 Juperioruss poteffatum imprimis vejeHionis metbodo, poftedque gra- 
datim retinendarum, innitantur. — Neffram tamem fimplicifrmam . 
fore et facillimam, «uiis pateat. 





EXAMPLE IV. 





Art, 17. Let it be required to find the feventh root'of 
the number 34,487,717,467,307,513,182,492,153,794,6735 
which, Mr. Bonnycaftle, of the Royal Military Academy 
at Woolwich, in his $cbe/ar; Guide to Arithmetick, page 
189, tells us, is 32017. 


This number muft, in the firft place, be compared wit 

the feventh powers of 10, 100, 1000, &c, to which it ap- 

* proaches neareft, in order to know between which two of 

thofe numbers 10, 100, 1000, &c, its feventh root will lie. 

Now the feventh power of 10 is 10,000,000, which is very 

much Iefs than the faid Propofed number; and the feventh 
3 


.power 
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power of roo is 160,000,000,000,000, which is likewife 
much lefs than the faid propofed number ; and the feventh 
power of 1000 is 1000,000,000,000,000,000;000, which is 
kewife lefs than the faid propofed number ; and the feventh 
power of 10,000 is 10,000,000,000,000,000,000,000,000,000, 
or 1 with twenty-eight cyphers annexed to it ;. which is like- 
wife lefs than the faid propofed number, which confifts of 
32 figures. But the feventh power of 100,000 is 100,000, 
000,000,000,000,000,000,000,000,000,000, or 1 with 35 
cyphers annexed to it, and is therefore greater than the faid 
‘propofed number, which confifts of only 32 figures. There- 
oré 19,000 will be lefs, and 100,000 will be greater, than 
the feventh root ot the faid propofed number. 


Further, the propofed number 34,487,717,467,307,513; 
182,492,1 53,794,673, is greater than the number 34480, 
000,000,000,000,000,000,000,000,000, or than 3448 x 
10,000,000,000,000,000,000,000,000,000, or than 3448 
x the feventh power of 10,000: but the difference between 
them is not great. Therefare the feventh root of the faid 
propofed number will be greater than 19,000. times the fe- 
venth root of 3448: but the difference between them will 
not be great. And confequently, if we can find the feventh 
root of the number 3448 exact to two, or three, places of 
figures, we need only multiply the faid feventh root by 
10,000, in order to obtain the feventh root of 34480,000, 
©00,600,090,000,000,000,000,00a, exact to two or three 
places of figures. And, when we have obtained the faid 
pear value of the feventh root of the number 34480,000, 
000,000,009,000,000,000,000,000, the faid near value will 
likewife be’ a near value of the feventh root of the propofed 
number 34487,717,467,3073513,182,492,1 53,794,073, and 
will be lefs than the true value of the feventh raot of the 
faid number, and therefore will ferve as a convenient bafis 
of a further approximation to the true value of the feventh 
root of the faid propofed number, by means of one of 
Monfieur de Lagny's two expreffions found above in the fo- 
lution of the foregoing Problem. We muft therefore. now 
endeayour to find a neat yalue of the feventh root of the 

. number 
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number 3448. Now this may be done in the manner 
following. . - 


Art. 18. The feventh power of the number 2 is 128, 
and the feventh power of 3 is 2187, andthe feventh power 
of 4 is 16384. Therefore, fince 3448 is greater than 2187, 
or the feventh power of 3, but is much lefs than 16384, or 
the feventh power of 4, it follows that the feventh root of 
3448 muít be greater than 3, but much lefs than 4. We 
may therefore reafonably conje&ure, that it will be nearly 
equal to 34, or 3.2. And accordingly, upon trial, we fhall 
find it to be fo. For, if we raife 3.2 to its feventh power, 
we fhall find the faid power to be = 3435.973,836,8 ; 
which is lefs than 3448, but very nearly equal to it. There- 
fore 3.2 is a very near firít value of the feventh root of the 
number 3448 ; and confequently 3.2 x 10,000, or 32090, 
will be a very near firft value of the number 44480,000, 
000,000,000,000,000,000,000,000, and therefore will be 
alío a pretty near firft value of the propofed number 
34487,717,467,307,513,182,492,153,794,673. We will 
therefore fuppofe 2 to be = 32000, and proceed, upon that 
fuppofition, to compute the two expreffions given in the fo- 
lution of the foregoing Problem, for a fecond value of the 
feventh root of the (aid propofed number that (hall approach. 
nearer than 4, or 32000, to its true value. Thefe computa- 
tions will be as follows, 


Art. 19. The firft, or rational, expreffion, given in the 
folution of the foregoing Problem, for the fecond near value, 
of the mth root of any propofed number N, is ¢ + 





x 2a 








— ——— Now, when m is = 7, this ex« 
mix N+ mix . 

: - x — al x 2a _ 
preffion wil be (= 2 4 =x ETE = 4+, 


nama? x 2a) | w—a]xa 
$i; = 2 + 3N + 4a? o^ t 
Now, fince N is, in this cafe, = 34,487,717,467,307; 
3Ya 51» 
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$13,182,492,153,794,673, and a is = 32000, we thal hav- 
@ (= 32000’) = 34,359,738,362,000,000,000,000,00-. 
000,000, N—a’ 

(= 345487,717,467,307,513,182,452,153.794.673 

— 34:359/738,368,009,000,000,000,020,000,020) 

zo 127,979:099,32],513:182,492,1 53,794,973, and 
N= x a (= 127,979,099,397,513.192-492,151,794€;5 
X 32000) = 4,095,331,177,940,421,555,748, 921,425, 
536,000, and 3N (= 3 x 34:487,717,497,327,513,18:, 
491,153,794073) —  103,453,152,401,922,539542:477» 
461,384,019, and 4a” 

(= 4 X 34:359,738,368,000,000,000,000,0c0,002,000) 


x aN MTM U9457472,000,000,000,002,000,000,000, 


C= 103,463,152,401,922,539,547,476,461,384,010 

+ 137:438,945,472,000,000,000,000,000,000,000) 

= 240,902,097,873,922,539,547,426,461,384,019, and 
»—elxa (= 4299553315! 77,840.42 1.8 39,748,921,429.436.000 __ 
BM 4a? 7 149901,091,815921,539 547.4]040 1,384019 7? 
nearly, £03) = 16.99998. Therefore a + at 
will be (= 32000 + 16.9998) = 32016.9998, and confe- 
quently the fecond near value of the feventh root of the pro- 
pofed number 34,487,717,467,307.513,182,492,153,794. 
673 will be 32016.9998. Qn 

This number is true in all the figures but the laft, which 

ought to be a 9 inítead of an 8, the true value of the feventh 
root of the faid propofed number being 32016.999,999,999. 
999, &c, ad infinitum, or the whole number 32017. 





Art. 20. The fecond, or irrational, expreffion, given in 
the folution of the foregoing Problem, for the fecond near 
value of the mth root of any propofed number N, is ¢— 


=i which, when s is 





25, 
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= 7, (as is the cafe in the prefent example,) is (= & — 





a 
S qw. 
7—1 * gt 7X 7=1 xa 


—— —— € 
aa - 2X waa? $a Li »—a LÀ 
VIE + Bass i * Vt xe 


7xgxe 6 
aa w-—a!. $a 21a? 36« — 36a" E 5a 
* et zs =o ty 21x 3605 + 21x 36a — 6 
v 7244 128 — 122? — a 


oy (enim _ 
Tuis tox OTM gee =F + 














This expreffion may be computed as follows. 


Since N is = 34,487,717,467,307,513,182,492,153,794» 
673, and a is = 32000, we (hall have 5a (— § x 32000) 
= 160,000, and $^. (= 1682) — 26,666.666,666, &c, 
and a* (= 320oc|) = 33,554:432:000,000,000,000,000, 
and 25245 (= 252 X 331554432:000,000,000,000,000) = 
8,455,716,864,000,000,000,000,000, and a? (= 32,000}") 
= 34.359,738,368,000,000,000,000,000,000,000, and 54” 
(= 5 X 34,359738,368,000,000,000,000,000,000,000) == 
171,798,691 ,840,000,000,000,000,000,000,000, and 12N' 
(= 12 X 34,487,717,467,307,513:182,492,153,794,673) 
—. 4185852,609,607,690,158,189,905,845,536,076, and 
1aN — 5a! (= 413,852,609,607,690,158,189,90 5,845,536, 
076 — 171,798,691,840,000,000,000,000,000,000,000) 
= 242,053,917,767,690,158,189,905,845,536,076, and 
32N— 5a? 242,0531917,767,6901158,189,905,8451536076 ) 

25245 — (- $,455,16,864,000,000,000,000,000 — 
Tan—ga? 
25205 

- $9 

933799) = 5359.333,35. Therefore + / | — $9. 
will be (== 26,666.666,66, &c, + 5350.333,35) = 32017. 
' 900,01 ; and confequently 32017.000,01 will be the fecond 
near 


28,626,067.033799, and V (= V 28,626,067. 
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519,182,492,153,794,673, and a is = 32000, we (hall have 
4' (= 32009) = 34:359,738,369,000,000,000,000,000, 
000,000, and N — a’ 

(= 34:487,717,467,307,513,182,452,153/794,63 

— 34:359,739,368,000,000,000,000,000,000,000) 

= 127,979,099,307,513,182,492,1 53,794,673, and 
N—a" x a (= 127,979,099,307,513,182.492,153,794673 
X 32000) — 4,095,331,177,840,421,839,748,92 1,429, 
£36,000, and 3N (= 3 x 34487,717,457,307,513,182, 
492,153,794.073) == 103,463,152,401,922,539» 5475470» 
461,384,019, and 44" 
(= 4 X 34:359:738,368,000,000,060,000,000,000,000) 
= 137:438,945:472,000,000,000,000,000,000,000; 
and 3N + 4a” 
(= 103:463,152,401,922,539,547,476,461,384,010 

“Ff 137,438,945,472,000,000,000,000,000,000,000) 

= 240,902,097,873,922,539,547,476,461,384,019, and 
w-alxa (= 4,095,331,177,840,421,819,748,921,429,436.000 __ 
gut 4a? 240,902,097,8731922,5395547:470:401,384,019 ^ 

3331 7] 

nearly, i) = 16.99998. Therefore a + Mx Tu 
will be (= dion + 16.9998) = 32016.9998, and confe- 
quently the fecond near value of the feventh root of the pro- 
pofed number 34,487,717,467,307,513,182,492,153,794. 
673 will be 32016.9998. Qn 











This number is true in all the figures but the lat, which 
ought to be a 9 inítead of an 8, the true value of the feventh 
root of the faid propofed number being 52016.999,999,999. 
999, &c, ad infinitum, or the whole number 32017. 


Art. 20. The fecond, or irrational, expreffion, given in 
- the folution of the foregoing Problem, for the fecond near 
value of the mth root of any propofed number N, is «— 





eri which, when s is 





nin mxm-i Xa 


22, 
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== 7, (as is the cafe in the prefent example,) is (= @ — 





y=1 VY i=yt 


7X71 xe 


—— ——- 
aa _2X ura? _ ga a x—4 se 
Vg t Tx6xz et Vu tixixe 76 








+ V+ Saft zu + Se ey 








21a*5 6 a1 X36a5 21X3625 77 
7a! 12N — i225 sa, han — $a?, se 
V/ axa 71x364 6 T v 7x364 -$. t 
— qa? . ^ " 
A ET ^. This expreffion may be computed as follows. 


Since N is = 34,487,717,467,307,513,182,492,153,794» 
673, and a is = 32000, we fhall have 5a (— 5 x 32000) 
= 160,000, and £4 (== 159299) — 26,666.666,666, &c, 
and a5 (= 3200c|') = 33,554:432,000,000,000,000,000, 
and 25245 (= 252 X 3315541432:000,000,000,000,000) = 
8,455,716,864,000,000,000,000,000, and a? (= 32,000)’) 
= 34:359,738,368,000,000,000,000,000,000,000, and 54? 
(= 5 X 34535957 38,368,000,000,000,000,000,000,000) = 
171,798,691,840,000,000,000,000,000,000,000, and 12N' 
(= 12 X 34,487,717,467,307,513:182,492,153,794,673) 
= 413,852,609,607,690,158,189,905,845,536,076, and 
1aN — 5a! (= 413,852,609;607,690,158,189,905,845,536, 
076 — 171,798,691,840,000,000,000,000,000,000,000) 
= 242,053,917,767,690,158,189,905,845,536,076, and 
aan — sa? (= 242,053:917.767,690, 158,189,905,845,536,076 )z- 

25248 V 1$,455,16,864,000,000,000,000,000 — 





28,626,067.033799, and v/[-—— i (= V 28,626,067. 


25205 
933799) 2 $350-333,35- Therefore & + / [A7 — 1. 
will be (= 26,666.666,66, &c, + 5350.333,35) = 32017. 
' e00,01 ; and confequently 32017.000,01 will be the fecond 
near 


533 Mr, dp Lagny’s ‘Method of Extraling 
519,182,492,183,794,673, and a is = 32000, we fhall have 
a’ (= 32000)) = 34,359,738,362,000,000,000,000,000, 
000,009, and N — a’ 

(= 341487,717,467,307,513,182,492,153,794,673 

— 3453592738,368,006,000,000,000,000,000,000) 

= _127,979;099,307,5131182,492,1 53,794,673, and 
N—al x a (= 127,979,099,307,513,182.492,153,794,673 
X 32000) = 4,095,331,177,940,421,839,748,921,429, 
536,000, and 3N (= 3 x 34,487,717,467,307,513,182, 
492)153:794673) —  103,463,152,401,922,539547:476, 
461,384,019, and 44" 
(= 4 X 34:359,739,368,000,000,000,000,0c0,000,000) 
= 1373438594 5:472,000,000,000,000,000,000,000, 
and 3N + 4a’ 
(= 103,463,152,401,922,539,547,476,461,384,010 

+ 137,438,94514.72,000,000,000,000,000,000,000) 

= 240,902,097,873:922,539:547:476,461,384,019, and 
MANX s (nu $09513311177:840r421,839,748,92114291456.000 _ 
$n n 249,995297,875,922,539,547:476,401,384019 77 

4995331. n—al xa 

nearly, goi) = 16.99998. Therefore a 4- pa 
will be (= 32000 + 16.9998) = 32016.9998, and confe- 
quently the fecond near value of the feventh root of the pro- 


pofed number 34,487,717,467,307,5%3,182,492,153,794, 
673 will be 32016.9998. Qa. 


This number is true in all the figures but the laft, which 
ought to be a 9 infteac of an 8, the true value of the feventh 


root of the faid propofed number being 32016.999,999,999. 
999, &c, ad uem, or the whole number 32017. 











Art. 20. The fecond, or irrational, expreffion, given in 
the folution of the foregoing Problem, for the fecond near 
value of the mth root of any propofed number N, is «— 





-" 
-—1i which, when s is 





monk mxmei Xa 
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= 7, (as is the cafe in the prefent example,) is (= @ — 





7 ——— 
7x7-1 xa » 
— ————— 
4a , . 2Xw—d  , $a as Noa oe 
Vig t peexe ~StV t'ixixe 775 


(aa N=a? ga zia 36x —359 _ ga 
t+ViR+ 2145 ^ 6 + V1 gee F 21% 3608 — 6 + 

















74 128 — 122 _ Sa , 32N — 5a?. 5a . 
V ixy T xy = 6 * V yw Het 


v SM. This expreffion may be computed as follows. 

Since N is = 34:487,7175467,307,513,182,492,1535794> 
673, and a is = 32000, we fhall have 5a (— 5 x 32000) 
= 160,000, and = = Sem) = 26,666.666,666, &c, 
and 4 (= 3200c|) = 33,554:432,000,000,000,000,000, 
and 25245 (= 252 X 3315541432:000,000,000,000,000) = 
8,455,716,864,000,000,000,000,000, and a? {= 32,000}") 
= 34,359,738,368,000,000,000,000,000,000,000, and 54” 
(= 5 X 3453592738,368,000,000,000,000,000,000,000) = 
171,798,691 ,840,000,000,000,000,000,000,000, and 12N' 
(= 12 X 34,487,717,4671307,51 31825492, 53,794,673) 
= 413,852,609,607,690,158,189,905,845,536,076, and 
1aN — 5a" (= 413,852,609,607,690,158,189,905,845,536, 
076 — 171,798,691,840,000,000,000,000,000,000,000) 


= 242,05 32917,767,690,158,189,905,845,536,076, and 


32N — £a! (= 242,05 391 17-767,690r158,189,905 84515361076 ) _ 
25208 — B45 5077 10,8644000,000,000,000,000 — 


28,626,067.033799, and | me (mv 28,626,067. 


25205 
933799) = 535935235. Therefore & + / [5 = $2. 
will be (= 26,666.666,66, &c, + 5350.333,35) = 32017. 
' 000,01 ; and confequently 32017.000,01 will be the fecond 
near 
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near value of the feventh root of the propofed number 


| 085487,717,467,307,513,192,492,153,794.673. Qe E. 1. 


This number 32017.000,01 is exa& in the -firft nine 
figures, 32017.0000, and errs only in the 1oth figure, 1, 
which ought to be a cypher, o, inítead of a t, becaufe the 
true value of this. feventh root is 32017.000,000,000, &c, 


_ 4d infinitum, or the whole number 32017. 


Art. 21. If we feek the value of this feventh root by 


m 
N—85 w—at 
re 
pores je 
ma"— 








Mr. Raphfon's expreffion a + , the 
computation will be as follows. 


Since a is = 32,000, we fhall have 25 (= 32,009) = 


1,073,741,824,000,000,000,000,000,000, and 7a° (= 7 
X 1,073,741,824,000,000,000,6c0,000,000) = 7,516,192, 
768,000,000,000,000,000,000, and a? (= 32,000/’) = 
34:359,738,368,000,000,000,000,000,000,000, and N —a’ 


(8 34:487:717:467,307,513,182,492,153,794,673 


— 3453592738,368,000,000,000,000,000,000,000) 
Tz 127,979,999,307,513,:182,492,153,794,673, and 
naa? = 127,97192099130795139182449211531794673. y = 17.0% 


74516, 192,768,000,000,000,000,000,000 


7" is (= 32000 + 17.02) = 32017.02; 


Therefore a 4- = 
and confequently 32017.02 will be nearly equal to the 
feventh root of the propofed number 34,487,717,467,307, 
513,182,492,15 3,794,673. QE. I. 

This number 32017.02 is exact in the fix firft figures 
32017.0, and errs only in the feventh figure 2, which ought 





to be a cypher inftead of a 2, becaufe the true value of this 


feventh root is 32017.000,000,000, &c, ad infinitum, or the 
whole number 32017. 


. 


Aut. 22. This expreffion a + == ora + = is 
»à 
fo 
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fo much fimpler than either of Mr. de Lagsy's expreffions 
above-mentioned, and fo much lefs difficult to be computed, 
that I am inclined to agree with Mr. RapZes in thinking it, 
upon the whole, preferable to them. But, perhaps, when a, 
or the firft value of the root fought, confifts of only one 
figure, it may fometimes be advifeable to make ufe of one 
of Mr. de Lagny's expreffions, in order to obtain a fecond 
near value of the root fought, and then to make ufe of 
Mr. Rapbfon’s expreffion in order to obtain a third near 
value of it. 


Art. 23. Thefe four examples are, I prefume, fufficient 
to illuftrate Monfieur de Lagny's method of extracting the mth 
root of any propofed nümber denoted by the letter N, by 


x —a" x 2a 


m— xx -mdlixa" 


means of either of thetwoexpreffions a-- 














- 
—RX&4-5 =» when e, or the 
m—h mxm-ixa"— 


firft near value of ,/" N, which is fuppofed to be already 
known, is lefs than its true value; which is the cafe fup- 
pofed in the foregoing Problem. I fhall therefore now 
proceed to confider the other cafe, in which a, or the firft 
near value of the mth root of the propofed number N, is” 
greater than its true value, and to inveltigate fimilar ex- 
preffions for a fecond near value of the faid root that fhall 
approach nearer than a to its true value. This may be done 
by a folution of the following Problem, 





. PROBLEM 


536 Mr. de Lagny’s Methed of Extratling 


PROBLVÉM IL 





Art. 24. Let N be any propofed number whatfoever, 
and s aay propofed whole number whatfoever; and let a 
be a known number that is nearly equal to, but fomewhat 
greater than, the mth root of the given number N. It is 
required to find a fecond near value of the faid mth root of 
the given number N, that fhall approach much nearer to 
N than e, or the former near valué of it that is already 
nown. 





SOLUTION. 
—— nN 


Let z be put forthe unknown difference between a, the 
fitt near value of the mth root of the given number N, and 
the true value of the faid root. Then, fince a is fup- 


pofed to be greater than s/" N, and to exceed it by the 
difference z, it follows that 2 — z will be = 4/7 N, and 
confequently that 4—z]" will be = N. 


But, by Sir [aac Newton's refidual theorem im the firft 
and fimpleft cafe of it, to wit, the cafe of integral powers, 


4 — 1|" will be = the feries a" — ma"! z + mxT 





xa" ig eg SU Hk I ps x s 
x - 
x a x aS sg &c, continued to m + 1 terms; 


or, 
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or, if, for the fake of brevity, we fubftitute the capital letters 
A, B, C, D, E, F, &c, inftead of the feveral numeral co-, 


. —_ — — m—t 

efficients 1, m, m x "I5 axt x TT, m x x 

. ' 

m—2z | m—3 mot m2, m3 m—a4 

m—2 x3 mid "=? ——2 x 2, &c, refpec- 
7 XB XK KS ; xo relp 


tively, à — z|" will be = the feries Aa" — Ba"! z 
-FCa?7? g — Da"75 gs EZ" 7*2 EZ Sg 

+ &c, continued to m + 1 terms. Therefore the faid feries 
Aa" — Ba"^! z + C2"? 2 — Da” 325 4+ Ea" tt 
— Fa"755.p &c, continued to m + 1 terms, will be 
== N. This is the original equation, by the refolution of 
which we are to find a near valye of z, and confequently 


of a — z, or a fecond near value of 4/7? N, which will ap- 
proach nearer to it than 4, or its former near value. 


Art. 25. Now, fince z is lefs, and ufually much lefs, 
than @, being about a 10th, or a rooth, part of it, or fome ftill 
letfer part of it, it is evident that all the terms in the afore- 
faid feries that involve zz, and z?, and z*, and the follow- 
ing powers of z, will be lefs, and ufually much lefs, than 


the term Ba"! z, which involves only the fimple power 
of z. And therefore, if all the faid terms of the feriés be 
neglected or omitted, and the two firft terms alone, to wit, 


the terms Aa" — Ba"! z, be retained, the faid two 
terms alone will be nearly equal to the whole feries, and 
confequently to the given number N ; and therefore, if we 


add Ba”—" z to both fides, we fhall have A a”, nearly, = 
N + Ba" z, and (fubtratting N from both fides) Aa” 
—N, nearly, = Ba”~'z, or Ba" 'z, nearly, = Aa" 
— N, and (dividing both fides by Ba™~',) we fhall have 

3Z: * 
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x, nearly, = mE or (becaufe A is = 1, and B s 
Ba 





- 
= m,) we fhall have z, nearly, = *—— ; which fra&tion 


mea 
may be derived from the known quantities N and a, by the 
common arithmetical operations of Multiplication, Subtrac- 
tion, and Divifion. This therefore is an approximation to 


wil 





the true value of z, and confequently a — 





be an approximation to the true value of a — z, or of y" N, 
or will be a fecond near value of it that will approach nearer 
to it than 4, or the firft near value of it which was already 
known. And it will be ftill fomewhat greater (as the former 


value a was,) than the true value of V" N; as may be 
demonftrated in the manner following. 


m-—-2 


The whole feries Aa" — Ba"^!z .- Ca ze 
Do" 3234 Ea” *24— Fa" 523 + &c, is = N. 
Therefore (adding Ba" z to both fides,) we fhall have 
the feries Aa™ + Ca" ^ 5 —Da" 323 + Ea™ ts 
— Fa" S25 4 &c, = N+ Ba” z, and (fubtraging 
N from both fides,) we fhall have the feries Aa" — N + 
Ca" 724 — Da™ 323 4 Ea™ 424 — Fa™ 25 + 
‘&e, = Ba"7'z. But, becaufe Ca” 72" is greater than 


Da"~323, and Ea” *2*is greater than Fa” 523, and, 


in like manner, every following term in the faid feries tha 
‘is marked with the fign +, is greater than the term imme- 
diately following it, which is marked with the fign —, it 


follows. that the feries Aa" —N + Ca" 7*7 — Da" 3» 
+ 
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+ Ea" 7*2* — Fa" 525 4 &c, will be greater than its 
two firft terms Aa" — N. Therefore Ba" ^ ' z (which is 
equal to the faid feries,) will be greater than Aa" — N; 
m 
Therefore z will be greater than — LL and confe- 
Ba 








quently a — z, or /” N, will be le(s than a — |~ 





or than a — ^ and therefore a — 


LT PE 
greater than a — 2; or the true value of the mth root of the 
propofed number N. Q. E. D. 





N 


This quantity, a — ; = is the expreffion given by 


Mr. Raphfon for the fecond near value of the mth root of 
the given number N. . And it is a very ufeful approxima- 
tion: for it ufually gives us twice as many figures of the 


true value of V/" N exact as were exact i in a, or the firft 
near value of the faid mth root. And it is evidently the 
moft fimple and eafy approximation to the value of the e faid 
mth root that can well be imagined. 


Art. 26. But Mr. de Lagny, being defirous of finding at 
once a ftill nearer value of the mh root of the number N, 
retains the third term C a^^? z* » as well as the two firft 
terms Aa" — Ba"^! z, of the feries A a” - Ba"—'z 
+ Ca" 22? — Da” 323 + Ea” 424 Fa7752 + 
&c, (which is equal to N,) and thereby converts the original 
equation Aa" —Ba"~" z + Ca"~*2* —Da™ 323 + 

3Z2 Ea 
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Ea"-^z*— Fa" 5z: + &c, = N into a quadratick 


H H . - -2 
equation, to wit, the equation A a” —Ba"'z4 Ca" wt 


= N, inftead of converting it (as Mr. Raphfon does,) into 


the fimple equation Aa" — Ba" ' z = N. And this 
quadratick equation he refolves in two different ways, to wit, 
firt, imperfectly, or inaccurately, and then accurately. By 
the former, or inaccurate, refolution of it, he obtains a ra- 
tional expreffion fon the value of z, and confequently an- 
other rational expreffion for the value of a — z, or for a 
fecond near value of /? N, which is nearer to its true 
value than a, or the former near value of it, was ; and by 
the accurate réfolution af the fame quadratick equation he 
obtains a furd, or irrational, expreffion for the value of z, 
and confequently another furd, or irrational, expreffion for 
the value of a — z, or for the fecond near value of v? N, 
that approaches much nearer to its true value than its former 
near value, a, did. Thefe refolutions of the faid quadratick 


equation Aa" — Ba"~'z + Ca" ^ zz = N, may be 
performed in the following manner. 


mi 


Art. 27. Since Aa" — Ba" ^ z + Ca" ^g is = N, 
we fhall have Aa" + Ca" ^; = N 4 Ba"^!z, and 
As" — N 4 Ba"7'z —~Ca”™ 72, and Aa" —N 

m—2 4 


-1 - -1 
= Ba" "zg —Ca”™~*2*, or Ba” z—Ca z*- 


As" — Ni that is, z x Ba" ^ — z x Ca" 7z will 


be = Aa" —N, orz x] Ba” ' Ca”~*z will be 


= Aa" — N. Therefore (dividing both fides of the equa- 
tion by the compound quantity.Ba”~*— Ca"77 z,) we 


m 
—- Ag —N 
fhall have z = BEEN ' 


Now 
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m 
Aa" —N a4 — 


Now let sp Lb (which has already been 


Ba ma 


fhewn to be nearly equal to z,) be fubítituted inftead of z 


in the fecond term, C a”~” z, of the denominator of the 








^ 
fra&ion laft obtained, to wit, the fra&ion ——* 2 ——* 
B a Li - m-—2 





m 
And we fhall have z — ————. 





(becaufe A is — 1, and B is = m,) 


z= 





3 which is 
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ama 
=a" —NÍx 
m m-rl m mam 
ama —2Xmx—— xe taixmx—- xu 
2 
=a" —-NÍx a. — 





ama" —mxm—ixa"-mx m—ixeu 


2a 








ame — ma" a" m —i xu 


28 











na" ka" +m—)x x 








—ma"—Nx ———— 
m)xe" + m-ixu ) 
TN 
= BEC IUE Deen Therefore z will be — 
m—-ixwtmcixa" 
= 


a" xl x 2a 2a X a" —x 








» or — 3 and 
ml XN + mtx oO m—NxN+metilxa™ 
confequently a — z will be = 
24X a" on 20 Xa" — 


a ,ora— 


~ m—-NxX N+ mil x 2” s—ibocri xa" 
will be a fecond near value of /" N, or of the sth root 
of the propofed. number N. Q; E. I. 


Art. 28. The accurate refolution of the quadratick equa- 
tion Aa" —Ba”~*z 4 Ca"~*2* = N, may be per- 
formed as follows. ! 

Since Aa" — Ba"! z + Ca" 7^z is = N, we 
fhall have Aa" 4 Ca"7^ x = N + Ba""'z, and 
Aa" —N 4 Ba"^'z.—C "772, and Ag" —N 
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= Ba"""z—Ce"~*2’, or Ba” *z—Ca™ "2 = 


Aa" — N, or (becaufe A is = 1, and Bis = m, and C 


- - I -13 
is = mx "= ) ma™ ‘2— mx T a" 2 = 6 


= 
— N, and (multiplying both fides by 2,) ama" ^ 'z — = 
x m—i x a": z 2 x a" —N, and, (dividing 


both fides of the equation by m x m—ix a*75,) 

















= 
sma xz 2 - 
— zz — xo — , Or 
mx mn—il x a? mx m—1 xa"? 
m-—1 
28 xz 2xa™ -Nu 
——.--—Sm- Li» 9 ( becaufe 
m—ixa mxm-ixa"—7 
m—1 = 
a 2Xa -—N 
2 is — aj) = X Z— 2% = —— =. 
s mxm-ixa" 
28 
Now =. x z—2zis=z x lea And, by 


Euclid's Elements, Book IJ, Prop. 5, the re&angle or pro- 
du&, under z and ss — z, muft be lefs than the fquare 


"E" . 
of half the line =~. Therefore the compound qun 


== — x will be lefs than the m of half —*—, or 








than the fquare of E Therefore 


—Ef—— » (which is equal to the compound quan- 
mx mat xa" 


ticy 2 — iz) will alfo be lefs than = Therefore 


—— 


a 
both thefe quantities ES — zz and —*%4- =" 


wxm-ixe" 
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be fgbtra&ted from —“2—. Let them be fo fubtraéted. Aud 


aa 2az _ | 44 
then we fhall have ZW oz Tozz — IC 





CL Mi Therefore the fquare-root of the trino- 
mx m-ixa"7* 


—.- + @ will be equal to the 


mial quantity 
- 








. aa 
fquare root of the compound quantity == — 

m . 
2X6 ~™ __; or, if, for the fake of brevity, we de- 


m= xm—il x a? 


note the faid compound quantity by the capital letter P, the 
. Mquare-root of the trinomial quantity ——— — 2" 4 2 
m—1) 


will be = WP. But, whenever z is lefs than at (a is 
commonly the cafe in thefe extractions of the roots of num- 
-bers,) =, — x will be the fquare-root of the trinomial 


quantity 4. — 2 4 zz, Therefore — 


m—i| mat ma—t 
= VP, and confequently ss will be = \/P + 2, andz 


— z vill 





will be = z — VP. Therefore a — z will be (=e- 


[Em — y?) =4- ss + YP; and confequently a — = 











+ JP, ora ——*- +Vv— — 44 


will be a fecond near value of 4/" N, or of the mth root 
of the given number N. Q, E. I. 


Art. 29. When m is = 3, the former of thefe two ex- 
preffions, 
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prefüons, to wit, the rational expreffon a — 





26 Xa" —w "ED 2a X à'-N. 
Lxx. PD "m will be (— a—Tupan)c4— 





ax a —xu . . 
Fa 3 and the latter, or irrational, expreffion, ¢ — 


si v|RELS- a will be (ee 








Zt fui. TIVE 34 7 
ae (4a? — aN 4 3e!—44 F44). 4 
tv 124 124 2 + Yj 12a d= + 


V moe, Therefore the two expreffions for the fecond 


near value of the cube-root of a given number N, when a, 
or the former near value of it, is greater than its true value, 


axai—n a (4N — a? 
ara — n and +P 


Art. 30. And, when m is = 5 the former of the two 
foregoing general expreífions, to wit, the rational expreffion 









N " 24 X a5—N. 

———— — — — , will be (= 4 — —— —— 

m—lxw*arüxa ( ae) 
4 X a$j—N 


=a— and the latter, or irrational, expreffion, 


an ga? 






; will be (= 





— 34 1025 16a5—16N | 3a 1025 —(16a5— 16 
- eve [s -IcVe 1604! 


4A = 
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= 4 [Sr Ley y eot e 








16008 4 





cond near value of the fifth root of a given number N, 
"when a, or the former near value of the faid root, is greater 
4X ad—n 


than its true value, are 4 — —* 7 —". and 3¢ 
DET ¢ 


. frase 
v Sog ^ 


Art. 31. And, when m is = 7, the former of the twa 
foregoing general expreffions, to wit, the rational expreffion 





om ee willbe (2 am LX 








) 
m—1\ XN + m+1) x a” On -f ger 
— ax ai—N. Ira 
—ae pre? and the latter, or irrational, expreffion, 








- —— 
a—t vit. - TDI vil be 
(Se GeV - t= Seve 
= Srv [Saat = f+ vie ee 


I2N — 54? — 58 TaN — ga? 
Viu x75) a t Vi Cana - Therefore the two ex- 


preffions for the fecond near value of the 7th root of a given 
number N, when a, or the former near value of the faid 


. : Wo 
‘oot, is greater than its true value, are 4 — 2 4—* 
Foot, 1s gi i alue, are 4 Was and 





Examples 
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Examples of the Extrattion of the Roots of given Numbers by 






24 Xa 


means of the Two General Expreffons a — 





xu maixa" 


mx m—ixa 
bave leen found by the Solution of Problem Il, when a, or 
the Firft near Value of ./™ N, is greater than its true 
Value. 





EXAMPLE 'L 





Art, 32. Let it be required to find the fifth root of 2, 
which has been already inveftigated by means of the two 
expreffions inveftigated in Problem I, and found to be = 
1.149,697,34. And let us fuppofe that we have already dif 
covered thar this root is greater than 1.14, but lefs than 1.15, 
and differs lefs frem 1.15 than from 1,14; fo that 1.15 may 
be taken for 2, or its firft near value. Then, by art. 30, 
the two expreffions of the fecond near value of this root will 





aX a—N 3a 8w—365 . hi 
be a Cp as and 4 TV Toa in which 2 muft 


be fubftituted inftead of N, and 1.15 inftead of a, 


Now, fince N is = 2, and a is = 1.15, we fhall have 
2N (= 2 x 2) = 4, and a = 1.520,875, and a5 = 
2.011,357,187,5, and a — N (= 2.611,357,187,5 — 
2.000,000,000,0) == 0.011,357,187,5, and a x a*— N 
(= 1.15 x 0.011,357,187,5) == 0.013,060,765,625, and 
34 (= 3 X 2.011,357,187,5) = 6.034,071,562,5, and 
2N + 3a* (— 4 + 6.034,071,562,5) = 10.034,071,562,5, 

4X ai—n, 0.013,060,765,615 
and age. c 10.034,071,562,5 
4Az confe. 








) = 0.001,301,641, and 
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«x aon 

2N + 325 
$01,641) = 1.148,698,359. Therefore 1.148,698,3 59 wi: 
be a fecond near value of the fifth root of the given nux- 
ber 2. QEL 


confequently a — (= 1.150,000,000 — 0.001. 


And, fince a is = 1.15, and a’ is = 1.520,875, and 
is = 2.011,357,187,5, and 3a! is = 6.034,071,562,5, «t 
fhall have 802? (= 80 x 1.520,875) = 121.670,000, and 
8N — 345 (= 8 X 2 — 6.034,071,562,5 — 16.000,0¢°. 
000,0 — 6.034,071,562,5,) == 9.965,928,437,5, an 


Sx — 365 3928,437; 
T (= a) = 0.081909,496486, and 


vm (= V/0.081909,496486,) = 0.286,198,35:, 


804? 





and 3a (= 3 X 1.15) = 3-45, and 2 {= 245) = 0.8625, 





en — 
and PV xu (= 0.8625 + 0.286,198,351) = 


1.148,698,351. "Therefore 1.148,698,351 will be a econd 
near value of the fifth root of the given number 2. 
QE Lk 


As thefe two approximations to the fifth root of 2, te 
wit, 1.148,698,359 and 1.148,698,351, agree with each 
other in the firft nine figures 1.148,698,35, we may rex 
fonably conclude that thofe nine figures are exact, or ar 
the firft nine figures of a more accurate value of the fai: 
fifth root. ' 


Art. 33. If we make ufe of Mr. Raphfon’s expreffion, 
+ to wit, «— "EE ora PS, for the purpofe of 
obtaining a fecond near value of the fifth root of 2, after 


1.15 has been taken for a, or, its firft near value, the com- 
putation of it will be as follows, , 








Since a is = 1.15, we fhall have at = -1.749,006,25, | 
and a’ z 2,011,357,187,5, and 5a*(= 5 X 1.749,006,25) 
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u 


8.745031,25, and a5 —N (= 2.011,357,187,5 — 2) 
— 0.011,357,187,55 and S=* (2 2135718705 | 


8.745903 1525 
a$—N 
O.001,298,7, and « — sat 


(= 1.150,000,0 — 0.001, 
298,7) = 1.148,701,3. Therefore 1.148,701,3 will be the 
fecond near value of the fifth root of 2, refulting from 


SN 
m Q E. I. 


This number 1.148,701,3, is greater than the true value 
of the 5th root of 2, to wit, the number 1.148,698,3, but 
exceeds it by only the very {mall quantity 0.000,003,3. 








Mr. Raphfon’s expreffion a — 











EXAMPLE IL 


— ÀÀ 


Art. 34. Let it be required to find the sth root of the 
number 2,527,834,559,873. 


Now this number, which confiíts of thirteen figures, is 
greater than 100,000, or the fifth power of 10; and it is 
likewife greater than 10,000,000,000, or the fifth power of 
100: but it is le(s than 1,000,000,000,000,000, or the fifth 
power of 1000. Therefore its fifth root muft be greater 
than 100, but lefs than 1000. 


Further, this number, 2,327,834,559,973, is greater than 
2,320,000,000,000, or than 232 X 10,000,000,000, of 
than 232 x the fifth power of 100. Therefore the fifth 
root of 2,327,934,559,873 will be greater than 100 X the 
fifth root of 232. But the difference will not be great; and 
confequently, if we can find a number that fhall be nearly 
equal to the fifth root of 232, we need only multiply the 
faid number into 100, and the produ& will be nearly equal 
to the fifth root of 2,320,000,000,000, and therefore will 


likewife, 
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Tikewife be pretty nearly equal to the fifth root of the propofed - 
number 2,327,834,559,873, fo as to be a convenient firft 
near value of the faid fifth root, and a proper bafis to found 
a further approximation upon to a fecond near value 'of the 
faid fifth root, by either of the two foregoing expreffions of 
Mr. de Lagny, which have been inveftigated above in the 
Solution of Problem II, or by Mr. Raphfon’s expreffion. 
We will therefore endeavour to find the fifth root of the 
number 232. 


Art. 35. Now the fifth power of the number 2 is 3a, 
which is much lefs than 232; and the fifth power of 3 is 
243, which is a little greater than 232. Therefore the 
fifth root of 232 muft be much greater than 2, and a little 
lefs than 3. We may therefore reafonably conjecture that 


it will be nearly equal to 2 + —2, or 2.9. We will there- 


fore fuppofe it to be = 2.9, and try what the refult of that 
. fuppofition will be. 


Now the fifth power of 2.9 is 205.11149, which is lefs 
than 232. Therefore the fifth root of 232 will be greater 
than 2.9. And, as 232 differs much lefs from 243, or the 
the fifth power of 3, than from 205.11149, or the fifth 
power of 2.9, we may reafonably fuppofe that the fifth 
root of 232 will differ much lefs from 3 than from 2.9; 
and therefore we will fuppofe that it is nearly — 2.98, 
and will raife the faid number 2.98 to its fifth power, in 
order to examine the truth of the faid fuppofition. 


Now 2.98P is = 235.007,282,396,8 ; which is nearly 
equal to, but a little greater than, 232. Therefore 2.98 
muft be nearly equal to, but a little greater than, the fifth 
roet of 232; and confequently 100 x 2.98 muft be nearly 
equal to, but a little greater than, the fifth root of 232 x 
10,000,000,000; or 298 mutt be nearly equal to, but a 
lictle greater than, the fifth root of 2,320,000,000,0c0. 
And, further, fince 2.98 is the fifth root of the number 
235.007,282,396,8, the number 100 X 2.98, will be the 
fifth root of the number 235.007,282,396,8 x 10,000,000, 

000; 
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000 ; that is, the number 298 will be the fifth root of iS 
ber 2,350,072,823,968, which is greater than the ph 
number 2,327,834,559,873. Therefore 298 will be greater 
than the fifth root of the faid number 2,327,834, 559,87 3.. But 
it will be near enough to it to make it a very convenient bafis 
of a further approximation to the true value of the fifth root 
of the faid number, 2,327,834,559,873, by means of thetwo 
aX on and E +V 8; 


an + 305? 


is 











expreffions a — 


Art. 36. Here then we fhall have N = 2,327,834,559,873, 
and 4 —298. Therefore a* will be = 26,463,592, and 
4* will be = 7,886,150,416, and a* will be = 2,350,072, 
823,968 ; and confequently 25 — N will be (= 2,350,072, 
823,968 — 2,327,834,559,873) = 22,238,264,095, and 
a’ — N x a will be (= 22,238,264,095 X 298) = 
6,627,002,700,310, and 2N will be(= 2 X 2,327,834, 
559,873) = 4,655,669,119,746, and 3a* will be (= 3 x 
2,350,072,823,968) = 7,050,218,471,904, and 2N + 3a* 
will be (= 4,655,669,119,746 ++ 7,050,218,471,904) = 

a@—nixe — . 
11,705,887,591,650, and ETEYTM will be (= 
6,627,002,700, 
A) = 0.566,125,605, and confequently 
a Xa$—N 
28 + 365 


605) = 297.433,974,395- Therefore 297.433,874,395 
will be a fecend Sar value of the fifth root of the propated 


number 2,327,834,559,873. Q, E. I. 
And 3a will be (= 3 x 298) = 894, and ¥ will be (= 


s— 





will be (= 298.000,000,000 — 0,566,125, ° 


25 = 223.5, and a? will be (= 298b) = 26,463,592s, 


and 8N will be (= 8 X 2,327,834,559,873) = 18,622, 
676,478,984, and &* will be (= 2981?) = 2,350,072, 
823,968, and 3a‘ will be (= 3 X 2,350,072,823,968) = 
71950,218)471,904, and §N — gat will be (= 18,622, 

7 ‘i 
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€76,498,984 — 7,050,218,471,904) = 11,572,458,007,080, 
find 802 will be (:& 80 x 26,463,502) = 2,117,087,36c, 


8x —32*5 .. -—L 156572,458,005,080. 
and "AC will be (= SRA) = 5486.216, 


569,863,2, and ve will be (= V7 5466.216569, 


8632) = 72.933,866,1g0, and confequently - + 
8; 








VPS will be (= 223.5 + 72.935866,190) = 
297.433,966,190. Therefore 297.433,866,190 will be a 
fecond near value of the fifth root of the propofed number 
2,327,834.559,873- $E 

Thefe two numbers 297.433,974,395, and 297.433,866, 
190, agree with each other in the firft feven figures 297. 
433,8. "Therefore we may conclude that thefe feven figures 
are exa&, or are the firft feven figures of a more accurate 
value of the fifth root of the propofed number 2,327,834, 
559873. 


Art. 37. If we make ufe of Mr. Raphfon’s expreffion, 
to wit, & — |— —, oa— a for the purpofe of 
ma 


obtaining a fecond near value of the fifth root of the pro- 
pofed number 2,327,834,559,873, after 298 has been taken 
for a, or its firft near value, which is fomewhat greater than 
the truth, the computation of it will be as follows. 





Since a is = 298, we fhall have at = 7,886,150,416, 
and a’ = 2,350,072,823,968, and à* — N (= 2,350,072, 
823,968 — 2,327,834,559,873) == 22,238,264,095, and 
54* (= 5 x 7,886,150,416) = 39,430,752,080, and 
e$ —N ,  22,238,2604,096 4. a5 —N 
T (= 39430152080) = 0.563,982, and a — T 
(= 298.005,000 — 0.563,982) = 297.436,018. There- 
fore 297.436,018 will be a fecond near value of the fifth 
root of the propofed number 2,27,8345559,973.  Q: E. 1. 


The 
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"The firft five figures, 297-43, of this. number, 297. 436,018, 
obtained by Mr. Raphíon" s expreffion, are exact. 


And, if we make a = 297:436, and repeat the applica- 
tion of. Mr. Rapbfon's expreffion, we fhall obtain the value 
of the fifth root of the faid propofed number 2,327,834, 
559,873, to a much greater degree of exa&nefs. This 
may be done in the mapner following. 


If a is taken = 297.436, we fhall have 

4* = 7,826,617,827.880,16 5,417,216, and 

@ = 2,327,917,900,253.364,881,035,058,176, and 

— N (= 2,327,917,900,253.304,881,03 5,058,176 
— 2,327,934,559,873.000,000,000,000,000) 
= 83,340,380. 364,881,035,058,176, 

and 5a* (= 5 x 7,826,617,827.880,165,417,216) = 


—N 





39,13 3,089,139-400,827,086,080, and confequently s 


(= 83,340 380.364,881,035,058) 176 

77 39,133,089, 139.400,82 7,086,080 
‘a3 — N 

4 —[—— (= 297-436000,000 — 0.002,129,662) = 


297 433,870,338. Therefore 297.433,870,338 will be the ! 
more accurate value of the fifth root of the propofed num- 
ber 2,327,834,559:873- Q, E. I. 


Of this number, 2¢7.433,570,338, which we have now , 
found for the lat near value of the fifth toot of 2,327,834, 
559,873, I believe the firft ten figures 297. -453870,3 to 
be exact, if no miftakes have been "made in the calculation. 
Yet Mr Raphfon (from whofe Analyfis /Equationum Univer= 
falis, Problem LV, page 12, this example is taken,) makes 
this fifth root equal to 297.433,874,8¢5. But I believe the 
four laít figures, 4895, of this number to be erroneous ; 
becaufe in Mr. Raphjon’s laft procefs, (of. which this num- 
ber, 297. 433:874,895, is the refult,) the value of g (which 
anfwers to 4 in our notation) was taken equal only to 
297.46, which is exact only in the firft four figures 297.4, 
whereas in the laft procefs of the foregoing computation we 

4B took 








,= 0.002,129,662, and 
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took @ equal to 297.436, which is exa& in the firlt five 
figures, 297.43; and confequently the number refulting 
from this fuppofition ought to be more exa& than that 
which refults from the other lefs accurate fuppofition made 
by Mr. Repbfom. But we may, at leaít, conclude that the 
firft eight figures, 297.433,87, of thofe two numbers, which 
are the fame in both, are exact, or are the firlt eight figures 
of a number approaching more nearly than either of them 
to the true value of the fifth root of the propofed number 


2,327,934,559,873- 
Art. 38. Thefe two examples will, I prefume, be fufi- 


cient to illuftrate Monfieur de Lagnys method of extracting 
the mth root of any propofed number N, by means of 


20 Xa" —N 
m—-NxX N+ mtn x o™ 


and @—— + 7 A Ix X, whena, 


Ls mxm xa"? 





either of the two expreffions, a — 








or the firft near.value of 4/" N, which is fuppofed to be 
already known, is greater than its true value; which is the 
cafe fuppofed above in Problem Il, by the folution of 
which thofe expreffions were obtained. I have therefore 
nothing more to add concerning the explanation of Monfieur 
de Lagnys method aforefaid. But I will juft make another 
obfervation, or two, concerning the faid method of extra&- 
ing the roots cf numbers, as compared with other methods 
of performing the fame thing. 


Odfercvations 
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Obfervations on tbe feveral different Methods that may be taken 
for Extratling the Roots of Numbers. 
- : 

Art. 39. In the 1ft place, then, it is manifeft that either 
of Mr. de Lagny's two expreffions, the rational one and the 
irrational one, for obtaining a fecond near value of the root 
of a given number, when a former near value of it is al- 
ready known, is greatly to be preferred to the common, or, 
rather, the o/d, method of extracting fuch root, by which, 
with a great deal of trouble, we obtain only one new figure. 
of the root fought by every new procefs; except, perhaps, 
in extracing the fquare-root of a number, which is eafy 
enough in the common way, (at leaft for the firft three or 
four figures of the root fought,) to make it unneceffary to 
have recourfe to other methods. But in extra&ing the 
cube-root, or the fifth root, or the feventh root, or any 
higher root, of a propofed number, the cafe is very dif 
ferent, and it will be found highly expedient to have re» 
courfe either to Mr. de Lagay’s method of extraGting them, 
or to Mr. Rapb/on's, or to fome other method of performing 
the fald extra&ion, 


Secondly, if the mth root of any number is to be found 
only to four, or five, figures, it will be moft advifeable to 
have recourfe to a Table of Logarithms for this purpofe, 
For, by the ufe of fuch a Table, we may always obtain any 
propofed root of a given number exa& to four, or five, 
places of figures, with very great eafe, and without making 
ufe of the proportional parts fet down in thofe tables, and 
which are neceffary to the obtaining the faid roots exactly ta 
fix, or feven, or more, places of figures. Whenever there- 
fore we want to find the mth root of a propofed number 
only to four, or five, places of figures, it feems beft ta 
have recourfe at once to a Table cf Logarithms for that 
purpofe. . . 

But, 3dly, if we wifh to obtain the mth root of any num- 
ber, exactly to nine, or ten, or more, places of figures, it 

4B2 will 
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will be convenient to have recourfe to either Mr. de Lagxy's 
or Mr. Rapbfen's methods of approximation for that pu:- 
pofe. And, if we with to obtain the faid root exa& only 
to nine places of figures, I (hould think it would be ex- 
pedient to make ufe of Mr. Rapbjow's expreffion for that 
purpofe, in preference to either of Mr. de Lagmys exprd- 
fions, as being fimpler and eafier to compute than the lat- 
ter; but, if we with to obtain the faid root exact to fo:.r- 
teen, or fifteen, places of figures, 1 fhould think it wou!e 
be moft advifeable to have recourfe to one of Mr. de Lagr:'s 
expreffions for that purpofe, rather than to make ufe of 
Mr. Rapbfon’s expreflion, and repeat the procefs a feconi 
time, as was done above in art. 37. And of Mr. de Lagzys 
two expreffions, the latter, or irrational, expreffion will te 
found lefs troublefome to compute, and, ufually, in a fmail 
degree more exact, than the rational expreffion, But i 
may often be prudent to compute them both, to be checks 
"upon each other; and the number of figures in which te 

' xefults of both expreffions are found to agree, may be ju; 
concluded to be exact. 


And, 4thly, when we make ufe of either Mr. Repb/a's 
or Mr. de Lagny’s methods of extracting the mth root of 3 
given number, I conceive it will be always advifeable to, 
make ufe of a Table of Logarithms firít, in order to obtain 
the firft near value of the root fought, from which we arc, 
afterwards to derive a fecond and more accurate near valve 
of it, by means of the expreflions invented by thofe ingeni- 
ous Gentlemen. This, indeed; is not abfolutely neceffary, 
as it is always eafy to find the propofed root exa& to ont, 
or two, figures, by fome very fimple reafonings and trials | 
as is (hewn above in all the foregoing examples. But it wil 
always be ftill eafier to find thefe firft figures by the help of 
a Table of Logarithms, and we may find them by thx 
means not only to two places of figures, but to five. 


Exd of tbe Traci, intitled, Mr. de Lagny's General Method of 
Extratting the Roots of Numbers by Approximation. 
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OBSERVATIONS 


ON 
MR. RAPHSON'S METHOD 
or 
RESOLVING AFFECTED EQUATIONS OF ALL DEGREES 
BY 


APPROXIMATION. 


— rr 


Article 1. JJ N the foregoing Tra& I have given a pretty 
] full explanation of Moxfieur de Lagny’s Method 

of Extracting the Roots of Numbers by Approximation, 
and 1 have likewife mentioned Mr. Rapb/on’s more fimple 
and eafy, though lefs exact, method of performing the fame 
thing. But both thefe methods may be applied to the re= 
folution of all forts of equations, thofe which are called 
affeed equations *, or in which the unknown quantity occurs 
n 


* "This expreffion of affedted equatiens fcems to require fome further expla~ 
nation, It was intrpduced by the celebrated Vieta, the great father and 
reftorer of Algebra? He has many exprefions peculiar to himfelf, and which 
have not been adopted by fubfequent Algebrüifte, Amongft thefe are the . 
following ones. Fie calle a fet of quantities in continual geometrical pro- 
portion; (fuch as the quantities 1, a, a*, x3, xt, #5, a5, x7, &c,) a fet of 
Jfealar quantities, or magnitudines fealares; and, when there are feveral of 
thefe ealar quantities connected with each other by the figne + and —» 
or by Addition and Subtra&ion, (as in the compound quantity x8 -- 
ax* — P) he calls the higheft quantity, or that which is fartheft im 
the feale of quantities 1, x, x*, x3, x*, x5, a5, x^, &c, (to wit, the 

wantity +5 in the faid compound guanti 35 + ax* — Pat) she power of 

the fundamental quantity x, or of the fecond term in the faid fcale; and 

he calls the lower ícalar quantities, which are involved in the fecond and third 

rms of the faid compound quantity a3 -+ a4 — b4% to wit, the quantis 

EB CAE. P an Cminect”. 2 + Wes: 
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in more than one term, as well as thofe which are called 
pare equations, or in which the unknown quantity occurs in 
only one term, and which are refolved by the mere extrac- 
tion ‘of the roots of given numbers. And in all affected 
“equations beyond biquadraticks, or thofe of the fourth 
power, thefe methods of approximation are the only me- 
thods that can be taken for difcovering their roots, or the 
values of the unknown quantities contained in them. And 
even in cubick and biquadratick equations, though parti- 
cular methods have been invented by Mathematicians, for 
he accurate refolution of moft of the cafes of thefe equa- 
- tions, (to wit, the rules called Cardan’s rules for the refo- 
lution of moft cafes of cubick equations, and the rules in- 
vented by Lewis Ferrari of Bologna in Italy; about the year 
1545, and explained at large in Bombelii’s Algebra, in the 

* year 1579, and thofe afterwards invented by ‘Monfeur Des 
Cartes, and publifhed in his Geometry in the year 1637, 
for 


ties x*and x?, (or, in eur prefent language, the inferiour powers of x.) 
fealar quantities of » paredi degree to 2, or be peur of the fundamental 
quantity a. This word parodic I take to be derived (though Vieta does 
not tell us fo,) from the Greek words wage and ais, which fignify near and 
@ way, or road, becaufe thefe inferiour fcalar quantities, x3 and 2^, lie im the 
‘way as you país along in the fcale of the aforefaid quantities 1, x, x*, 23, 
at, x5, x5, 27, Ke, 1 to x5, which he calls the power of x in the faid 
compound quantity «5 + ax* — $3, Thefe inferiour fcalar quantities x3 
and 24 are therefore parodie, or fituated in the way to, or are leading to, the 
faid power, or higher {calar quantity, 25. He then proceeds to define 4 
pure power and an affeded power, and tells us, that a pure power is a fcalar 

wantity that is not affe&ed with, or mixed with, any parodic, or infcriour 
Var quantity, and that ax affefed power is a {calar quantity that is mixed, 
or conne&ed by Addition, or Subtraction, with one, or more, inferiour, 
or paredic, {calar quantities, combined with co-efficients that raife them to 
the fame dimenfion as the itfelf, or make them bomogereous ta it, and 
confequently capable of being added to it, or fubtraéted from it. Thus 3$ 
alone is a pure power of x, namely, its fifth power; and a5 + aa* — lad 
is an afrted ‘power of x, namely, ite fifth power afeAed by, or connetted 
with, the two parodic, or inferivur {calar quantities, x3 and x*, which are 
multiplied into 65 and a, in order to make them Lomcgencous to, or off the 
fame dimenfion with, +5 itfelf, and confequently capable of being added to it, 
or fübtraced from it. See Schooten’s edition of Victa's Works, publithed 
at Leyden in Holland, in the year 1646, pages 3 and 4. 

This, then,’ being the meaning of the expreffions a pure power and an af- 
Jfified power, the meaning of the correfponding expreffions of a pare equa- 
: tun 
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for the refolution of biquadratick equations, by the media- 
tion of cubick equations,) it will be found that thefe methods 
of approximation will, for the moft part, enable us to find 
the values of their roots to any propofed degree of exact- 
neís, with lefs trouble than the particular and accurate me- 
thods above-mentioned, which have been invented for that 
purpofe, So that thefe methods of refolving equations by 
approximation ought to be confidered as of the higheft utility, 
and as being abfolutely neceffary to the completion of the 
Doétrine of the Refolution of Algebraick Equations, which 
is the moft important branch of the Science of Algebra. 


Art. 2. But it is not fo eafy to determine, which of thefe 
two methods of approximation, Mr. Rapbjon’s, or Mr. de 
Lagsy's, deferves to be preferred to the other on thefe oc- 
cafions. Mr. Rapbjon’s is certainly much fimpler than the 
other, becaufe it proceeds by confidering the new, or tranf- 
formed, equation, (refulting from the fubftitution of a + x, 


tion and ew affetied equation follows from it of courfe: « pure equation figuie 
fyiog an equation in which a pure power of an unknown quantity is d. 
to be equal to fome known quantity ; fach as the equation «5 = 79; and es. 
feed equation fignifying an equation in which a power of an unknown 
quantity affe@ed by, or conneéted, either by Addition or Subtraction, with, 
me inferiour powers of the fame unknown quantity, (multiplied into pro- 
per co-eflücients in order to make them bomengencous to the faid highef power 
of the faid unknown quantity,) is declared to be equal to fome known quan- 
tity ; fuch as the equation x5 + z+ — b¢x3 = 79. This I take to be the 
original meaning of the exprefion an aféed equation, Dui, a the lan 
f Victa has not been adopted by fublequent writers of Algebra, I 
think it would be more convenient to call them by fome other.name. And, 
perhaps, thofe of binemial, trinomial, quadrinemial, quinquinemial, and, in 
that of mxitinemial equations, would be as convenient as any. 
us, xx - ax = rr, ands? + ax* =r}, and x3 + atx =r, and x4 + 
a3z =r’, and 3^ + ax? = r^, might all be called bisomial equations, be- 
caufe they would be equations in which a binomial quantity, or quantity con» 
fifting of two terms that involved the unkuown quantity *, is declared to be 
equal to a known quantity ; and, for a like reaíón, the equations * + ew* 
+ Be ss or), and x4 — ax} + Pha? — rh, and at — az? + Bx = rand 
35 + ast + P4) = r5, and x5 + axt — x3 = r3, and x5 4 D + Ax 
z r5, might be called trinomial equations, And the like names might be 
given to equations of a greater number of terms. Dr. Hutton, I erre, 
in his excellent new Mathematical and Philofophical Dictionary, juf now 
publied, (Feb. 2, 1795,) calls them compound equations; which is like- 
wife a very proper name for them, and Ícís obícure than that of effcied 
equations. . 
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or a «— z, inítead of x, in the original equation,) as being 
only a fimple equation, and refolving it accordingly, or by 
the mere operation of Divifion ; whereas, in Mr. de Lagny’s 
method, the faid new, or transformed, equation is confider- 
ed as a quadratick equation, and refolved accordingly ; 
which,. when a (or the firft near value of the root, that is 
fuppofed to be already known,) is a number confifting of 
five, or fix, figures, produces a great deal of labour, and 
often a great deal of perplexity. I am therefore inclined to 
give the preference to Mr. Rapb/on’s method in refolving all 
affected equations, more efpecially when the number a con- 
fifts of more than two figures: but it muft be confeffed 
that the celebrated Dr. Halley (who had much experience, 
and was an excellent judge of thefe matters,) was of a dif- 
ferent opinion, and gave the preference to Mr. de Lagny's 
method, which he has therefore taken the pains to explain 
in a better manner than had been done by Monjfieur de 
Lagny himfelf, and likewife to illuftrate by examples, in his 
Tra& in the Philofophical Tranfa&ions, Number 210, in- 
titled, **4 New, Exact, and Eafy Method, of finding the 
** Roots of any Equations Generally, and that without any pre- 
«< vious Reduétion,” which was publifhed in the year 1694. 
On the other hand we may obferve, that Mr. Rapbjor al- 
ways continued to give his own method the preference, after 
the publication of the tra&s of Monfieur de Lagny and Dr. 
Halley upon the fubje&, as well as before their publication, 
when he tells as he had himfelf had the thought of adopt- 
ing the principle which was afterwards followed by Mr. dr 
Lagny and Dr. Halley, of treating the transformed equation 
as a quadratick equation, but had deliberately rejected ic 
on account of the greater eafe and fimplicity of the other 
method, in which the faid transformed equation is confidered 
and treated as a fimple equation. And Sir Jac Newton in 
his method of refolving equations by approximation (which 
differs very little from Mr. Rapb/oy's,) feems alfo to prefer 
Mr. Rapbjon’s practice, of treating the transformed equa- 
tion as a mere fimple equation, to that of Mr. de Lagsy 
“and Dr. Halley, of treating the faid equation as a quadra- 
tick equation. I therefore cannot but recommend it to all 
young Algebriifts to ftudy Mr. Rapbjon’s excellent Tee 
t. tife 
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rife on this fubjedt, intided, Analyfis ZEquationum Univerfalis, 
with great attention, and to endeavour to make themfelves 
mafters of it, by going carefully through all the examples 
given in it, and performing all the arithmetical operations 
contained in them. And | will venture co fay that they 
will thereby acquire more ufeful knowledge in Algebra, to- 
wards the bufinefs of refolving affected, or compound, or: 
multinomial, equations, than by reading all that has been 
written by Harriot and Des Cartes, and his learned Commen- 
tator Van Scbooten, and all bis other Commentators, and their 
numerous, followers, on the boafted doctrine of the Genera- 
tion of Equations one from another, by fuppofing * — 2 to 
be = o, and # — ? to be — o, and x —c to be = o, and 
x + d to be — o, and x + e to be = o, and fo on; and 
then multiplying the binomial quantities x — 2, x — 5, x— c, 
x + d, x e, &c, into each other, and likewife all the 
abírufe and intricate matter that has been delivered by Sir 
Yaac Newton, and Mr. Gravefende and Mr. Mac Laurin, and 
other learned Algebráifts of modern times, on the invention 
of Divifors, which is grounded on that doctrine of the Ge- 
eration of Equations from each other. 


Art. 3. Yet in reading this excellent Treatife of Mr. 
Rapbjon, which I fo much recommend, there will now and 
then occur fome difficulties which are not inherent in the 
fubje& itfelf, but which might have been avoided, if Mr. 
Rapbfon had not unfortunately adopted the perplexing doc- . 
trines of modern writers of Algebra, about negative quanti- 
ties and negative roots of Equations. The quantities called 
negative are {uch as it is impo(lible to form any clear idea of, 
being defined, by Sir J/zac Newton and other Algebriifts *, 


* Quantitates vel Afirmativee funt, (eu majores Nihilo, vel Negative, fea 
Nit eee Arithmetica Unbuerfakz, page 3. 


When ‘a greater quantity is taken from a leffer of the fame king, the re- 
mainder becomes of the oppofite kind.—Mar Lasrin’s Algebra, page s. 


An affirmative quantity is a quantity greater than nothing, and is known 
by this fign, + ; a negative quantity is a quantity lefs than nothing, and is 
known by this fign, —-——Saunder/on's Algebra, Vol. I. page so, article 2. 
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to be fuch quantities as are Jefs than notbing, or as arie frew 
the fubtraftion of a. greater quantity from a leffer, which is an 
operation evidently impoffible to be performed : and, as to 
the negative roots of an equation, they are in truth the real 
and pofitive roots of another equation confifting of the fame 
terms as the firft equation, but with different figns -+ and 
— prefixed to fome of them; fo that, when writers of Al- 
pon. talk of the negative roots of an equation, they, in 

, jumble two different equations together, and fuppofe 
the propofed, or firft, equation to have not only its own 
proper roots (which they call its affirmative, or pofitive, roots,) 
but to have likewife the roots of a different equation, which 
they call its negative roots. Thus, for example, they would 
fay, that the quadratick equation xx 4- 4x — 320, has two 
roots, to wit, the pofitive, or affirmative, root, + 16, and 
the negative root, — 20. But this latter number, 20, is, 
in truth, the root of a different equation, to wit, of the 
equation xx — 4x = 320. So that this kind of abfurd and 
fantaftick language only tends to the confounding together 
the two different equations xx + 4x = 320, and xx — 4x 
== 320, and confidering them as if they were one and the 
fame equation. Now this perplexing language is unfortu- 
nately ufed by Mr. Rapbjon in this valuable Treatife, and 
tends to throw an air of myftery and obícurity upon fome 
of the Problems folved in it, from which they would other- 
wife have been intirely free. As a proof of the truth of this 
obfervation, I fhall here infert one of the faid Problems, the 
folution of which is by this means rendered fo obícure, that I 
had a good deal of trouble to find out the meaning of it; 
though, if this language had been avoided, and the proper 
and natural language, belonging to the conditions of the 
Problem, had been ufed in its ftead, there could not have 
been the leaft difficulty in underflanding it. This Problem 
is the 24th, in page 32 of the 2d edition of the book, and 
is, verbatim: et. litteratim, as follows. 


PROBLEMA. 
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PROBLEMA XXIV. 





«Equationum. Quinta PoteRatis Adfezarum. Solutio. 





Proponatur — 44226 +4 74446 — 20000 + 15504 = 10,000. 
Hoc eft, — aaaaa + basa — coca + daa = f. 
Theor. a = f + gexge + ues — Senex — dg 
wees + adg — SERRE — St 





sit £-7-5 
S + EERER + cess — ages — deg = — 3875 
Meee 4. adt — AIDE — UE = — 9671) [a 38750 (4m 














pt) 
t4 
,36896 
— 420436896 (+ ,055 zx 
= 45 
+ 1055 
f eames + — hath Mg 19603 5946546 5625 
4lggg t 24g — e] - = A ond — $9603 594 ( 4,000o428 
— 4545 
T "MS 04,28 
4 cm O— 54419572 


To this folution I have, in my copy of Mr. Raphfon’s 
Traét, fubjoined the following Note. 


Numerus 4:544019 5972 eft radix equationis a* + 7a* + 
20a! 4- 1 j54" =} 10,000; quod hic obfcuré innuitur fub - 


fpecie radicis negative zquationis — a* + 72* — aos + 
1554 = 10,000. Omnes feré difficultates quibus permulti 
cultioris ingenii viri ab Algebra difcendá et excolendá deter- 
Tentur, ex hifce radicibus negativis et aliis quantitatibus ne- 


gativis, 
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gativis, feu (ut hodierni Algebrz fcriptores abfurdé loquun- 
tur,) nihilo minoribus, ortum habent. 


In this Problem the letter a is ufed for the unknown quan- 
tity, or root of the equation, which is ufually denoted by 
the letter x ; and the letter g is ufed for the firft near value 
of the root of the equation, which in the two foregoing 
Traéts has been denoted by the letter a; and the letter x is 
ufed for the difference between g, the firi near value of the 
root of the equation, and a, its true value, which difference 
has been denoted in the two foregoing Traéts by the letter z. 
So that, if we exprefs the enunciation of the foregoing Pro- 
blem in the notation that has been ufed in the two foregoing 
Traéts, it will be as follows, 


Proponatur — xxxxx + 7Xxxx — 2oxxx + 155x* — 10,900, 
Sive — x* + 7x* — 20x! + 155xx = 10,000, 


Hoc eft, — xxxxx + Pxxxx — cxxx + dex = f, 
Sive. — x5 + ix* — e + dx =f. 


ft aaase + cana — bacaa — dea 
+ 2da — Saaaa — 3caa 

Sta + cat — bat — dat 

lai Hada — get — yee 


Theor. z = 





> 


or z — 


Art. 4. Here, then, the equation propofed by Mr. Rapb- 
fon to be refolved, is faid to be — x* + 7x* — 20x* 4 
155xx = 10,000, OF 155Xx — 20x83 4+ 7x* — x* = 10,000. 
But this is not the equation he refolves ; and, indeed, it is 
not a poffible equation, becdufe the greateft poffible mag- 
nitude of the compound quantity 155xx — 20x? 4- 7x* — 
x5 is that which it has when the infinitely {mall increment 
of the bingmial quantity 20x? + x* becomes equal to the 
contemporary increment of the binomial quantity 155x* -t- 
gx*, that is, (if we put X, or x with a point placed over it, 
for the infinitely {malt increment of x,) when 20 x 3x*X 
+ 5x*% becomes equal to 155 X 2xX + 7 x 4x'x, or 
when 603* + 5x* is = 310% + 28x*, or when 6ox - 5x3 
js = 310 + 28xx, or when 5x! — 28xx + 6ox is = 310, 

t er 
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or when  — 28% 4 pox is = 62, or when x! — 5.6xx 


+ 12x is = 62; and that is when x is nearly = 5.5; at 
which time the compound quantity 155xx — 20x* + 7x* — 
x* will be nearly equal to 2733, as will appear by fubfti- 
tuting 5.5 inftead of x in the terms of the faid quantity 
355xx — 20x) + 7x* — x*: and this quantity 2733 (which 
is the greateft poffible magnitude of the compound quantity 
I55xx — 203? 4 7x* — 2x5,) is very much lefs than 10,000, 
or the abfolute term of the equation 155xx — 20x! + 73* 
— #' = 10,000, and confequently the faid equation is im- 
Poffible. But Mr. Rapbfon, though he fets down this equa- 
tion 155% — 20x! -- 7x* — x* = 10,000, as the equation 
that is to be refolved, yet really means to refolve a quite 
different equation, to wit, the equation that refults from 
fuppofing x to be a negative quantity, or from fubftituting 
the powers of — x, to wit, -- xx, — x*, + x*, and — x5, 
in the terms of the faid equation 155xx — 20x + 7x* — s* 
= 10,000, inftead of the like powers of + x, to wit, 
+ xx, ox + 24, and + x*; by which fubítitution the 
faid equation will be converted into the equation 155 x 
Toxx — 20 X — 33 4-7 X + x* — 1: x — x! = 10,000, 
Or 155xx - 20x + 7x* + x! = 10,000, which is evi- 
dently a poffible equation, and of which the root is 4.544, 
195,72, or the fame number which he obtains by his folu- 
tion of the Problem, and which, with the fign — prefixed 
to it, he calls the negative root of the propofed equation 
155xx — 20x? + 7x* — x5 = 10,000. Now all this per- 
plexity would have been avoided, if Mr. Rapbfos had pro- 
pofed at firft to find the root, or, in the language of modern 
writers of Algebra, the affirmative, or pofitive, root, of the 
equation 155xx. + 20x! + 7x* + x! = 10,000, or x 4- 
7x* + 20x) + 155x% = 10,000, which equation is evj- 
dently poffible, and can have only one root. And then 
all the fteps of his folution would have been clear and eafy, 
as will appear by refolving this equation x* + 7x* - 20x* 
+ 155xx — 10,000 according to the principles of his me- 
thod; which may be done in the manner following. 


Tbe 


568 Ox Mr. Raphfon's Mathed of Refoloing 


The Refolution of the Affetted Equation 5 } 7x0 4. 20x) 
155% = 10,000, by Mr. Raphíon's Method of Approxime- 
tion. 





Art. 5. In confidering this equation »* + 7%* + 202* + 
1255xx — 10,000, it is, in the 1(t place, eafy to fee that ¥ 
muft be greater than 1. For, if we fuppofe x to be = 1, 
we (hall have xx = 1, and x! = 1, and x* = t, and » 
z— 1; and confequently &* + 7x* + 20%? + 155xx will be 
S 1+ 7 + 20 + 155 = 183; which is very much lefs 
than the abfolute term 10,000. Therefore 1 muft be much 
Jefs than x. 


In the fecond place, if we fuppofe x to be = to, we thall 
have xx = 100, and x* = 1000, and x* = 10,000, and 
&* = 100,000; fo that x* alone will be equal to the abfo. 
lute term 10,000, and confequently x! + 73* + aox* + 
155x muft be very much greater than the faid abfolute 
term; and confeqüently 10 muft be much greater than x. 


Third, fince x is lefs than ro and greater than r, let 
us fuppofe it to be equal to 5. Then we fhall have xx = 
£5, and x? = 125, and x* = 625, and x’ = 3125, and 
confequently x! + 7x* + 20x! + 155xx (= 3125 + 7 X 
625 + 20 X 125 + 155 X 25 = 3125 + 4375 + 2500 
+ 3875) = 13,8753 which is greater than the abfolute 
term 10,000. Therefore 5 is greater than the true value of 
& in the equation * + 72* + 20x! + 155%x = 10,000. 


We will therefore, in the 4th place, fuppofe x to be — 4. 
And then we fhall have xx = 16, and x? = 64, and x* 
= 256, and x* = 1024, and confequently x* + 7x* + 
gox? + 155%" (= 1024 +7 X 256 + 20 X 64 + 155 
X 16 = 1024 + 1792 + 1280 + 2480) = 6576; which 
is lefs than the abfolute term 10,000. "Therefore 4 is lefs 
than the true value of x in the equation x* + 7x* + 20 
+ 155x% — 10,000. I 
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Tt appears therefore that the root of the equation x* + 
9x + 20% + 155xx = 10,000, is greater than 4, but lefs 
than 5. And either of thefe values might very well ferve 
for a firft near value of the faid root, or for the bafis of a 
further approximation to it. Mr. Raphfon makes choice 
of 5, which is greater than the truth. 


Art. 6. Let us then fuppofe a, or the firft near value of 

a in the equation x* + 7a* + 203? + 155xx = 10,000, to 
be = 5; and let z be the difference by which it exceeds 
the true value of x, Then will x be = 4 — z, and confe- 
quently xx will be (= & — z]') = 4a — 2az + &c, and 
2 will be (= « — 2!) = a!— ga'z + &c, and «^ will 
.be (= a— 2M) = at — 4a'z + &c, and x will be [C 
4 — 2) = a — soz + &c. Therefore x5 + 7x^ + 20x* 


- 45 — satz + &c, 
^w 2jt-2o7x4— 242) + &c, 
-F 1g5xx will be = + cox eae Rc qaz 4 Ec 
+ 155 X 20 — 202 + &c, 
d — satz + &c, 
E + 74 — 2802 + kc, 
mi + 204! — boa*z + &c, 
+ 15544 — 3100z + &c. 


But x5 + 7x* + 20:3 + 155xx is — 10,000. 


Therefore 2* + 74* + 200° + 15500 — 5a'z — 282° 
— boa*z —.310az + &c, will alfo be = 10,000, and 
confequently (adding sa*z + 284'z -- 60a°z + 310az to 
both fides,) we fhall have a + 7a* + 204! + 15saa = 
10,000 + ga%z + 28a'z + 604'z + 310az, or (becaufe à 
is = 5, and confequently a° + 7a* + 20a + 1554a is = 
13,875, as has been fhewn in art. 5,) we fhall have 13,875 
== 10,000 + gaz + 28a'z + 6oa'z + 31002, and con- 
fequently (fubtracting 10,000 from both fides,) 3875 = 52*z 


+ 28a'z + 600°z + 3104z = z X (5a* + 284 + 60a* + 3106. 
d 4D "Therefore 
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: = V5. - 
Therefore z will be = art Gor Ge (= 


3875 
5 X Sh + 28 x sh + 60 x SH + 510 x 5 


3875 _ 3875 


5x 625 + 28x 135 + 60X25 + 310X 5; ^ 3125 + 3500+ 1500 4- 1550 
= as) = 0.4. Therefore & — z, or x, will be (= ¢ 
7 


—— 04 = 5.0—0.4) = 4.6; and 4.6 will be a feconc 
near value of the root of the equation x? + 7x* + 2o» 
+ 155xx = 10,000. Q. E. I. 


"We muft next try whether this fecond near value of x is 
greater or lefs than its true value; and for this purpofe we 
muft fubftitute it, inftead of x, in the compound quantity 
Sq + 20x? d 15 5xx. 

Now, if we fuppofe x to be — 4.6, we fhall have xx 
(= 46\') = 21.16, and à? (= 4.6”) = 97.336, and x* 
(= 40) = 447-7456, and x5 (= 4.85) = 2059.62976, 
and 155xx (= 155 X 21.16) = 3279.80, and 202? (= 29 
X 97-336) = 1946.720, and 7x* (= 7 X 447-7456) = 
3134-2192, and confequently x* + 7x* + 20x! 4 155 
(= 2059.62976 + 3134.2192 + 1946.720 + 3279.80) 
= 10,420.36896 ; which is greater than 10,000, or the ab- 
folute term of the equation 35 + 7x* + 20x3 + 155xx = 
10,000. Therefore 4.6 will be greater than the true value 
of x in that equation. 





Art. 7. To find a third near value of the root of this 
equation, leta be fuppofed to be = 4.6, and z be the 
difference by which e, or 4.6, exceeds the true value of 
the faid root. 

Then we fhall have, as before, x = ¢— 2, and confe- 
quently xx (== @— 2%)> = aa — 2az + &c, and x (= 
a—2)) = 4! — jaz + &c, and à* (= 6 — 2\*) = at 
— 4a°% + &c, and x} (= 4 — 2\') = af — satz + &c, 

and 
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and 7x* (= 7 x 4'— a4a4'z + &c,) = 7a' — 280% + 
&c, and 20? (= 20 x a! — 3a°z + &c,) = 204! —60a'z 


+ &c, and 155xx (= 155 x aa — 20% + &c,) = 1554 
— 310az + &c, and x 4- 7x* + 20x* + r55xx = 
4 — satz + &c, 

+ 745 — 2808 + &c, 
+ 2024 — 600% + &c, 
+ 1550a — 3100z + &c. 
But s* + 7x* -- 20:3 + 155x€ is = 10,000. 
a —  ga'z + &c, 
+ jat— 2802 4- &c, Dew 
Therefore + 200% — 6oa'z + &c, will likewife 
+ 15540 — 31023 + &c, 
be = 10,000, and confequently (adding 5a'z + 28az +. 
6oa'z + 310az to both fides,) a* -- 7a* + 204! + 155aa 
will be = 10,000 + 5a*z + 28a'z + 60a'z + 310az. 


But it has been fhewn in the laft article, that 2* + 7a* 


+ 200 + 15524, or 4.6 + 7 x 4.6|* + 20 x 4.60 + 
155 X 4.0, is = 10,420.36896. t 


Therefore 10,420.36896 will be = 10,000 + 5a'z + 
28a'z + 60a'z --.3104z; and confequently (fubtracting 
10,000 from both fides of the equation,) 420.36896 will be 
= $a'z + 28a'z + 604'z + 3102z (= 5 X 4.64 x z+ 
28 x 469 x z+ 60X40 x z-- 310K 46 x z — 
5 X 447-7456 x z+ 28 X 97.336 x z + 60 x 21.16 
"X B+ 310 X 4.6 x z = 2238.7280 x z + 2725408 
X z -- 1269.60 X z + 1426.0 x z) = 7659.7360 x z, 
and confequently z will be (— 4236896 = 0.0548, or 

quent y 77 7059-7360 , 
nearly 0.055. "Therefore x, or a — z, or 4.6 — z, will 
be nearly (= 4.6 — 0.055,) = 4-545; and confequently 

' this number 4.545 will be a third pear value of the root of 

the propofed equation x* + 7x* - 203? + 155x* = 10,000. 
Q, E. T. 

4Da Now 
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Now let this number 4.545 be fubftituted inftead of x in 
the compound quantity x5 + 7x* + 20x! + 155xx, in or- 
der to difcover whether the refult will be greater, or lefs, 
than 10,000, or the abfolute term of the propofed equation 
a + 7x4 + 20% + 155x% = 10,000. 


Now, if x be fuppofed to be = 4.545, we fhall have xr 
(= 4.545\*) = 20.657,025, and x (= 4.545!) = 93.886, 
178,625, and x* (= 4.545\") = 426.712,681,850,625, and 
x5 (= 4.5450) = 1939-409,139,011,090,625, and confe- 
quently 7x* (= 7 x 426.712,681,850,625) — 2986.988, 
77219545375, and 20x! (= 20 x 93-886,178,625) = 
1877.723,572,500, and 155xx (= 155 X 20.657,025) = 
3201.838,875, and x* + 7x* + 20x! + 155xx (= 1939. 
409,139,011,090,625 +- 2986.988,772,954,375 -- 1877- 
723,572,500 -k 3201.838,875) == 10,005.960,359,465, 
465,625; which is greater than 10,000, or the abfolute 
term of the equation x* + 7x4 + 20%7 + 155% = 10,000. 
Therefore 4.545 will be greater than the true value of x in 
that equation. - 


Art. 8. To find a fourth near value of the root of this 
equation x* + 7x4 + 20x! + 155xx = 10,000, let « be 
fuppofed to be = 4 545, and z be fuppofed to be the dif- 
ference by which a, or 4.545, exceeds the true value of the 
{aid root. 

Then we fhall, as before, have x — 4 — 2, and confe- 

quently xx (= 4 —2») = aa — 2az + &c, and x! (= 
4 —3]) = s — 3a'z + &c, and $^ (= 42-—zfÓ$—a 
— 48z + &c, and xf (= a — z|[) = af — 50% + &c, 
and 7x* (= 7 x af — 4aiz + &c,) = 7a* — 289z + 
&c, and 20% (= 20 X a — 30% + &c,) = 2007 — 
6oa*z + &c, and 155xx (= 155 X aa — 2az + &C,) — | 
15544 — 310az + Éc, and confequently x + 7x* + 20x 


Toa = 
Er 
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a — satz 4 &c, 
^O 745 — 280% + &c, 
+ 200° — 606'z + &c, 
To1$54' — g10ez + &c. 


But «* + 7%* + 20x! + 155xx is = 10,000. 


Therefore a° + 7a* + 202! + 15544 — 5a'z + &c, — 
28a'z + &c, — 6os'z + &c, — 31002 + &c, will like- 
wife be = 10,000, and confequently (adding 5a'z + 286% 
+ 600*z + 3104z to both fides,) a* 4 7a* + 202 + 
15544 will be = 10,000 + 54a 4+ 280% + 6oa*z + 
Bloaz. 

But it has been fhewn in the laft article, that a5 4- 72* 4+ 
20a! + 15524, or 4.545" + 7 X 4.545 + 20 X 4.545)" 
+ 155 X 4.545)", is = 10,005.960,359,465,465,625. 

Therefore 10,005.960,359,465,465,625 will be =. 10,000 
^ 5a'z + 28a)z -- 6oa*z 4 3100z; and confequently (fub- 
trading 10,000 from both fides,) 5.960,359,465,465,625 
will be = 5a*z + 28a'z + 600° + 3104z (= 5 X 4-543] 

X m + 28 X 4.545? x z 4-60 x 4.545] X Z + 310 
X4.545 X Z = 5 X 426.712,681,850,625 X z + 28 
x 93.886,178,625 x z + 60 X 20.657,025 X % + 
810 X 4.545 X Z = 2133.563,409,253,125 X z+ 2628. 
813,001,500 X z + 1239.421,500 X z + 1408.950 X z) 
== 7410.747,910,753,125 X 2. Therefore z will be (= 
5.950,359,465,465,625. __ 
7403419197555) 77 9999) 
4545 — 2, will be (= 4.545,000,00 — 0.000,804,28) 
= 4.544,195,72. Therefore 4.544,195,72 will be a fourth 
near value of the root of the propofed equation x5 + 73* 
zr 20x! 4 155xx = 10,000. Q. EK. le 


This number 4.544,195,72, agrees with the number 
found by Mr, Raphfon, in all its figures. 


804,28, and x, ora — z, or 


Art. 9. The foregoing refolution of the equation x* + 
JM + ozox +e 155xx == 10,000, has been performed at 
'great 
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great length, in order to fet forth, in as clear a manner as 
poffible, the feveral reafonings upon which the arithmetical 
operations ufed in it are grounded, as well as the faid ope- 
rations themfelves. And by fo doing the fubje& is ren- 
dered fo much eafier than in Mr. Raphfon’s very coneife 
and compreffed way of treating it, (in which all the reafon- 
ings are dropped, and only the arithmetical operations are 
exhibited,) that, though the above refolution of the faid 
equation is three, or four, times as long as Mr. Raphfon’s, 
yet 1 am fully perfuaded that it may be read and underftood 
im a third, or fourth, part of the time that is neceflary to a 
thorough comprehenfion of Mr. Raphfon’s refolution of it ; 
even if he had not puzzled the matter by talking of the 
negative root of the equation — x* + 7x* — 20x! + 155xx 
== 10,000. But that this may appear the more clearly, I 
will now repeat the foregoing refolution of this equation in 
the ftyle and manner of Mr. Raphfon, by omitting the fe- 
veral reafonings fet forth in the foregoing articles, and 
making ufe of a Canon, or Theorem, for the purpofe of 
computing the fecond, third, and fourth values of z, in 
the fame manner as Mr. Raphfon has done, 


Art. 10. Since each of the three firft fucceffive near values 
of x, or the root of the propofed equation x + 7x* + 20x* 
“+ 155xx% == 10,000, from which the next near values of 
it are derived, to wit, the three numbers 5, 4.6, and 4.545, 
and which are fucceffively denoted by the letter 4, is greater 
than the true value of x in the faid equation, or than the 
root of the faid equation, it follows that-the fecond, and 
third, and fourth near values of x will, each of them, be 
fucceffively denoted by the refidual quantity a — z ; and 
confequently, by applying the reafonings ufed in art. 6, in 
order to obtain the values of z, and of & — z, or x, we 
fhall find that z will be, fucceflively, nearly equal to the 
aS + 7a* + 20a) 4 155aa — 10,000 

$a* + 2843 + 608 + 310a > 
therefore, that a — z, or x, will be, fucceffively, nearly 
equal to the value of the quantity a — the fraction 


a 4 


-value of the fraction 
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€ + Jat + 2005 + 1554 — 10,000 . MEM 

ENTRE T ms oe This, then, is the Theo- 
rem, or Canon, by the application of which we are to com- 
pute the fecond, and third, and fourth, near values of 


4 — z, or x, after taking 5 for the firft near value of it, 
or for the firft value of a. 


Now, if a is = 5, we fhall have z = the fraction 
45 + 704 + 2003  155a& — 10,000 |. 3875 __ 
— ge tih) boat qas = 9675 7 94 "Therefore 
4 -— z wil be (= $— 0.4) = 4.6; which will therefore 
be the fecond near value of x, or of the root of the equation 
a p 7x* conos! + 155%" = 10,000. 

Secondly, if 4 be = 4.6, we fhall have z = 
45 + 7a* + 20a? +.15¢aa — 10,000 __ 420.36896 __ . 

‘52° + aüa! + 6oa* + 310a  — 7659.7360 ^— 0.0548, or, 
nearly, 0.055. Therefore a — z will be (= 4.6 — 0.055) 
= 4.545; which will therefore be the third near value of x, 
or of the root of the equation a* 4- 7a* + 20%? 4- 155sx 





= 10,000. 
Thirdly, if ¢ be = 4.545, we thall have z = 

£^ + 104 + 2008 + 156aa — 10,000 __ _5-960,35944654465,625  __ 
5e* + 286) + Goa + 310a 7410-]40,910,53425.— 


0.000,804,28. Therefore « — z will be (= 4.545 — 
O.000,804,28) = 4.544,195,723 which will therefore be 
the fourth near value of x, or of the root of the equation 
a +b 7x4 + 20x + 55x" = 10,000. QE. I. 


Art, 11. Mr. Raphfon’s Canon, or Theorem, for the value 
of z, is expreffed more concifely than the foregoing Theo- 
— 4* + 704 + 204! + 15544 — 10,000 

rom, 2 = M ao rx F iba Ox p qos 7 For he ufes the 
letters 5, e, d, and f, for the co-efficients 7, 20, and 155, 
of the fourth, third, and fecond, power of x in the equa- 
tion x5 + 7x* + 20x* + 155xx = 10,000, and for 10,000, 
the abfolute term of that equation, refpe&ively ; which pro- 
duces the following Canon, or Theorem, for the value of z, 
. to 
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oa at bt tad + dtu f 
to wit, € — LY Jo Y ye Y 1e 
that, though we may feem to gain fomething in point of 
‘brevity by ufing this very general notation, we lofe as much 
in the article of perfpicuity, which is a matter of much 
greater importance. However, this latter refolution of the 
equation x* + 7x* + 20x? 4 155xx = 10,000, which is 
expreffed in Mr. Raphfon’s concife ftyle and manner, and 
the foregoing more explicit refolution of it in art. 5, 6, 7, 
and 8, (in which the reafonings, on which the feveral arith- 
metical operations are grounded, are diftinéty fet forth and 
repeated,) are, both of them, the fame in fubftance, and 
are, as I believe, the very beít method that can be taken 
for difcovering the root of the faid equation. 


But it appears to me 





Art. 12. It has been obferved above in art. 2, that Sir 
Ifaac Newton's method of refolving numeral equations by 
approximation differed but little from Mr. Raphíon's, both 
methods being founded an the fame principle of confidering 
the new, or transformed, equation, (refulting from the fub- 
ftitution of a + z, or « — z, inftead of x, in the original 
equation,) as a mere fimple equation, or negle&ing, or 
omitting, all the terms of it which involved in them any 
higher power of z than its fimple power ; which reduces the 
refolution of all equations, of whatever orders, to the refo- 
lution of a fimple equation, or, rather, to the refolution of 
feveral fucceffive (imple equations, by which we make con- 
tinual approaches to the true value of the root of the ori- 
ginal equation. In this grand principle Sir Ifaac Newton’s 
method and Mr. Raphíon's method perfectly. agree ; and, 
in finding the fecond near value of x, or in making the firft 
approximation to the true value of x, after having obtained, 
by conjecture, or trial, or in fome other manner, the value 
of what has been here called a, or a firft near value of x, 
or the root fought, there is not the fmalleft difference be- 
tween them. But in the inveftigation of the third, and 
fourth, and other following near values of x, there is a little 
difference in their manner of proceeding, which the reader 
may be glad to fee examined. I fhall therefore now com- 

pare 
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pare the two methods together, in the cafe of a very eafy 
equation, by which Sir [faac Newton himfelf has thought 
proper to illuftrate his method. 


————— 





A Comparijon between Sir [fac Newton's and Mr. Raphfon’s 
Methods of Refolving Numeral Equations by Approximation. 





Art. 13. Sir Ifaac Newton’s Method of Refolving Nu- 
meral Equations by Approximation, is explained -by him- 
felf in his curious little Tract, intitled, salis per Aiqua- 
tiones Numero Terminorum Infinitas, (which was written in the 
year 1666, and communicated to Dr. Ifaac Barrow, and to 


Mr. John Collins, and to other learned men of that time, . " 


in the year 1669,) by an example ; which is as follows. 


Art. 14. Let it be required to refolve the cubick equa- 
tion x? —— 2x = 5. 


Here, in the firft place, it is eafy to fee that x is fomewhat 
greater than 2, but much lefs than 3. For, if x is taken equal 
to 2, we fhall have 2x = 4, and x! = 8, and confequently 
x? — 2x(— 8 — 4) = 4; which is lefs than 5, or the true 
value of x? — 2x in the propofed uation : and, if x is taken. 
equal to 3, we fhall have 2x = 6, and ** = 27, and confe- 
quently x? — 2x (= 27 — 6) = 21; which is very much 
greater than 5, or the true value of x? — 2x in the pro- 
pofed equation. Therefore the true value of x in that equa- 
tion muft be much lefs than 3, and a little greater tham 2. 
Let it therefore be fuppofed to be equal to the quantity 
2 -- z, in which z denotes the unknown quantity by which 
the true value of x exceeds 2. And let 2 + z be fubfti- 
tuted, inftead of x, in the propofed equation x! — 2x = 5. 
‘This may be done as follows. 


Since x is = 2 + z, we fhall have x (= DES 3 xa 


4E Xx 
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KZ+3xK2Xexr+2=>38 + 3xK4xK34 3 x 2272 
+} 2?) = 8 4 122 + Ózz + 23, and ax(= 2 x 2 4 oz) 
= 4 + 22, and confequently x! — 2x (— 8 + 12z + 622 
+2 — 4 — 2z) S 4 - 10m + Ó6zz dz Bur x? — 2x 
is = 5. Therefore 4 + 10z + 6zz + z! will alfo be = 
5» and confequently (fubtraéting 4 from both fides,) 10z 
+ 6zz 4- 2% will be = 1; and, (fubtracting 6zz + 2? 
from both fides,) 10z will be — 1 — 62% — z?. Therefore 





zwill be = Loot = 1 been geen 
10 10 1e 10 
6x + x 





H " t H 
that is, z is lefs than ie» OF OT, by the quantity “ot 


Therefore *, or 2 + 2, is lefs than 2 + a Or 2 4 0.1, 


. s 6 4 : 
or 2.1, by the faid quantity m; which, on account of 


the fmallnefs of z, (which is lefs than x) will be a very 


finall quantity in comparifon of z, ‘or of > and, à forticri, 


in comparifon of 2, and confequently may be neglected. 
And. therefore 2.1 will be a fecond near value of x, or the 
root of the propofed equation x! — ax = 5, that will be 
a little greater than its true value, but nearer to it than any 
other number that confi(ts of only two places of figures. 
Q, E. I. 


This is the firft (tep of Sir Ifaac Newton'$ approximation 
to the root of the equation x$ — 2x = 5, after the affüump- 
tion of the numbef 2, by conjecture and trial, for its firft 
hear value. And in this firft ftep of the approximation Sir 
lfaac Newton's and Mr. Raphfon’s methods exactly co-in- 
cide. : 


Art. 15. But in the next ftep of the. approximation to 
the value of x, in the faid equation 3? — 2x = 5, the two 
methods are fomewhat different from each other, though 
the number of fiew figures of the true value of x, that are 
exa& in the next near values of it refulting from both me- 


thods, 
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thods, is the fame. The difference between the methods in 
this fecond ftage of the approximation is as follows. 


Mr. Raphfon correéts the value of s, or the root of the 
original equation x? — 2x = 5, already found, to wit, 2.1, 
{and which is known to be fomewhat greater than the truth,) 
by fubtraéting from it the unknown quantity by which it 
exceeds x, and which we may call v, and fubfticuting 2.1 
—  inftead of x in the faid original equation, x — 2x = 

» whereby it is transformed into another cubick equation, 
Jn which v will be the only unknown quantity; and then he 
finds.a near value of v by refolving the faid transformed 
equation as if it were only a fimple equation, or by ne- 
gle&ing the terms which involve the {quare and cube of «, 
on account of their fmallnefs, juft as we before neglected 
the terms 6zz and 2? in the foregoing transformed equation 
you + 6zz + 2? = 1 for the fame reafon. But Sir Ifaag 
Newton takes no further notice of the original equation 
x? —~ 2x — 5, till he has compléated the whole procefs of 
his approximation; but, inftéad of the faid original equa- 
tion, he confiders the former transformed equation, 102 4- 
6zz + z! = 1, which was derived from it, and inveltigates 
the value of its root, z, to a greater degree of exa&nefs 
than that to which it was before obtained. And this he 
does in the manner following. 


Since it has been feen that z is lefs than o.r, let the 
quantity by which o.1 exceeds it be called v, fo that z fhall 
be = 0,1 — v; and let 0.1 — v be fubfticuted, inítead of 
z, in the transformed equation 10z + zz + z! — 1, 
This may be done as follows, 

Since z is. — 0.1 — v, we fhall have 

zz (= 0.1 — 2!) = 0.01 — 0.20 + vv, 
and z? (= 0.1 — «|: = 0.001 — 3X0.01XU + 3X o.1 X vo 
— v!) = 0.001 — 0.037 + 0.300 — 4, 
and 1oz (= 10 X o1 — v) = 1 — 109, 
and 6zz == 0.06 — 1.20 + 6vv, 


4E2 ' and 
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and confequently - 
{ 10z } | 1.00 — 109 
+ Ó6zz = 44.0.06 — 1.29 + 600 ] 
+ 0.001 — 0.039 + 0.370 — c? 
= 1.061 — 11.230 4- 6.3vv — oF 


But 10z + 6zz + 2? is = r1. 


Therefore 1.061 — 11.230 4+ 6.300 — v! will likewife 
be = 1. And confequently (adding 11.23v to both fides.) 
we fhall have 1.061 + 6.3vv — v! = 1 + 11.230; and, 
(fubtraéting 1 from both fides,) we fhall have o.o6r + 
6.3vv — v! = 11.257, and (neglecting 6.5vv and v? as in- 
confiderable in comparifon of 0,061 and 11.23v) we thall 
^ have 0.061 = 11.23v, or 11.259 = 0.061; and confe- 
quently (dividing both fides by 11.23) we thall have v (= 
e.o61 
11.23 
0.1 — 0,0054) = 0,0945, and confequently x, or 2 4- z, 
will be (= 2 + 0.0946) = 2.0946. Q, E. 1. 


In this manner Sir Ifaac Newton finds the root of the pro- 
pofed equation x! — 2x — $ to be equal to 2.0946, which 
is as near the truth as five figures can expreds it, 


) 0.0054. Therefore x, or o.1 — v, will be (= 





Art. 16. He then carries the inveftigation one ftep fur- 
ther, by which he obtains the value of x exa& to nine 
places of figures; and for this purpofe he proceeds in the 
manner following. ! 


The laít transformed equation was 11,23v = Qq.c6r 4 
6.5vv — v^; from which it follows that v is accurately 
"7 300 — vi . 

a + oS, or 0.0054 -- UTC which 
is greater than 0.0054 alone, becaufe 6.3tv is greater than 
v*. Since, therefore, v is greater than 0.0054, let us fup- 
pofe it to be = 0.0054 + w; and let this binomial quan- 
tity be fubfticuted, inttead of v, in the laft transformed 
equation 11.259 = 0.061 + 6:3vv — v, or, rather, in thé 
equation, 


equal to 


' Affeéted Equations by Approximation. 581 


equation 11.230 — 6.3vv + v! = o.o61, confifting of the 
fame terms as the former, but in which the terms involving 
the unknown quantity v are all brought to the fame fide of 
the equation, and ranged according to the powers of u, 
beginning from its lowelt-power, or the fimple power of v, 
This may be done in the manner following. ~ 


Since v is = 0.0054 + w, we fhall have 
vv (= 0.00544 ul" = 0.005 4"+ 2Xo.0054Xtv 4-5") 
= 0.000,029,16 + 0.0108 Xx ww, 
and v? (= 0.0054 + V = 0.0054) + 3 x 0.0054" x @ 
+3 X 0.0054 x w' + wi 
= 0.000,060,157,464 + 3 X 0.000,029,16 X @ 
+ 0.0162 x w* + w) : 
= 0.000,000,157,464 + 0.000,087,48 x w + 
0.0162 X w* + wv, 
and 11.23v (= 11.23 X 0.0054 + w) = 0.060,642 + 
11.23 X @, - 





and 6.3vv (= 6.3 x 0.000,029;16 + 0.0108 x w + w^) 
= 0.000,183,708 + 0.068,04 x w + 6.3ww ; 
and confequently 11.230 — 6.3vv + v? will be = 
0,060,642 + 11.23 X w 
— 0.000,183,708 — 0.068,04 x «v — 6.3 ww ] 
[: 0,000,000, 157464 -- 0.000,087,48 X w -- o.0162«/* + wi) 
_ 0,060,642,157,464 + 11.230,087,48 X «v + 0.0162w* + «ui 
r {_ 0,090, 183,703, — 0,068,04 x w — 6.3 x w 
= 0.060,458,449,464 + 11.162,047,48tw — 6.2838w* + «?, 

But 11.237 — 6.3vv + 0 is = 0.061. 

Therefore 0.060,458,449,464 + 11.162,047,48 x w 
— 6.2838 x ww + «? will likewife be = 0.061; and 
confequently (fubtra&ing 0.060,458,449,464 from both’ 
fides,) 11.162,047,48 x w — 6.2838ww + w? will be (= 
0.061,009,900,000 — 0.060,458,449,464) = 0.000,541, 
550,536 ; and (neglecting the terms 6.2838ww and w’, as 
inconfiderable in comparifon of 11.162,047,48 X w,) we 
fhall have 11.162,047,48 X w Z 0,060,541,550,536, and 
! ! . coníe- 


582 On Mr. Raphfon’s Method of Refoloing 


0,000,541 550,536 

11.162,047,48 — 
Therefore v, or 0.0954 + w, will be (= 0.0054 + 
0.000,048,52) = 0.005,448,52, and z, or o.1 — v, will be 
(= 0.100,000,00 — 0 005,448,58) = 0.094.551,48, and 
x, or 2+ z, will be (= 2 -4- 0.094,551,48) = 2.094, 
551,48 ; that is, the root of the propofed equation x? — 2x 
= 5 will be = 2.094,551,48. Q. E. le 


This number 2.094,551,48 is exact in all the figures, 
as will be hewn in a fubíequent article. 


confequently w (= = 0,000,048, 52, 


Art. 17. Having thus fet forth Sir Ifaac Newton’s me- 
thod of inveftigating the root of the propofed equation x* — 
ax = 5 to nine places of figures, we muft now perform 
the fame thing by Mr. Raphfon’s method, in order ta 
make a comparifon between the necceffary operations of the 
two methods, 


Now Mr. Raphfon's method of approximating further to 
the root of the equation x! — 2x = 5, afer having found 
it to be equal to 2 4 o.1 — e or to be fomewhat lefs 
than 2.1, is to put q for the unknown quantity by which 
it falls fhort of 2.1, and then to fubftitute the refidual quan« 
tity 2.1 — 9 in the terms of the original equation x? — 
$3 => 5, whereby the faid equation will be transformed 
soto another cubick equation, in which v will be the only 
unknown quantity: and then he determines the value of 2 
by refolving the faid transformed equation as if it was a 
mere fimple equation, or by neglecting the terms in which 
the fquare or the cube of v occur. This may be done in 
the manner following. 


Since x is = 3.1 — v, we fhall have xx (= 231 — ^ 
zadgl—axarxv- &c) = 441 — 429 + &c, 
and 3 (= 21—1] = zv — 3x3 x vt & = 
9.261 — 3 X 441 X V 4: &c) = g261 — 1323 X v + 

. cy 
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&c, and 2x (= 2 x 2.1 — v) = 4.2 — 20, and confe- 
quently a? — 2x (= 9.261 — 13.23 X V + &c — 43 
+ 27) = 5.0601 — 1123 x v kc. ' 

But x! — 2x is = 5. 


"Therefore 5.061 — 11.23 X v &c, will likewife be — 5, 
and confequently (adding 11.23 x v to both fides) we 
fhall have 5.061 = 5 + 11.23 x v, and (fubtracting 5 
from both fides,) we (hall have 11.23 x v = 0.061, and 
996) — 


1123 0.0054. Therefore x, or 2.t 


confequently v (= 


— v, will be (= 2.1 — 0.0054) — 2.0946; or 2.0946 
will be a third near value of the root of the propofed equa- 
tion x —2x = 5. Q, E. I. 


This third near value of x is the very fame with the 
third near value of it obtained above, in art. 15, by Sic 
lfaac Newton's method. 


Art. 18. [n this ftep of the approximation, by which we 
obtain the number 2.0946 for the third near value of the 
root of the propofed equation x* — 2x = 5, the principal 
difference between the two methods feems to confit in this, 
to wit, that by Mr. Raphíon's method we are obliged to 
raife the two firlt terms of the powers of the compound 
quantity 2.1 — c, and confequently to raife the powers of 
the number 2.1, which confilts of two figures; whereas in 
Sir Ifaac Newton’s method of proceeding, we had occafion 
only to raife the powers of the compound quantity o.1 — v, 
and confequently to raife the powers of the number 0.1, 
which confifts of only one figure ; which is fomewhat cafiec 
than to raife the powers of 2.1. But both operations are fo 
eafy, that the difference of the labour of performing them 
is hardly worth confidering. And, with refpect to the (im- 
plicity of conception in the two methods, Mr. Raphíon's 
method feems to be preferable to Sir Ifaac Newton's; be- 
caufe the former always refers to the original equation à? — 
2x = 5, whereas the latter method refers to the preceeding 
transformed equation 10z + 6zz + 2? = 1, which has 

more 
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móre terms and larger co-efficients than the original equa 
tion x — 2x = 5. 


Art. 19. But in the next ftep of the approximation by 
Mr. Raphfon’s method, we fhall find the labour of raifing 
the powers of the value cf x already found, to wit, the 
powers of 2.0946, to be confiderably greater than that of 
raifing the powers of the laft preceeding fupplement of it 
according to Sir Ifaac Newton's method, that fupplement 
being only the decimal fra&ion 0.0054, in which there are 
only two fignificant figures. This will appear by perform- 
ing this (tep of the approximation by Mr. Raphíon's me- 
thod ; which may be done as follows, 


Art. 20, The laft near value we found for x, or the root 
of the equation x! — ax = 5, by Mr. Raphfon’s method, 
was 2.0946. Now this near value of x is greater than its 
true value. For, if we fuppofe x to be = 2.0946, we fhall 
have x* (= 2.0940/) = 9.189,741,550,536, and 2x (= 
à X 2.0946) = 4.1892, and confequently x* — 2x (= 
9.189,741,558536 — 4.1892) = 5.000,541,550,536 ; 
which is greater than 5, or the abfolute term of the equation 
x? — ax = 5: and confequently 2.0946 muft be greater 
than the true value of the root of the faid equation. 

We will therefore fuppofe x to be = 2.0946 — t», and 
fub{titute this refidual quantity inftead of x in the terms of 
the equation a? — 2x = 5. " 

Now, fince * is = 2.0946 — s», we fhall have xx (= 
2.0946 — w| = 2.0946)* — 2 x 2.0946 X €» + &c) = 
4-387,349,16 — 4.1892 x w + &c, and x! (= 2.0946 —«i 
= 2.094€! — 3 X 2.094€ x w + &c = 9.189,741,550, 

* 586 — 3 X 4:387,349,16 x € + &c) = 9.189.741. 550,536 
— 13.162,047,48 x w + &c, and 2x (= 2 x 2.0940 — «j 
= 4.1892 — 2w, and, confequently x? — 2x = 

9.189,741,550,536 — 13.162,047,48 x w -- &c 
— 4.189,2 -F 2.000,020,00 X w 


= 5.060,541,550,536 — 11.162,647.48 x w+ &c. 
! But 
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* But x? — 2x is = 5. 


Therefore §,000,541,5 50.536 — 11.162,047,48 X w 4k 
&c, will be = 5; and confequently (adding 11.162,047,48 
X w to both fides,) we thall have 5.000,541,550,536 = 5 
+ 11,162,047,48 x w, and (fubtra&ing 5 from both 
fides,) 0.000,541, 550,536 = 11.162,047,48 X ™, Or 11.162, 
047,48 X t — 0.000,541,550,536. Therefore w will be 
(= oD) = 0.000,048,52 ; and confequently x, 
or 2.0946 — w, will be (= 2.094,600,00 — 0.060,048,52) 
= 2.094,551,48. Therefore 2.094,551,48 will be a fourth 
near value of x, or the root of the propofed equation «? — 
ax = og Q; E. I. 


'This fourth near value of x is the very fame with the 
fourth near value of it obtained above, in art. 16, by Sir 
Ifzac Newton's method. ~ 


Art. 21. In this laft ftage of Mr. Raphflis approxima- 
tion to the root of the propofed equation x* — 2x = 5, we 
have been obliged to raife the powers of the number 2.0946, 
which confifts of five places of figures; whereas in Sir Ifaac 
Newton’s way of proceeding we. only raifed the powers of 
the decimal fra&ion 0.0054, which contains only two figni- 
ficant figures, But then in that way of proceeding we were 
obliged to multiply v, or 0.0054 + w, into 11.23, and vv, 
Or 0.000,029,16 + 0.0108 X w + w*, into 6.3 ; whereas 
in Mr. Raphfon’s way of proceeding we have only to mul- 
tiply x, or 2.0946 — w, into the very fimple co-efficient 2. 
So that, upon the whole, the difference of the labour of 
computation in the two methods is not very confiderable, 
though it is rather lefs in Sir Ifaac Newton’s method than 
in Mr. Raphfon’s. But in point of fimplicity of conception 
Mr. Raphfon’s method feems much fuperiour to Sir Ifaac’s, 
becaufe it never lofes fight of the original equation «? — 2¥ 
= 5, which is to be refolved. 


And, further, we may obferve, in favour of Mr. Raph- 
Íon's method; that it never requires us to raife any more 
, 4F than 
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than the two firft terms of the binomia! and refidual quanti- 
ties 2-4- z, and 2.1 —5 v, and 2,0946 — tw, which are 
fubftituted inftead of & in the original equation x* — ax = 
£5 Whereas in Sir Ifaac Newton's method it is neceffary to 
raife the other terms of the binomial and refidual quanti- 
ties 2 + 2, and 0.1 — v, and 0.0054 + w; which inereafes 
the. number and intricacy of the operations of the invefti- 

ation And therefore, upon the whole, I confider Mr. 
‘Raphfon’s method of approximating to the values of the 
roots , of fuch equations as preferable to Sir Ifaac New- 
ton’s. 


prepreg 


A Proof of the Exatine/s of the Number 2.094.551,49, that 
bas been found by the foregoing Methods of Approximation for 
+ the Root of Pe Equation x? — 2% = 5. 





Art. 24. It remains that we prove the work to have been 
rightly performed, or that we fhew that the laft number 
2.09455 51548, obtained by both thefe methods, is a very 
near value of the rot x of the propofed equation x* — 2x 
= and that we determine to how many figures it is 
exact. d 


Now the plaineft and beít method of doing this is to 
'fubítitute the number 2.094,551,48, in(tead of x, in the 
Compound quantity x* — 2x, in order to difcover whether 
the quantity refulting from this fubftitution will be greater, 
.or lefs, than 5, or the abfolute term of the propofed equa- 
tion 3? — 2x = 5: and, if it (hall appear that the faid re- 
fult is greater than 5, we may conclude that the faid num« 
ber 2.094,551,48 is greater than the true value of x in the 
laid equation; and, if it fhall appear that the faid refult is 
"lefs than 5, we may conclüde that the faid numbet is lefs 
than dit’ true value. of «.— And, when this has been thus 
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difcovered, we muft, in the next place, endeavour to de- 
termine to how many figures this number 2.094, 561,48 co» 
incides with the more accurate value of x : and, for this 
prese, we muff, if this number be lefs than x, increafe it 

the addition of an unit in the lait place of figures; and, 
if it be greater than x, we muft diminifh it by the fame 
{mall quantity, and then fubftitute the new number thereb 
obtained, to wit, 2.094,651,49, OF 2.094,550,47; ‘iwtteed 
of x, in the compound quantity x! — 2x. And, if ir-(hall 
appear that the value of that compound quantity refulring 
from that fubftitution is greater, or lefs, than 5, we may 
conclude that the number 2.094,551,49, Of 2.094,5 5154 
is accordingly greater, or lefs, than-the true value of x, 
the equation à? — 2x = 5, and confequently that the faid 
true value js of an intermediate magnitude between 2.094, 
551,49 and 2.094,551,48, or between 2.094555 148 and 
2-094)551,47- . 

Now, if we take x = 2.094,551,48, we fhall have 

Xe = 4-387,145,902,370,190r44 ; 
and x! = 9.189,102,942,78 5,417,810,201,792, . 
and 2x = 4-189,102,96, 
and confequently . 
# — ax = 4.999.999,982,785,417,810,201,792, which 
number is fomewhat lefs than 5, or the C iss term of 
the propofed equation x' e 2x — 5. T! TÉ 2.0945 
$51.48 pote be fomewhat lefs than the true value of x in 
the faid equation, 

Secondly, fince x is greater than 2.094,551,48, we tuft 
now compare it with 3.094,551,49, by fubftituting that 
number inftead of it in the compound quantity x* — ax. 


Now, if x is takon = 2.094,551,49, OF 2.0945451,48 + 
0.000,000,01, we fhall have x! (= 2.094,551,48]* + 3 x 
2.094,551,48]* K 0.000,000,01 + 3 X 2.094,551,48 X 
9,909;000,01|* + 0,000,000,011? = 9.189,102,942, &c, 4- 

Ds 4Fa^ 7o ax 
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3 X 4.387,145,902, &c x 0.000,000,01 -+ 0.600,000,000, 
&c 4- 0.000,000,000, &c == 9.189,102,942, &c + 

13.161,437,706, &c X 0.000,000,01 + 0.000.000,000, &c 
"F 0.000,000,000, &c == 9.189,102,942, &c + 0.000, 
600,131, &c +’ 0.000,000,000, &c + 0.000,000,000, &c) 
£z 9.189,103,073, &c ; and 2x (= 2 X 2.094,551,49) = 
4-189,102,98; and confequently ** — 2x (= 9.189,103,07; 
&c — 4.189,102,98) = 5.000,000,09, &c; which is 
greater than 5. Therefore 2.094,551,49 muít be greater 
than the true value of x in the equation x! — 2x = 5. 


But it has been fhewn that 2.094,551,49 is lefs than the 
faid truc value. . 


Therefore the true value of x in the equation x? — 2x 
= 5, will be of an intermediate magnitude between 2.094, 
551,48 and 2.094,551,49 ; and coníequently all the figures 
of the number 2.094,551,48, which we found by the fore- 
going proceffes of Sir Ifaac Newton's and Mr. Raphfon’s 
methods of approximation for a fourth near value of the root 
of the equation x?— ax ="s, are exa&. ^ Qi; E. D. 





Of the Difficulty of fading a, or the Firft near Value of tbe Rook 
of an Affetted Equation, in certain Cafes, —— 


Ee 


Art. 23. There is another difficulty that occurs fometimes 
in refolving high equations by approximation, whether by 
Sir Ifaac Newton’s method or by Mr. Raphíon's; which in- 
deed are fubftantially the fame. The difficulty I mean, is 
that of finding the firft near value of the root fought (which 
we have called a in this difcourfe,) to one, or two places of 
figures, in order to make it the bafis of a further approxima- 
tion to the true value of the root by eithet of theíe methods 
of approximation, Now, when the equation is known ‘to 
haye but one root, that is, but one real and affirmative Toot, 

: (for 
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(for all other roots are not worth confidering,) this difficulty 
will pot be great ; becaufe it will always be eafy to find à 
tolerably near value of the root by conjectures and trials, 
and particularly by fuppofing x, or the root of the propofed 
equation, firft, to be equal to 1, and adly, to be = 10, 
and jdly, to be equal to fome fhort intermediate number 
confifting of only one figure, or, if the root appears to be 
greater than 10, by fuppofing it to be equal to 100, or 1000, 
and afterwards fuppofing it to be equal to fome fhort inter- 
mediate number confifting of two figures; as was done 
above in art. 5, in finding the firft near value of x in the 
equation x* + 7x* 4+ 20x? 4+ 155xx = 10,000. But, 
when the equation confifts of terms eonne&ed together part- 
ly by the fign. +, and partly by the fign —, and confe- 
quently it may, for aught we know to the contrary, have two, 
or three, or four, or more real and affirmative roots, which 
may be of very different magnitudes, the aforefaid method 
of conjectures and trials (though by no means ufelefs,) is 
léfs expeditious and fatisfa&tory in affifting us to firid the firft 
near valüe of one of the roots than in the former cafe; and 
we are often puzzled to know which of the roots it would 
be moft expedient to begin to inveftigate. Now, in moft 
of thefe cafes, I believe, it will be advifeable to begin by 
inveftigating the leaft root, and for that purpofe to expunge 
from the equation al] the terms that have the fign — pre- 
fixed to them, and to find, to about two places, or, at moft, 
to three places, of figures, the root of the remaining equa- 
tion. For this root will always be lefs than the leaft root 
of the original equation, if it really has (as it “appears to 
hhave,) more than one real and affirmative root ; or it will 
be lefs than the only root of the original equation, if (not- 
withftanding the appearances to the contrary,) it really has 
but one root. When the root of this fecond, or curtailed, 
equation, has been difcovered, it may be called s, and 
made the ground-work of an approximation to the leaft root 
of the original equation, and the binomial quantity 2 + z 
tmay be {ybfticuted in the original equation inftead of x, 
and the transformed equation thence arifing may be refolved 
as if ic was a mere fimple equation, agreeably to Mr. RE 
vo fon’s 
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fon's method of approximation ; and the value of. z thereby 
obtained, being added to a, will give us a known value of 
@ + 2, or a fecond near value of the leaft, or the only, root 
of the propofed equation : after which we may proceed to 
find the faid leaft, or only, root of the propofed equation 
by a further profecution of Mr. Raphfon’s method of ap- 
proximation above-defcribed. This method of finding a firft 
near value, e, of the leaft root of a propofed equation that 
feems to have more than one real and affirmative root, is 
explained more at Jength in the third volume of the Collec- 
tion of Mathematical Traéts, called Scriptores Logarithmici, 
in my Difcourfe on the Reverfion of Infinite Seriefes pub- 
lifhed in that Volume; to which I refer the reader. See 
the faid 3d Volume, pages 724, 725, 226, 727, &c, -- - 
to page 761. And, with this improvement of it in the cafe 
of equations that have, or feem to have, more than one real 
and pofitive root, I believe it may fafely be affirmed thar 
Mr. Raphfon’s Method of Refolving Affected Equations is 
the beft General Method of effecting that purpofe-in all 
equations above quadraticks that has hithesto been difeq 
vered. 


End of tha O¥fervatiens oy Mr. Raphfon's Metbod of 
Refolving Afetied. Equations by Approximation, 
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A 


T A B L E 


OF THE 


SQUARE AND CUBE ROOTS OF ‘THE NATURAL, 
NUMBERS 1, 2, 3, 4, 5, &c, to 1803 


Being Table XIX. of Mr. James Dodíon's valuable Tables of 
Computation, intitled The Calculator, shat were 
publifoed in the Year 1747. 


ere 1-912,935 
2.828, 427|24000,000| 
3.000,000|2.080,084 
3:162,278|2.154,435 
3.316,62 5|2.223,980| 
5.464, 1022.289,428| 
3.605,55 1(2-351,335 
3.741,6572.410,142| 
3.872,98 3|2.466,212 
614.000,000|2. 5 19,842] 
4.123,106|2. 671,282 
4-242,641|2.620,741 
194-358,899/2.668,402 
4-472,136|2.714,418 
+-582,576|247 58,923 
4-690, 416|2.802,039| 


4+-898,979|2.884,499) 
5.000,000|2.9 24,018} 
5-099,020|2.962,496} 
5.196,15 213.000, 000! 
5-29 1,503)3.036,5 89) 
291543859165 )3.072,317 


| 40/6-324,555] 


79.85 $55 ; 


3|7.280,110|3.7 56,286| 








$477,326 3.107,232 





» Dies 3-207, 5341 
5-8 30,95 2}3-239,612 
+9 16,080) 3.27 1,066 
,000,00€|3.301,927| 
.082,763/3-332,222| 
6.164,414]9.361,975 
6. 244,998 


6.403,124|3- 
6.480,741/3. 
[esses 
«633,25 
6.708, 204)3.. 
5.782,33013. 


16.928,203/3.534,241 
7-000,00c 3 659,305} 
[7.07 1,068/3.684,031 
7.141,4283.708,430 
|7.211,1033-732, 611 


Weir 799763 
7-416, 198}3-802,953 
7-483» ite vba 
7.$49834/3 848, 

7.615,773/3 870, » 
"m 681,140. 892,996} 
7-145:967/3.914,867 








.009,000/4.090, 
65[8.062,2584.020,72 
6618:124,038/4.041,2. 
678. 18 93531406 

4.08 


» 
L 


5/8.662,254 
B.717,798. 
B 14994 
»761 
lg. nab ed 
13.9445272| 
19.000,000|4.. 
19.05 55385 
9-1 10434 
19.16 5915 114.7995 19} 
9-219544 4-390,830| 
9-273,518| 
9.327379 
9.380,832| 
scaagvobs : 
|9-486,833 
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.| 5q. Root.| Cube Rt. 














.|Sq. Root. 
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9-746,794 4-562,903 
95/9-797,959|4- 578,857 
|9-649,858|4. 594,701 
19-899.495]4.610,436) 
'9-9491874|4-626,065 
10.000,00|4-64 1,589] 
10,049, 88] 4.65 7,010) 
014.672, 3 30) 
94-687, (A 
10.198,04|4.702,! 
10. 246,95]4-717,694 


53565|4-8o5,! 
10,583,01|1.820,2 
10,630, 15} 4.834, 558) 
10.677,08| 4.8.48, 
19.223,81 |1862,944 
3] +-876,999 
5] 168 





11.357), 


1241,59 
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148/12,165,53 
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1333/1 1.53250) . 
4| 


4-973, 190. 
|4-986,631 


147|12.124536|5.27 











161] 12.688,58|5.440,122 
162/12.227,92|5-4 64,36: 








OF THE 


SQUARE-ROOTS AND RECIPROCALS 
OF ALL NUMBERS, 


From 1 to 1000. 
\ 


Computed by Dr. Ruances Hutton, Profefür of Matbematicks 
at the Royal Military Academy at Woolwich in Kent. . 
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a — 
No. Reciprocal | _ Square Root, No. Reciprocal | Sqnare Koot. 

1/10 1.000,000,000,0| 512-019,507,8| 7.141,428,428,5| © 
2lo.s 1,414,213, 56254) 52|0.019,230,8| 7-211,102,550,0| 
3/0.333,335:3| 1+7331050,807,6) 530.018,867,9| 7-280,109,889.3| 
4lo.25 2.000,000,0c0,0| . | §310.018,518,5| 7-348,469,228,3 
$2. 2.236,067,97 7,5] 5$5,0.018,181,8| 7.416, 195,487,1 
6/0.166,666,6| 2.449,489,742,8| $6/0.017,8575,1| 7-483)3145723:5| 
7/9:142,857,1| 2.645,75 1,311,1 $3/9.017:543:9| 7-549,834943 593 
Blo.r25 2.828,427,124»7] 580.017»241,4| 7.615,773:105,9| 
90. 11H, 111,1| 3.000,000,000,0| $90.016,949,0| 7.681,145,7479| 
10jo. t 3.162,277,660,2 6c|o.016,666,0| 7.745,955,692,4| 
11/0.099,909,0| 3.316,624,790,4| 6100.016,393,4| 7810,249,635,9| 
12|0.083,333,3]| 3-464,107,61591 62/0.016,129,0| 7.874,007,87 40} 
130.076,923,0| 3.605»551,275:. 63}0.01 5187330] 7.937253:935»1 
14/0.071,428,5| 3.741,657,386s! 64/0.015,625, | 8.000,090,000,0} 
15/0.066,666,6| 3.872,983,346,2 65|0.015,384,6| 8.062,257,748:3 
160.062,75 4.000,000,00050| 6610.015915155| 8.124,038,404,6 
17/0-058,825,5| 4.123:105,62556 14392553| 8.185,352,77139| 
18/0.055,555,5| 4.242,642,687.1 68/0.0145705,9| 8.246,211,25 192 
19,0.052,631,6| 4.358,898,94 395) 69|0.01 4149248] 8.306,623,862,9| 
20)0.05 4-472)185,95530] 7010.0145285,7| 8.366,600,265,3 
21/0-047,619,0| 4.5825575,095:0} 71|0.014,084,5| 8.426,149,773:2. 
22(0.046,45455| 4.690:415,759.8 72\0.013888,8| 8.485,281,374,2 
23/0.043.47853| 4-7951831,52 393 73]0.0132698,6| 8.544,003:745:3| 
240,041 666,6| 4.898,979,48 56 74\0.08 395 13,5] 8.602,325,267,C 
250.04 $.000,000,000;0| 750.01 3533393] 8.660,2 54,0358 
260.038,461,5| 5.099,019, 51396} 76)0.013,157,9 8.717,797,887,1 
27|0.037,037,0| $.196,152,422:7 77}0.012987,0) 8.774,964,387,4 
280.035,731453| 5.291,502,622»1 78|0.012,820,5) 8.831,760,865,3} 
2910,034,482,8| 5.385, 164,80791 79|0.012,658,2| 8.888,19441753 
3010.033,333,3] $-477:225,575)1 80/o.012,5 8.944537 119 10,6} 
31/0.032,258,1| 5.567,764,362:8, 81jo.012,345,7| 9-000,000,000,¢) 
310.031,35 | 5,656,854,24996| 83|o.012,19:,0| 9.055,385,138.1 
3300-030,303,0| 5.7445562,646» 83|o.012,048,2| 9.110,433,579.! 
34/0-029,411,8 HOP 840.01 1,904,8] 9.165,251,380,6. 
35|0.028,57 1,4) 5,916,079, 78391 85]0.011,76457| 9-2 199544945 03] 
35/2.027,77757| 6.000,000,000% 86)0.011,527,9] 9.273:018,49595| 
70.02 7,027,0| 6,082,762, 5 3093} 8710.01 1,49453, 9.3272379:05 39! 
38)0.026,31 5,8] 6.1644414,003» 850.011,363,6| 9.380,831,51955 
39|2.025,641,0! 6.244:997,998»4| 8g)0.012,236,0 Hrisec ne ] 
40/0.025, 6.324,555,3293 900.01 t, 111,1| 9-486,832,980,5. 
41/0.024,390,2| 6.403,1245237,4| 91[o.010,9$9,0| 9.539,392,014,2 

410.02 3,809,5| 6,480, 740,698, 4| 92]0.010,869,6] 9.591,663,046,0[~ 
43/0.023,25 6,5, 6.55'/1438,5 2443) 93/0.010,752,7| 9 643,650,761,0| 
44/0.022,727,2 6632495807 940-010,638,3| 9.695,859,714.5 
450.022,22 2,2| 6.708,203,932,5| 95|o-010,526,3| 9.746,794:344:8 
460.021,739,! 51823199391 965.010,416,6| 9.797,958,97 1,1 
47o:021,276,6. 6.855,55 4,600,4| 97/0.010,309,3. 9.848,857,801,8 
48|0.020,833,3| 5.938,203,230,3 9819.010,204,1| 9.899,494:936,9 
49|0.020,408, 2| 7-#00,000,020,91 99)0.010,101,0, 9.949874437 191 
£09.02 7.071,067,81 1,9) 1000.01 10.,009,000,000,0| 

4G2 
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‘Square Root. 


14340] 10.29 546 30,14 1,0 
£07/0.009, 34 5,8|10.344,050,432,8 
108]0.009,2 59,2] 1odongopfipes 
109}0.009, 1 74,3|10.440,306,508,9| 
t16| ecogodod 10.458,088,481,7 


113/0.008,849,6| 10.630,14 5581257} 
114/0.008,,7 1,9|10.627,078,25,0| 
8,695,7/19.723:805,294,8) 
[0-008,620,7/10.770,329561453| 
7/9.008,547,0| 10.81 6,55 3,826,4. 
8[o.008,474,5|10.862,780491,2 
119/0.008,403,4| 10.908, 12,114,6| 
120/0.008,33 3,3/10-95454 115150, P| 
1 2 1|0.008,264, $1 1 1.000,000,c 00,0} 
12alc.008,196,7]t 1.045,361,017,2 
123|0.008, 1 30,0, 11.092, 5361506, 4| 
124/5.008,064,5 1114595287259: 
25}0.008, qnc 
0074935, 51 11.224,972,160,3| 
127|9.007,87 4,0} 11.269,42 7,669,6| 
128/0.007,812,5/11.3135709,499,0| 
129[0.007575 159] 11.35 7,816,691,6, 
130/2.0075692,3|11-401,7 5452 51,0} 
1]0.007163 315) 11.44555 23514253 
2|0-0075575:7|11-489,125,293»1 
30-00755 18,811.5325562,59457] 
[0.0073462,7|11.575,036,902,8 
135|9-0075407:4|11.618,95c,238,6| 
136/0.0075352:9| 11.661,03, 789,7 
137(0.007:299:3|11.704/699,91 1,1 
1380.007,246,4|11.747:344:380,8 
1390.007, 1942] 11.789,826,122,6 
140|0.007,142;9]11832,1 59,566,2 
141/0.007,09252| 11.824, 342,087,0| 
142/0.007,04253| 1 1.916,37 5,287,8 
143|0.006,993;0|11-958,260,743,1 
44| MUCH 12:000,000,000,0| 
14'5]0.005,896,6) 12.041,59455 78,8} 
H 46/0.006,849»312.083,045597 3,6] 
147/0.006,80257/12.124,355,65 3,0] 
1480.006,7 $657 12.165,52 5,060,6 
149]0.006,7 1 1,4/12.206,55 5,615,3 








uu ,009,0/10-535,55 3975 259] 
rt] 000,9:4,6 10.5 35005,244 31 


0,339,887,5| . 





160jo 006,666,6112.247,448,713,9. 


No. 
is 
152 


154 
155 
156) 
ae; 
d 
1$9| 
160| 
16i 
162) 





I Heat 


Reciprocal 
0.006, 622, 5) 
10.006, 578,9| 


006 4935) 
o.066,4 51,6, 
o.9006,410,3 
10.006, 36954| 
o.006,3 29,1 
o.006, 289, 3} 
10.006,2 5 
[o.006,211,2| 
o.006, 17 2,8| 
10.006, 13546 
[9-006,097,5, 
0.006,C60,6) 
0.006,02 4,1 
10.00 55988,0| 
10.005 95 244] 
.005,917,2] 
[o005,682,4| 
o-005,848,0| 
[o-005,814,0| 
[o.005,780,3| 
0005474751 


005,681, 
.005 164947] 
0.005 6 18,0} 
005,586,6 
905,55 555 
0-005, 624,9) 
j2:005 949-495, 
0-005, 464,5 
{2005443448 

}0.00 554.05 5. 
[2-005 +3753 
0-005 34750 
2005931491 


«005,263, 


(0-005,208,5 
1,005,185, 3! 
0-00 6,15 456, 
(0.005, 128,2 
[0.005 ,102,0| 
o.065,076,1 
lo.005,050,5 
10.005,025,1 
0.005, 








Metu EE TA 







Square Rost. 


12.285,205,727,4 


12.328,828,005,9| 
12-369,316,876,9 
12499976460 
124498995598; 
12.48 8} 
32.529, [A 
12.569,805:090, 
12.609,520» 212, 
12.649,1 10264057} 
12.688,57 7954004) 
12.727,922:061,4| 
12.767,14 633448] 
12.806,248,474,9 
12,845523295 78,7 
12.884,098,726,7 
12.922,8471983,3 
12.961,481,356,8| 
13.000,00c,000,0| 
13.038,4045810,4 
13.076,696,830,6| 
md 





1341524946048, 
13-190,9055958,3 


13.266,499, 161,4 
13.304»1344695,7| 
13-34 17664,064, 1 
13.3791088, 160, 3, 
13-41 6,407,865 ,0 
134536024,047,1 
13-4973 7256342 
3-5270749 258.5 
564,659,966,3 
13.601,470,508,7] 
13.638,181,597,0| 
13.6740794033 152 
13-71 3,369, 200,5| 











BRL HERE AL EHE 
2 


13.784,043,732,1 


jo-0055235,6113.820,274,961,1 


13.856,406,460,6 
13:892,443,980,4 
13:928,388,277,2 
13-964,240,043,8| 
1 4.000,000,000,¢| 
14.03 5,668,844,1 
14071524742 7955 
14.106) 735197947] 
14.142,136.623,7 | 
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No. Reciprocal | Square Root. No| Reciprocal | Square Root. 
2010.004,97 5,1 |14.177,446,878,8 251:9.003,984,1|15.842,979, 617,8 
202/0.004,9504|14-212,670,403,6 2 52:0.003,968,3115.874,507,86 
203,0.004,926,1/14-247,806,848,8| 253/9-003,952,0|15.905,973)7 20, 
204|0.004,902,0|14.282,856,85751 254/9.003:93750|15.93 “93.7 75459551 
205]0,004,87 540)14- 317,82 1,063,5 25|0.003,921,615.968,719,422,7 
206}0.004,85 404|14.352,700,c94.4| _|25610.003,906, 3|16.000,000,000, 
207,9.094,830,9/14-387,494, 569.9) 2570.003,891,116.031,219,541,9 
208/0.004,807,7|14.422,205, 10159] 2 58/0.003,876,0/16.062,378, 404,21 
2090.004,784,7/14-456,832,2945| 359/0.003,861,0/16.093,476,949,4| 
216(0.004,751,9|14-491,376,74612| (2602.003,846,2116. 124551 5,496,6| 
211/0.004,73953114-525,839,046,3 126 1]0.003,83 1,41 16.15 5494542154] 
2120 004,717,0:14.560,219,77,8.6 j362j0.003,816,8/16.186,414,056, 1] 
213j0.004,69458/14-59455 19,5 1993 1263/0 003080249 16.217,2745740)1 
214,0,004,672,9/14.628,7 38,838,3 /264/$.003,787,8 16.248,076,809,2 
2150.004,65 152|14.662,878,298,6| 265 /0.003,773,0116.278,820, 296,1: 





















































216 0.0045 2906 14.696,938,45657| 266}0.0935759,4116.309, 506,430, 3 
2170-004,608,3|14-730,919,86257 2670.003/745,3/16.340,1345638,4 
215/0.004,587,3|14-764,823,060,2 1680.003,731,3/16.370,705,543,7 


2190.004,566,2|14.798,648,586,9| 269/c.003,717,5|16.401,219,466,: 
2200.004554554/14-832,396,974)2 270[0.003,703,7|16-431,676,725,2] 
221/0.004,5 24,9 14-866,068, 74753 271[0.003,690,0116.462,07 7,631,2] 


222,0.004,50455/14:899,664,42 58 27,2/0.003:676,5/16.192,422, 502,5 
123/0004, 384,3 $4.9335184,52391 {273}0-003,663,0116.5 22,711,641, 
22410.004,464,3}14.966,629,5 4751 2740-003:649,6/16.5 52,9 15,356, 
225/0.004,444,4|15.000,009,00050| 2750.003,636,3/16.585,123,95 1, 


226|0.0045424,8|15.033,296,37854 [76,0.005,62 3,2116.613,247,72 5,8} 
227:0.004,405,53/15.066,5 19,173:3 2770-003,619,1/16.643,316,977,1 
228/0.004, 386,0|15.099,658,870, 5 278(0.003:597, 116.673,33 2,000, c! 
219,0.004,36^,8/15.132,745,9504| [790.0035 584,2 /16.723,293,088, 5 
23010.004,347,9| 15.155,50, 888,1 280|0.003,571,4116.73 3,200,530, 7| 
231[0.004,329,0|15.198,684,1 63,6 128 1/0.003,558,716.763,054,014,2 
2320-0045310,3/15.231,546,211,7| 3820.003:546,1/16.792,855,625,7 
233/0.004,291,8/15.264,337,52255 2830.003,533,6/16.822,603,841,: 

234j0-0045273,5|15-297,058,5 40,8 28410-0035 521,1/16.8 52,199,546, 4] 
23510-004,255,3/15.329,709,716,9| — . 2850-003, 50£,8/16.851,94 3,016, 
23600.90423753/15-362,291,495/ 28610.003:496,5/116.911,534552 5,3 
237|0.004,219,4|1$.394,804,3 18,3 2870.00 3,484, 3] 16.941,074) 34641 
238|0.004,201,7|15.427,248,6204) 288/0,003,472,2|16.970, 562,748, c 
239|0.004,184,1115.459,624,8 3357 [289/0.0035400,2|17.000,000,000, 
2400-004, 166,6/15.491,933,384:8| 290.00 j54 48,3/17.029,386, 365, 
2410-004,149,4/15-524,174,69653 1291 }0.0035436,4]17.05 8,722,109, 
242|0.004,132,2|15.5560,349,186,1 1292,0.003,424,6) 17.083,007,490,6) 
243|0-004,115,2|15.588.457,268,1 [293 0.0035413,017.117,242,268, 

244]0.004,098,4|15.620,499,35 158] 294(0.0035401,4/17. 146,428, 199, 5) 
2450-004,031,6115.652,475,842,5 295|0-003»389,8/17-175,564,037, 

2460.004,065 |15.684,387, 14 1,4| 296 0.003378, 3]17.2044550, 55.1, 1] 
1247|0.0045044,61 1 5.7 16,2 33,64555 1297|0:003,367,0|17.233,687,939,6 
248[0.004,032,3|15.748,015,748,0 298 0.003,355,7|17-262,676,501 6) 
249|0.604,016,111 5.77997332838s1 1299 0.003,344,5 17-291,616,46 6,8 
27010 ^C, 16.811, 288,200, 400 0.003, 33.453 17.420,£08,075, 7| 
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[No.: Reciprocal 


Square Root. 


No] Reciprocal | Square Root. i 

















}30412.00 3428955 


3 


003,2. 3652 


5 18:0.0035 14.497 


20!0,00 351259 
210.003)11553 


[32 3(0.00 :096:6! 
003/0864 


335 0 002,985» 1 
136 0.002,976»2. 


338/0.002,9585| 


4olo.002,941:2 
[34110.002,93 2:6! 
[342j0.002,92.»0! 


345 '0.002,89} 
46 '2,002,89092' 
347 9.002,88 1,8; 


uy 


349 0.002,86 
1:0 0.002852» 


003:0769/18.01 LED 


5118.138357,147»2. 


3710.002,967*4! 


33910.002,9499! 


344 oo doo 18.547,236,991,0| 
56118.674,175,621,0| 
18,601,075,23757} . 


348 0.002,87 36; 186549758 106,2 
1 





j01/9-903,322,3/17.349,35 1557249) 
3020.0 33 1 1y5]1 7.378) 147, 196,9 
j30310.003,302,3112.406,895,185,5) 


17435,595:7]24)2 


[30 5/0.03, 278. 117-4644249,T 

306lo.003, 268,0]17-49:,855,684, 5| 
307 0.003125 793 17-5241 5.46759 
308/0.003,246,8/17.549,928,774,8 


17-5 781395183 15,2 


310/0.005,225,8 17.606,8 16,86 1,7] 
31 10.003,2 154; 17.63 5,192,088, 5) 


17,003,452 1973297) 
310,003,149 17.691 "doas 





17.729045,146,7| 


150.003,1746117.748,230,3493 


17.726,388,834,€ 


31 70-003,1 5490 17.804,493,81458 
| 


17-832, 654,500)1 


i1 19'0.003513498)17-860, § 71,0995} 


17.888, 543,820,0} 
j17.916,472,867,2 


3.220.003 1105961 7.94.4,358,44499 


172972520057 5 596} 
18.000,000,000;0 


118.95 54470,085,3 
118.083, 141,320,0} 
18.110,770,276,3 


18.165,902,12456 
118.193,405,398.7| 
118.220,867, 16853 


18.411,922,639,5, 
718.439,088,9 14.0 
118.456,185,312,6 
15,493)242,008,9 
18 520,259,177»5] 





118.627,936,010,7| 





681,541,692,1 








3510.002,849,0]18.7 34,39 3.9951: 
35/0.002,849,9]18.761,563,039,5 
353 oconino 18388204 iR 
354/0.002,814,8:18.814,887, 72», 21 
35 50.002,816,9/18.841,443,681,:. 
[3 56/0.002,809,0/18.867,962,264, 
57 2,801,118.894,44 3,6: 
[358/0.002,793:3/18.920,887,: 
359|0.002,785,5118.947,295,32 
350/.002,77757/18.973,655,961,^ 
361 o.002,7 70, 1|19.900,000,00c,0! 
362 o.002,762,4/19.026,297,599,.:" 
363]0.002,75 448|19.052,5 58,88 ,;! 
364]0.002,747:3|19-078,7 84,028, 3} 
650.002,739:7/19.104,973, 1745; 
36610.002,732,2|19.13 1,126,469," 
367/0.002,724)8, 19-1871244,060,7 
}368}0,0035'/174]19.1 35326,0934. 
[3690.002,716,0/19.209,37 2,712.:| 
370j0.002,702,7|19.235,384,061.7] 
37 1[o.0025695:4] 19.261,360,284,;) 
47 2]0.002,688,2|19.287,301, $2 2,7. 
3730.002,681,0119.31 3,207,915] 
374/0.002,623,8/19.339,05 3,751,1 
37 5[0.002,666,6 19. 364,916, 7 31, 
476/0.0025659:6119-390, 719,425; 
377/0.002,652»5/19.416,487,8 55,ci 
378/0.002,64555119-442,222,095.: 
379}0.002638) 5)19.467,92 2,3 33,1, 
1380}0,002,63 1,6119.493,588,689,0) 
381 0.002,62457119-519,221,295,0) 
382[o.002,617,8.19.544,820,285,- 
138 1]0.002,61 1,0! 16-5 70,38 5,790, 5 
384}9.002450492:19. 5959917594253) 
385|0.002,69754119.621,416,870, 
486/0.0025590:7 19:646,882,704. 
387|».0025584:0119.672,316,57-.6! 
38h[o.00255 77:3]19.697,715,603,6. 
389|2.002:570y7119.723,082,92 341! 
390|5.002,56451119.748,4 17,658, 
39110-0025 5735/1977 3:719,933. 
332|0-002555 1:0|19.798,989,87 3, :; 
39 3|0-002554455|.9.824,227,601,6; 
394]0-00295 3851/19.849,4335241,5] 
395|0.002) 6 3 1,6) 19.874,606,91 4,41 
{396j0.002152542)19.899,748,7 4241 
39 ;J0.00295 18,9|19.924,858,8.45,> 
395|n-002:512,6 95937534303 
399|0.002,506,3]19.97 41984, 355.5, 
20.900,000,c0^,7. 
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to, Reciprocal 
.01|9.002,493,3} 


Square Root. 
20.024,984,3945 


.0210.002,487,6/20.049,93 7,05 5»! 

103|0-002,481,4|10.074,859,899,9 
10410.002,47 652|20.099,7 51,242,2| 
10 510.002,469, 1|20.124,611,797,5 


106|o.002,453,1 20.149,441,579,6, 
19710.002,4 5 7:0|20. 174,241,001,8 
405,0.002,45 1,020. 199,009,876,7 
109|0.002,44550|20.223,748,416,2 
$10/9.002,439,020.248,456,731,3| 
$11/0.002,423,1|20.272:134:932,7|. 
412j0-002,427,2,20.297,783, 1 30,2 
41 4]0.002,42 1,3]20.322,401,432,9| 
41410.002,41555|20.346,989,949,4 
«002,409,6120.371,548,787,5 
4160.00 1,403,8|20.396,078,054,4| 
417]0.002,398,1|20.420,577,856,; 
418j0.002,392,3|20.44 5,948, 300,3 
419]0-002,386,6/20.469,489,490, 5} 
420,0.002,381,0,22.493,901,531,9| 
421j0.002,37 5,320. 519,284,5 28, 7| 
422[0.002,369,720.542,638,584,2| 
423|0-002,364,1/20.566,963,801,2 
424|0.002,3 58,5]20.591,260,282,0) 
425|0.002,352,9|20.015,528,128,1 
092434794} 26s ó pato 
417,0-002,341,920.653,97 8 
428j0.002,336,4:20.688,162,865,6| 
429j0-002,331,0,20.712,315,177,2 
430/0-002.325,6/20.736,441,353,3| 
331/0-002,320,2 
1320.002,314,8|20.784,609,690;! 
433/0-002,309,5 20.808,65 2,046,7| 
$3 410.002, 304 ,2|20.83 2, 666,656, 
435'0.002,298,9}20.8 56,65 3,614,6| 
436}0.002,293,6)20.880,613,017,8 
437 ,0-002,288,3 20.904, $44960,4| 





415} 





426, 








43810.002,283,1 


13910.002,277,9,20.9 52,326, 
0) 0.002,272,7)20.976, 16,9! 
441/0-002,267,6 21.000,000,000,0| 
442,0. 002426214;21.073.796,041,6) 
44310-002,267,3121.047,568 
444|0-002,2 52,221.07 1,307,505,7| 
(445|0-002,24 ;,2(21.095,023,109,7 
446/0.002,242,2,2 1.118,712,031,9] 


447|0-002,23751 
448|o.002,232,1 
$49] 2.002,227,2 
450/0.002,222,2 


5319, 
(20.760,539,492,9 
6,5 


3t 
39,8 
t 


120.92 eH 


» 179,9) 


21.142,374.51 1,9) 
21.166,010,488, 5| 
21,189,620,100,4| 








'21.213,203,435,6| 




























No) Keciprocal] Square Root. 

1451/0.002,217,3/2 1.2 36,760, 581, 
452]0-002,212,442 1.260,291,625,5 
21.285,796,653, 
216307527597 5207 
21.330,729,007,7] 
456[0.002:193,0|21:3541156,504;1 
457[0.002,188,2121.377,5 58,326,4] 
458/0.002,183,4/21.400,93.455 595: 
459]9-002,178,6|2 1:424,285,28 5, 
460]0.002,173,9|21-447,610,589.5 
|461|0.0025 169, 2|2 14470,910,5 5356) 
462/0.002,164,5121.494,185,25 75 
463|o.0025159,8|21.517,434,791» 
464/0.002,15552/21.540,659,2 2614 
46 5}0.002, 150, 5|21.563,858,65 25! 

|466,0.002, 145,9|2 1.587,033, 144»! 
450-002, 14 15312 t.6 10,182,785. 
468,0.002, 136,82 1.633,307,65 25 
469|0.002,132,2 21.656,407,827»: 
4700-902, 127,72 1.679,483,388:7] 
47 110.002, 12 3,1|21.702, 534,4 14»: 
472 [0.092 118,7|21.725,560,982» 
4730-0025 114,2/21.748,563, 1 »g 
H74(0-0925109, 21.771,541,057»1 
41i 0-0022105.9121794,494571797 
476 p.002, 109, 121681 77424,22993 
477 (010021096, 4:2 1.840,329,667; 

1478 |0.002,092, r|21.863,211, 109911 
479 (0.902.087, 72 1.880,068,628;2| 
480 0.002 ,083,3!21.908, 902, 300724 
|481/0.00:,079,0/21:931,712,19955| 
482/0.09 2,074;7|21.954:498,402» 
483/0-002,070,421.9775260,97 5? 
|484|0.002,066, 1|22.c90,000,¢ 
485 0.002,061,9,22.022,715,545» 
486/0.002,057,6|42.045,407,68 5» 
|487/0-002,053,4|22.008,076,490»7] 
488/0.002,049,2|2 2.090,722,034». 

489/9.002,04.5,022.113.344,385 
4900.022,040,8/22.136:943,02 tz] 
491|0-002,036,7|22.1 58,519,806» 
4922.002,032, 5122.19 1,073,012 
493|0-002,028,4/22.203,603,31152| 
494(0-002,024,322.226,110,770; 
49 5/0-002,020,2|22.248,595,461, 
496/9.202,016,2|32.27 1,057545 153] 
|497]0.002,0 2,1|22.293,49^, 809,6 
498|0.002,008,5|12.31 5,913,604,4| 
|499/9.002,004,0|22.338,3507,901,0] 

















56c'2.002. 22.360,679,775,0| 


6coo 


TABLE of Square-Roots and Reciprocals. 





No; Reciprocal | Square Root. 
50 110.001,996,0|22.383,029,285,6 
502 0.001,997,0]22.405,350,502,4 
03:0.001,988,1/22.427,661,492,0| 
5040.00 1,984,1|22.449,944,320,6| 
505 0.001 982g 122.47 2,205,054, 2| 
06 0.001,97653/22.4945443,7 $854) 
507'0.001,97 2,422. 516,650,498, 4| 
398)9.00 1.96855 22.538855,33903 
5c9,0.001,964,5/22.561,028,34 5,41 
|; 100.001,960,8,22.583,179, 581,5 
[51 1/0.001,956:9,22.605,399, 110,9| 
|; 12]0.001,953:1|22.627,416,998,0| 
513/9.001,949:3| 2264945093058 
$14/9.001,94555|22.671, 568,097, 5, 
5 510,001 ,941,7|22.693,61 1,43 5,8 
2.001 93830] 22.715,633,28352 
517,0.001,9340222.737,634:0c1,8] 
519.001,9305 22-7$9961 5935394 
5 19 0.09 1,9 26,8] 22.78 1457 1,499, 

'§2C10.001 92 351|22.803, 08,502,0} 
5210.001,919)4/22.825,424,42 1,0] 
52216.001,915,7/22.847,319,317,6 














23|?.001,912,0/22.869,193,2 52,1 
Bd ooorgotd 12891) dig 
52 510.001,904,5/22.912,878,474,8 
§2610.601,901,1|22.934,689,882, 4) 
52710.001,897,5|22.956,480,5 66,5 
$20'o.001,89in9122.998.2 50,586, 
$29,0.00 1,890, 4,2 3.000,000,000, 
530 0.001,886,8 23.921,728,866,4 
531]0-001,883,2)23-0434437524346 
15 32/0.001,879,7|23.065,125,189,5 
53 3:0-001 876, 2/2 3.086, 792,761,2! 
534/2.001,872,7 2 3.108,440,016, 6) 
15 35,0-00 1,869,212 3.139,067,01 2,4] 
















5 30,0.001 ,865,7|23.15 1,673,805,6| 

$37(0-001 ,862,2123.173,260,45 2,5) 

538}0.091,858,7 123-19 4,827,005 5) 

5 39}0-091,85 5,3 123.2 16,37 395 3255) 

9]23.237,920,077,2 

s4lo.cot, 848,4 23239496690 
93 












548'0.001,824,5[23.409:399,821., 
15 49'0.001,8 24,5 |= 3+430,749,02757 
1,001.8 18.113 3.462.078,7 





No, 
5n 

$2 
553 


$71 
572 
$73} 
374 
575 
576 


578; 

79| 
Be 
mm 
582! 
583; 
584 
EB 
p87 
|; 88] 
$89 
[sg 
91 
$92 
593 
|594 
595. 





596 

9; 
598 
599] 


(600]0.001,666,6! 





Reciprocal | Square Root. | 
001,814,912 3-47: 188,64 
«001,811,6/23.494,680,248, e 
.001,808, 3123.5 15 4952403 2,6) 
23.537,204.591,' 
23:558437,978,9! 
23-57950525245 931 
2 3.500,84,44 2. 
(09.001, 792, 1|23-622,023,62 2, 
10,001, 788,9123-643, 180,83 c, 1 
o.001,785,7|23-664,319)1 3204) 
(9.c01,782,5/23.685,4385564» 
o.001,779,4/23.706,539:18213, 
[o.c01,776,2[23.727,521,035,4| 
10.001,773,0|23-7 48;08431 7491 
\0.001,769,9|23.759,728:643,0] 
10.001, 766,8)23-79057 5450697} 
0.001,763,7|23.811,761,799^; 
.001,760,6125.832,7 50057596 
p.001,757, 5123-8535 720,583,8j 





570.001,75454/23:874,672»772,6| 


o.001,75 1,3/23.895,606.296, 
0.001,748,3/23.916,521,486,2 
9.001745 2|23-93 794 181407521 
0-001,742,2/23-958,297»101,4 
?001,739.1|23-979 15716; 

10.001 ,736,1/24.000,000,000,0! 


$179001,733«t PETER | 


9-001,730,1/24.041,630560,3 
10.0017 27,1|24.06 2,41 858 3 1,0} 
(0.001, 724, #124-083,168,396,2: 
[0.00372 1,2|24.103,94195 86, 4j 
0.001,718,2/24. 124,676 163,6 

-001,715,3/24«1455392:93 6,3, 

001571 2, 3134, 166,09 199.4752 
p00 V. 24-186,77392 44591 
0.001, 70! tH 42079436087 3,0] 

,001,703,6/24-228,082:879,2 
o.001,700,7|24-248,711:306,5 
[0.001,997,8 24.269,322»199,091 
o-001,694,924.289,9155663.0| 
[o.001,692,0/24.310,491»562,5 
jo.001,689,1[24.331,050» 12 5,2 
jo.001 686, :|24-351, 591,32 3,8) 
10.005 ,683,5124.372,11 521 3,9} 
.00 680, 7124 .392,621,83 5,3 
.001,677,9|24.413, 111,231, 5, 
.001,67 6,0|24-433:583»44 5. 7 
«C01,672,2|24«454,03| 511,3 
o-001,669,4124-474, 476, 501,0! 
494,897,42 7,8; 

















110.001 ,663,9124-5 15 
60216.001,661,1|24.5 355 


24.5 56,058,315,6 
2457654114549} 








610/0.001,639,3| 24. 
61r o.001,636,724.718,414,1 

12]o.001,634,0|24.738,6; 
613|o.001,631, 324.758,8: 


o.001,623,4|14.819,347,292,0| 
r 001,625, 24-839,484,696,7 
(618/o.001,618,1/24.859,605,789,3 
19jo.001,61 5,5|24.879,710,609,3 


24.919,87 158,8 
4.9199 :7,26 
24.959,967,948,7 
12 4.979,991199 3:0] 
(2 $,000,000,000,0| 






621 0.001,610,3 







[62510.001,597,4| 


.001. 2 5.059,928,172,3| 
poo dod ojo reti 








125.2 19,040,42 5,8 
bas ,858928,2 
25.258,661,880,6 
25.278,449.319,5 
125,298,221, 281,3 


25.3571444,066,2| 
25377, $5,080,9 











25-455,844,122,7 : 
540,8 25-475:478»49537 
CPP: 





TABLE of Square-Rocts and Reciproclls. 


'4]0.001,529,1 
5; [0-00 1,5 26,7) 


57|0.001,522,1 
58|p.001,519,8| 
6 








10.001 4970} 
1.00 149448) 
0015492, 5| 
o.001,499,3 
lc.o0 1,488, 1. 
9.001,485,9 
o.001,483;7/ 
5|0.001,481,. 
10.901,47943 
12.0015477s1 
10.002,474,9) 
o.001,472,8 
.001,470,6 
10.00 15468, 4| 
[o.00 15466, 3} 
4. 1683{0.001,464,1 
168410.0011452,0) 
68510.001,459:9 
6860.00 14577 
0.001545 5.4) 
o.c01»45355, 
10,00 1945 154] 
10.00 194.493 
0.001544752| 
19,.0011445 91} 
o 001944 3x 
10.00 134.4051 
0.0015438;' 
o.0015435,8 
(0.001»4347| 
o-0015432,7] 








15 610.001 524,412 5, 































2 5.787,593:916,5 
25 bob,978 01,1 
2 $826,343, 140,3] 
|25-845,695,956, 
25.865034312,8 
2 5.884,358,2 11,1] 
25.903,667,694, 
25.922,962,795, 






25.942)2435)5421 


2 5.961,509,971,5) 










54339132, 
0057, 28544136 
26.076,809,620,8| 
16.095,976,701 
Drptigrte 
126.134,268,690,7| 
16.153:393,661,2 
26.172,504,656,6| 
26.191,601,707,4| 
26.210,684,844,2 
26.239) 541097,2 
a6 opa 
AREE 
20.:85878,85 »2 
26,305,892,87 5,9 
26325951024 
[26.343,879,7. 
126,362,85 2,652, 
26.381,811,916,6) 
264400,75755 644 
16.419,589,627,2 




















o.001,430,6] 








26.438,608,1 32,8] 



































602 TABLE of Square-Roots and Reciprocals. 









Keciprocal| Square Root. |No.| Reciprocal | Square Root, * 
1701|0.001,426, 5|26.476,404,689,7 014331,6127.494,379,2 12,1 


1702|0.00 15424, 5|26.495,282,599,0} 01,329,8]27-422,618,401,6| 


/03(0.001,422,5|16.514,147,167,1 01,328,0/27-440,845,468,0| 
704/0.001,420,5|26.532,998,322,8 01,326,5|217.459,060,43555 
705 0.001,418,4[16.551,836,094,7 01,3245 27:477163»328,1 
7960.001,416,4/26.5 79,660, 11,2 01,322,8/27.495,4545169,7| 
[7070.001,414,4/26.589,47 1,600,6| 01,321,027,513,632,9844. 
798/0.001,412,4|26.608,269,391,3 01531953127-5 315799279 529) 
709o.001,410,4/16.627,05 3,911,4 91,3 7,5|27-549:954:62 79} 
7109.001,408,5|26.645,825,188,9] 01,315,8|27.568,097,504.2 
71 110.00 1,406, 526.664, 582,25 1,9] 01,314)1[27.586,228,445,3 
7 120,001,404, 5]26.683,3.28, 128, 3 01,3 1254 27.604,347,483»7 
713o 001,402, §126.702,05 9,845,0 01)310,6/27.622,4 54,6339 
714:9,001,400,6|26.7 20,7 78343 1,8 01,308,9|27-640,5 49592252: 
715 !0.001,398,6]26.7 395483591452 01,307,2/27.658,633,37 1,91 
|716o.001,$96,6/26.758,175,320,5 2130555 127-676,705,006,2)> 
7170.001,394,7|26.776,85 5,678,0| 01,303,8|27-694,764,848,3) 4 


718/0.001,392,8/26.795,522,013,9| 01,302,1/27.712,812,921,1 

719/^.001,399,8|26.814,175,355,6 01,390,4/27-7395849,24757| 

|? 20/2.001,388,8|26.832,815,730,0| 01,298,727.748,873,85 1,0} | 
111/c.001,387,0|:6.851,443,164,2 01,297,0/27.706,886,753,9| | 
1 22|o.001,385,0|26.870,05 75,685 ,1 01,295,3|2 7-784388 7,975,9| 

172 310.001,383,1|26.888,65 9,3 19,5 01,293,7|27-802,87 7, 548,9) 

723 9-001,381,226.907,248,094,1 01,292,0/2 7.820,85 5,486,5 

7259.001,379,3/26.925,824,035,7 01,290,3127.838,82 814,2] 

726,0.001,377,4/26-944,387,170,6| 01,288,727.856,776,554:4| 
727 0-001,375,5 26.962,937,52 544 01,287,0 27.8745719,729,5 
289.001,37 3,6/26.981,47 5,126, 6 01,285,3|27-892,65 1,362,0| 
7290.001,37 1,727-000,000,006,0| 01,383,7/27.910,5 71,4739 
30/o.001,369,9/27.018,5 12,172,2 01,282,1/27-928,480,087,; 
731/0.001,368,0/27.037,011,569,2 01,280,412 7-94653774225,0 
17 3210,00, 366,127.05 5,498,5 16,9 01,278,8|27-964,262,908,2 
1733 |0001,364,3127-073,972574 104 01,27 751|27-982y 137515953 
7 34|0.001,362,4|27.092,434,368,3| 01,275,5|28.000,000,000,0 
1350.001,360, 5/27. 110,883,423,5 01,273,918.017,85 1,452,2 
736/0-001,358,7/27-129,319,932,5. 01,272,3 28-035,691,537,8 
13; |^001,356,9/27.147,743)92 1,0 01,270,6128.053,520,278,2] 
138,0.001,355,0|27.166,155,41454 01,269,0]28.07 133 7,688,1 
739|0.001,3 532127013445 $454 3851 01,267,4128.089,143,810,4 
|740/0.0015551,3:27.202,941,017,5| 01,265,928. 106,938,645,1 
741/0.001,342,5|27-221,315,17756| 01,264,2128.124,722,220,9) 
17 42|0.001434757/27-2 39,6 76,94 3,8| 01,262,6)28. ERAT 
[743|2.001,34559/27«258,026,340,9 01,261,018.150,255, 680, 
144|9-001,3441|27+276,363,394,0| 01,259,4/:8.178,005,607,2 
7459.0015342,3|27.204,988,127,9 91,257,9,28.195»744535277 
74^|o.001,340, 5/27.313,000, 567,5 01,256,3/28.213,471,959,3 
7479-001,338,7|27-331,309,737:4| 01,254,7|28.231,188,427,0] 
74800.001,336,9 :7-349.488,602,4 01,253,1/28.248,89 4,7837] 
749}91001,33541]27-367,864,366,8 01,25 1,6]28.266,588,050,2 
75010.001,53353127.386,127,375,3 21,25 — 128.284,37 1,247,1] 

















|O.001,248,4| 28.301,943, 396,2. 

















































.eciproc: Square Roet. 


O-021,246,9/28.319,604,5 17,0| 
O.0015245,3/28.337,254,630,6| 
.001,243,8/:8.354,893,757,5| 
j9-901,242,2/28.372,621,918,2 
o.001,249,7|28.390,139,133,2. 
o-001,239,2|28.407,745,822,7| 
9000 1,237,6128.425,340,807,1 
jo-001,236,1/28.442,92 5,306, 
10.001,234,6128,460,498,941,5| ° 
10.001,233,0)28,478,061,73 1,8 
o.001,231,5 8-49 5:613,697,6 
[0.001,230,0| 283 org; 58 
0-001,228,5/28.5 30,685,235 541 
0.001,227,0|28.548,204,847,2 
0.001, 226,5128.565,713,784,2 
0-001,224,0|28.583,211,855,9| 
|0.901,222,5/28.600,699,292,2 
|0-001,221,0]28.618, 176,042,5 
100015219, 5128.63 ¢,642,126,61 
10.001 ,218,0|28.65 3,097, 563,8 
\0.001,216,6|28.670,542,37 347 
0.001,215,1128.687,976,57 5,6 
[o.001,213,6| iproioout 8) 
[o.001,214,1]28.722,015,232,7 
|o.001,210,6| 28.740,215,726,4| 
9-001,209,2/28.7 57,607,689,1 
0.001,207,7|28.7,74,989,139,9 
[0.001,2t 3 28.792,360,097,8| 
0.001, 204, 28.809072045 1,8) 
0.001, 203; 4/18.827,070,610,8 
o-001,201,9/28.844,410,203,7 
o-901,200,5 28.861,739,379,3) 
0.001,199,0,28.879,058,156,4 
|0.001,197,6]28.896, 366,55 3,6| 
9.001, 196,2/28.913,664, 589,6, 
10.001, 194,7|28.930,95 2, 283,0 
38}0.001,193,3]28.948,220,652, 3 
»001,191,9,28.965,496,715,9 
o.001,790,5:28.982,753,492,4| 
[o.001, 189,1129.000,000,000,0 
[o-001,187,6/29,017,236,267,1 
o.001,186,2|19.034,462,281,: 
o.001,184,8| 29405 £967 8,09257 
o001,183,4129.0£8,883,707,5| - 
4510.001,182,0/29,086,079, 144,5 
10.001, 180, 6} 29. 103,264,421, 7 
19001, 179,2/29.120,430,557,1 
o.001,177,9| 
0.001 ,176, c 














gt) 








j9|0-091,137,7| 


2/o-001,133,8| 





























lo.001,160,1 
lo.001,158,7| 
Jo.001,15 794] 
lo.001,156,1 


115497) 
(o.001,153,4| 
o.001,152,1 


o.001,150,7| 
[0.001,149,4| 
[o.001,148,1 
|o.001, 146,8. 
[0.901,145,5 
jo-90 1,1442 
o.001,142,9] 

OO 1, 141,6) 
[o.001, 140,3] 
o.001,139,0| 





29.376,86 1,643,1 
129+393,876,9 13». 
29.410,882,33947 
29-427,877,939,1 
29-444,8635,728,7 
29.461,839,725,3 
[29.478,805,945, 
29.495,762,407,5| 
29.512,709,126,7 
29.529,646, 120, 5] 
29-545, 573,405,4| 
[19-563:450,998,2 
29. 580, 398,915,5 
29-597,297,173)9 
29-614,185,789,9) 
129.63 1,064,780, 1 
29.647,932,474,3 


























o-001,126,5| 
o-021,135,1 



























.001,122,3 
jo-00 1, 121,1. 
[o.001,119,8| 
o.001,118,6| 832,775,5 
29.916,550,603,3) 
29-933,25 90942! 
[29.949,958,262,7 
29.966,648,127,5 
29.983,328,701,1| 
1'30.000,000,000, 
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604. CHBLE f Square Rests and Reciprocals.« 


wp [39:016,662,039,6) 

16130-03313 14,8454 

30. eles »6 

$92,756,7] 

o. o0, 10 6, yen 
roots 10348 [30.099,85 3,886, 

130.1 16,440,6 e 

lo.o01; 101,3 B0-133.039.94 6 


79741, 
D 13/0.001,095,5|30-2 um 


93 1}0.001,074, 1/30-512;: oM 

932|0.001,07 3,0) 30.5 28,67 6,0. 

933[0-001,071,8|30. 54 5,04! 

[934 0.001,070,7]30-561,413, 579! 

1089, 5|30. ST»169/702,8 

M 8,4/30-594,117,081,! 

937|0-001,067,2/30.610,455,7; 

|938|o.c01,066,1/30.626,785,662,2| 


D44|o-00h650.3 30-7 24.582,99 1,5 

45|0.001,058,2/30.740,852,297,9| 

oe 0.001505 751 3 15791 LEE 
|o.00 1,0 56, 


E EEH 

bis 
96010. pen [30.98 3,866,769, 
[0.001,040,6/31.000,000,0c0,0| 
o.001,039,5|31.016, 124,835. 
0.001,038,41$1.032,241,298,4 

1.001 037,313 1.048, 349539295 

.001,036,3/31.064,449, 1 34,0] 
o.001,03552|3 Becher shengaso 
(0.001,034,7|3. Ee M 
[o.001,033,1 " "m 6t 22:2 
o.0619632,0]31.: dr i» 
10.001 ,030,9/31-144,82 3,00, 
[o.001,029,9/31.1 epee 
10,001,028, 8)31.1, 6,914, 536,21- 
10.001,027,7|31-192,94 7292 t, 
974|0.001,026,7|31.208,97 3,068,7' 
o.001,025,5/31.224,959,992. 
970|0.091,024,6531.240,998,703,! 

7 1.256,999,2 16,2) 





979jo.001,021,5| 
980/0.001,020,4: 
4|31.520,919,526.7 
3831.336879,232,0 
3/31.3$2,830,812,2, 
984/0.001,016,3)31. EC 
985 Br. “3847006545 
31.400,63! 
1416,5: 6, D 
arte Dd. 72 
srfharaoo 
ilr. 45265944551 
13 1-480, 15254775 





995] -o01,005,0]5 «543/60, 91,2] 

167653 
997]0.001,003,0]3 1. 80747 
998[o.001,002,0|31.591,137,9979] 
99: 001,001,013 1.006,98 8,6] 
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- Horrow’s Account of the foregoing Table of the Reciprocals 
and *” Cyuare-Root of the Natural Numbers 1, 2, 3, 4, 5+ 
6, |, "°c, fo 1,000, giogn at the end of the Fourth Volume 
of & Polettion of Maibématical Problems and Tratis, ino 
titha Mifcellanes Mathematica, publifoed in Four little 
Volrmes, Duodecitno, in the Year 1775. 
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OF the preceeding Table, the ufe is evidently to fhorten 
"ithmetical calculations, and will appear eminently great ts 
rofe mathematicians and others who are frequently cons 
erned in’ fuch kinds of computations. The ftructure of 
ie table is evideht; the firft column contains the natural 
cries: of Aaribers from 1 t6 1,000, the 2d the reciprocals, 
nd the 3d the fquate-roots of the fame numbers, very ac- 
»urately calculated and printed. Thefe reciprocals and rooté 
we the refults preferved of many years occafional and acci« 
lental calculations in various fubjects : in frequently making 
‘uch cómiputations, { found that I had often to make divi- 
fions by, and to extract the roots of, the fame nuthbers ; and 
as it feemied probable that this might be the cafe with me 
for miany years longer, I formed the rélblution of prefetv- 
ing all fuch roots and reciprocals a$ 1 fliould occafiohally 
produce in my calculations, that I might have ther always 
ready on any future occafion ; which I did, by entering them 
always in a little book, ruled for the purpofe, till I have a£ 
laft colle&ed to the number of 1,000, as above; and I 
now publih them here in this cheap and eafy manner, that 
they may be of like ufe to other perfons as to myfelf. In 
the numerical calculations of fuch kinds of problems as 
have appeared in this Mifcellany and the Diary, the ufe of 
this table will be found to be very great, becaufe of the 
frequent divifions and extractions gf roots which are to be 
made: and the manner and cafes oF applying thefe numbers 
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